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A theory of radiation 

By the late G. A. Schott, F.R.S. 

(Communicated by A. W. Conway, F.R.8.—Received 30 November 1938) 

This paper was prepared for publication after the death of the author by T. Lewis, 
M.Sc. Professor E. A. Milne, F.R.S., has also seen the manuscript and makes the 
following observation: 

“This paper should be published not only as an act of piety in Schott’s memory, 
but because it is done with intense care and skill and is throughout critical. Quantum 
physicists of the type who write the fashionable papers in the Proceedings may despise 
it; but ultimately a rational basis must be found for what at present appears 
irrational, and Schott’s paper may well show the limit of what can be achieved in 
a particular direction and close up avenues which might otherwise remain to be 
tested. I think Schott’s paper shows not that the classical theory cannot account 
for the radiation of atoms, but that the radiation properties associated with the 
classical theory are wrongly based.” 

The paper attempts to account for the observed properties of radiation 
on classical lines, in particular, the line character of spectra; the Planck- 
Einstein law (E — hv) determining the frequency in terms of the energy 
radiated and Planck’s constant; the possibility of interference over long 
distances; and, finally, the capability of ionizing atoms or molecules. It 
is assumed that stationary states of the atom exist in which the electron 
moves in radiationless orbits (Bohr’s model) and that radiation takes place 
only during transitions between stationary states. The existence of radiation¬ 
less orbits in the case of a uniformly rigidly electrified sphere has been proved 
by Schott (19335 1937 )- The linear dimensions of such orbits, however, 
are small in comparison with the radius of the sphere, so that this particular 
model of the electron is not suitable if we wish to account for the hydrogen 
atom, for example, though it may have applications in the theory of nuclear 
structure. It is possible that a conducting deformable electron might give 
better results as far as the dimensions of its radiationless orbits are con¬ 
cerned. However, Schott assumes the existence of radiationless orbits and 
proceeds to calculate the radiation which takes place during a transition 
of the electron between two such orbits. The laws of classical electro¬ 
dynamics are assumed to hold throughout, but this assumption is not 
sufficient to determine uniquely the radiation, for the path along which the 
transition takes place is not known. But the indeterminacy is considerably 
reduced when account is taken of the properties of radiation already 
enumerated. Briefly, Schott’s theory is as follows: 
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The time r of transit between two states is quite definite and depends 
upon those two states only. The field at any point can be expanded in 
a Fourier series with r as fundamental period while the radiation is passing 
through that point. This period determines the period, and hence the 
frequency, of the radiation measured by an observer at that point, which 
is supposed distant from the atom. The period observed, however, is not 
the fundamental period (v 0 = 1/r) but some multiple of high order, i.e. 
v = 2 Nv 0 , where N is a large integer. This is necessary in order to allow 
for the possibility of interference. The greater part of the energy must be 
concentrated in frequencies near v in order to account for the small width 
of the spectrum lines. The Planck-Einstein hypothesis is also satisfied 
qualitatively, for the radiated energy turns out to be proportional to the 
fundamental frequency v 0 and hence to the dominant frequency v. 

In order to satisfy the fourth requirement the radiation must in certain 
eases be concentrated in a sufficiently small solid angle to make possible 
the ionization of atoms in its path. This means that if the field is expanded 
in terms of surface harmonics, harmonics of high order must be present in 
sufficient strength. 

The theory gives qualitative agreement with facts even if it is not satis¬ 
factory from a quantitative point of view. This in itself is rather remarkable 
because the theory is consistent with classical electromagnetism. The 
existence of stationary states or radiationless orbits must no longer be 
regarded as pure hypothesis in view of Schott’s discovery regarding the 
radiationless orbits of the electrified sphere. 

The first eleven paragraphs are what appears to have been the last 
draft of the paper by Schott, whilst the remaining paragraphs have been 
taken from two previous drafts but they fit in quite naturally with the main 
paper. 

It is obvious from the expression (2-1) for E and H that effects of accelera¬ 
tion are neglected when the electron is moving in a radiationless orbit. 
Schott would no doubt have explained this in his introductory paragraph 
had he written it. 

This paper should be made available because it represents the final effort 
on behalf of the classical theory of one who devoted his life to the study ef 
radiation as it was conceived before the quantum theory started to replace 
the older theory, and who was undoubtedly an authority on this subject. 

2. In accordance with the assumptions of § 1 * we shall treat the transiting 
electron as a point-charge e, located at its centre C at the time t and moving 

* There is no trace of the § 1 referred to in Schott’s notes. It was probably never 
written. 
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with, the velocity c/? in a direction making an angle x with the radius vector R 
drawn from C to the field-point P; then the Doppler factor K , which occurs 
in the expressions for the electric and magnetic forces d and h at P due to 
the electron (Schott 1912, p. 23) is equal to 1— /?cos;\\ If (i^, P 2 > ^3) an( l 
(H v H 2 , H s ) are the components of d and h respectively in the direction R 
and two orthogonal right-handed directions we have 

pis 2 

E '~ B » VO-/**>• < 2 -‘) 

During its transition from the initial to the final stationary state the 
electron describes some path, which is entirely unknown except that it 
is known to be of atomic dimensions a t most; we shall choose any convenient 
point 0 within the atom to which the electron belongs, such as the centre 
of the atom, as pole of a system of spherical polar co-ordinates (r, 6,$), so 
that OG is of the order 10 -8 cm., whilst OP = r is of the order of 1 cm. or 
more. If p is the projection of OG on OP, and q the length of the perpen¬ 
dicular let fall from G on OP, we have 

R = V{( r “P) 2 + tf 2 } = r-p+q 2 /2r +.... (2-2) 

If in (2*1) we were to neglect p and q altogether we should make two kinds 
of error: (1) geometrical, (2) phase errors. In the first kind we should replace 
R by r and x> the angle between the direction of motion and OP, by the 
angle between the direction of motion and OP; in these cases we should 
neglect quantities of the orders p/r, q\r , i.e. of the order 10~ 8 , and the errors 
arising therefrom would be quite negligible. But the second kind of error 
might be much more serious; for in (2*1) the co-ordinates (^, 97, ^) of the 
electron 0, its velocity cjS and the angle x must all be taken at the time r, 
where 

ct — ct — P = ct — r+p (2*3) 

by (2*2) to a first approximation. If A is the wave-length of one of the 
waves due to the transition of the electron with which we are concerned, 
so that the phase is 27r(c£ —P)/A in angular measure, the error made, in 
neglecting pin (2* 3) will be 27rp/A; for the red line of hydrogenA = 6 x 10~ 5 cm. 
approximately, so that the error in phase will be about one-thousandth 
of a radian and still very small, but for X-rays it will be very serious. 
Consequently we can replace R in (2*1) by r and let x denote the angle 
between the direction of motion at the time r and the radius vector OP = r, 
but in calculating /? and x we must use the value of r given by (2*3) retaining 
only the first power of p. To the same approximation we can let (E v E 2 , E z ) 


1-2 
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and (H v H 2 , H s ) denote components of the electric and magnetic forces at 
time t at P in the directions of (r, #, O) respectively, the resulting errors 
being only of the order of one in a hundred million. Moreover, we have, 
assuming that the velocity of the electron is always less than that of light, 
so that y?< 1 (Whittaker 1902, p. 230), 


1 _ d _L _ 

(1 -fi cosx) 2 - d/3 1 I/S- cos x 


So {2i+1) d0 Q ' 


Pi{e osx), 


(2-4) 


where P^, Qi denote Legendre coefficients of the first and second kinds. 
Then we obtain from (2-1) and (2-4) 


r 2 Ey = e/c 2 £ (2* + 1 ) Jp P <( cos X)> 
H-y = 0 , E% — H 3 = 0 , E 3 + H 2 = 0 , . 


where the right-hand member of the first equation is a function of r, 
i.e. ct— r+p by (2-3), and of the direction cosines ( l,m,n ) of r, i.e. of 
(cos#, sin# cos <j>, sin#sin <j>); the latter occur not only in cosy but also in 
p 3 +mrj + where the co-ordinates (§, rj, Q of the centre G of the 
electron, as well as jS and /c, are functions of r, which inp can be put equal to 
t — rjc to a first approximation where p 2 and q 2 are neglected. 

3. We must now consider the effect of the initial and final stationary 
states, distinguished by indices 0 and 1 attached to all symbols appertaining 
to them respectively, between which the transition of the electron takes 
place. To an observer stationed at the field-point P at the distance r from 0 
in the direction (l, m, n) the resulting disturbance appears to be contained 
in the region bounded by two surfaces of discontinuity, viz. concentric 
spheres centred on 0 and travelling outwards with the velocity c of light. 
The outer one passes him at the time Z° and separates the outer region 
corresponding to the initial stationary state from the region of the dis¬ 
turbance, whilst the inner sphere passes him at the time Z 1 and separates 
the region of disturbance from the inner region corresponding to the final 
stationary state; we shall let L denote the radial distance between the two 
spheres of discontinuity, so that we have 


ct'-ct 0 = L. (3-1) 

Then L is the length of the wave-train carrying the disturbance. We shall 
adopt the usual assumption of quantum theory that the whole excess of 
the energy of the initial stationary state above the energy of the final 
stationary state is radiated in the wave-train, so that the velocity of the 
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electron at the beginning of its transition is cfi°, corresponding to the 
initial stationary state and to £°, and its velocity at the end of the transition 
is cfi 1 , corresponding to the final stationary state and to t 1 , no energy 
being lost or gained by it, nor any change in the direction of its motion 
taking place at either discontinuity. Then the corresponding values of the 
time variable r are given by 


ct° = ct°-~r+p 0 , cr 1 = cfi — r+p 1 , CT 1 — CT° = L—p°+p 1 , (3*2) 


by (2-3) and (3*1), and the values of the quantities p , jS , k and % are deter¬ 
minate functions of r, though we do not know them during the transition, 
so that we cannot determine the value of r corresponding to assigned values 
of (r, 6, <j>), the spherical polar co-ordinates of the field-point P, and a par¬ 
ticular value of the time of observation t during the passage of the wave-train 
across P, i.e. between t° and t 1 . Actually all we do know about the motion 
of the electron during the transition amounts to the given initial and final 
values, j3° and fi 1 , of its speed and the orbits of its centre G in the initial and 
final stationary states, assumed to be classical; we do not even know the 
actual position of C on either of these orbits. 

In addition we know that the electric and magnetic forces due to the 
transition of the electron at the time t and at the field-point P satisfy 
Maxwell’s electromagnetic equations for empty space everywhere within 
the region of the disturbance and Love’s boundary conditions at the spherical 
surfaces of discontinuity bounding this region, viz. that E v H v E 2 -~H Z 
and E z + H 2 inside this region are continuous with their values in the 
initial and final stationary states just outside the boundaries (Love 1903 , 
pp. 37-62). But as the field is due to the same electron in each of the three 
regions, we see from (2*5) that the last three quantities, viz. H v E 2 — H z and 
E z + H 2 , vanish in each of the three regions, so that the last three pairs of 
boundary conditions are satisfied identically. 

By choosing the origin for the time t suitably we can express the remaining 
pair of boundary conditions for the radial component E 1 inside the region 
of disturbance by means of (2*5) in the form 


r 2 E\ = e(/c 0 ) 2 £ (2i + l )jjpQi(f^ P i( C0S X°) with ct°-r = 0, 
r 2 E{ = e(/c x ) 2 2 (2i + 1 ) ^ P*(cos x 1 ) with ct 1 -r = L, 


(3-3) 


to our approximation, i.e. with errors of the order of one part in a hundred 
million for values of r of the order of a centimetre. Actually the error will 
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be greater on the average, though still small, for we cannot observe the 
radiation due to a single atom, but only the cumulative radiation due to 
a whole group of simil ar atoms close together, in which the transitions 
occur independently of one another and at different times, so that their 
respective radiations are incoherent, and consequently their total radiation 
is the sum of the separate radiations. Consequently the origin 0 cannot 
be chosen so that the p’s and g’s for the various atoms are all of atomic 
dimensions simultaneously. Similarly, although the values of 0° and /P, 
and the stationary orbits are the same for all the atoms, the initial and final 
positions on those orbits of the various centres C will not be the same, so 
that the initial and final directions of motion of the various electrons will 
be different and so also will be values of y° and y 1 i* 1 (3-3), but these 
differences will be smoothed out in the averaging over the various atoms. 
This will become clearer if we imagine our initial line 0 = 0 for our particular 
electron to be chosen along the bisector of the acute angle, 2a say, between 
the initial and final directions of motion of the electron, and the initial 
half-plane <j> = 0 to be chosen so as to contain this bisector and the initial 
direction of motion of the electron; its final direction of motion will then 
lie in the half-plane <f> = rr. As the initial and final directions of motion are 
unknown, all references to the unknown value of a and the positions of the 
initial line and half-plane may be expected to be absent from the results. 
Then we find 

cos y° = cos cl cos 6 +sin a sin 6 cos 0, 

cos x 1 = cos a cos 6 —sin a sin 6 cos <fi. 

Thus we see that P^cosy°) and P^cosy 1 ) in (3-3) are spherical surface 
harmonics of order i in the variables 0 and <j>, involving in addition the 
constant but unknown parameter a. Equations (3*3) and (3-4) enshrine 
all the information we can extract from the boundary conditions. 

4. Turning now to Maxwell’s equations for the disturbance inside the 
wave-train we shall find it convenient to work with the form given by 
Riemann-Weber (1901, p. 340), in which we must use t, r, 0, <[> as our 
independent variables. Since the disturbance is to be treated as due to 
a moving point charge, so that H x = 0, H 2 = - E 3 and H 3 = E 3 everywhere, 
the divergence conditions for the electric and magnetic forces give 



3 (r 2 P x ) d(E,smd) dE a 
rdr + sin 0d0 + s^0d^ = °’ 
The second of these equations gives 


^ si ng) 3^ 

dd + d<f> ( ' 


e 9 = 


dV 

dd’ 


p 3 = 


d_V 

sin.0d<t>' 


(4-2) 
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Then the first equation (4-1) gives 

i a /. a dv\ i sw d{r*E x ) A 

sin 6dd ( SU1 °dd) + sm i 6 + rdr ~ °* 

Moreover, satisfies the wave equation, so that we get 

«) 3 2 W), 1 d ( dEA 1 3 2 ^ 

3r 2 c 2 3* 2 + sin <9 30 \ 3(9 / sin 2 (9 30 2 


(4-3) 


(4*4) 


Equations (4*2)-(4*4) contain all the information that can be extracted 
from Maxwell's equations; when we have obtained a value of r 2 E 1 satisfying 
(4*4) and the boundary conditions, (4*3) determines the corresponding value 
of F, and (4*2) then gives the transverse components of the electric and 
magnetic forces, and from these we can determine the radiation of energy 
and momentum in the wave-train. The radial component of the magnetic 
force is zero throughout. It is important to notice that, although the 
boundary conditions (3*3) involve the radial electric force E 1 alone, which 
is of order r~ 2 , nevertheless the disturbance in the wave-train involves 
transverse components, E 2 = H Z and E z == — H 2 , also, which will be found 
from (4*2) and (4*3) to be of the order r _1 and therefore give rise to finite 
radiation. 

Unfortunately (3*3) and (4*4) together are insufficient to determine r 2 E 1 
completely between the limits t = t° and t — t 1 bounding the wave-train; 
for a complete determination we should need (2*5) with a complete know¬ 
ledge of /?, x and p, which we do not possess. In the absence of this knowledge 
we must make the best use we can of (3-3) and (4*4), together with any 
information we can obtain from other sources regarding the properties 
which the radiation to be represented by the wave-train possesses, such as 
its monochromatic character, its capacity for interference with long dif¬ 
ferences of path and its power of ionizing atoms and molecules, for which 
a considerable degree of concentration of energy is necessary. 

In the wave-train at a given field-point (r, 6 , (j>) the function r 2 E 1 is defined 
for all values of t between t° and t 1 as a function of r in virtue of (2*5), where 
r is given by (2*3) in terms of ct-r and 6, <j >, which last are involved in 
p = Z£ + m?/ + w£ = £ cos 6 + 7/ sin d cos <^ + £sin0sin <j)\ moreover, t only enters 
into the boundary conditions in virtue of the boundary values cZ° —r and 
ct x —r of ct — r. Consequently it is convenient to replace t as a variable 
by ct—r , which we shall denote by Lp , and whose boundary values are 
zero and £, the observed length of the wave-train, so that we have by (2*3) 

Lp — ct—r, p° =0, p 1 = 1, 
ct = Lp = Lp-\-£, cos 6 + ti sin 9 cos <j> + £sin#sin 


(4*5) 
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Tf wq know (£, yji £), the co-ordinates of the centre C of tho electron, as 
a function of r, the last equation (4-5) would determine rasa function of 
p, 6, <f> with an error of the order of one in a hundred million or so. 

With p, r, 9, $ as independent variables (4-4) becomes 


S 2 (r 2 ^) jy*E,) | 


1 0 


(si 


• „ dE A 

am(, W/ 


+ 


sin 2 0 dcj> 2 


S&- 0 . 


(4-6) 


dr 2 ~ L dr dp ' sin 6 dd ' 

Now we can regard r 2 E x as a function of p defined between the limits 
p = 0 and p = 1 with r, 6, <j> as independent parameters, so that we can 
expand it in a Fourier series, most conveniently of imaginary exponentials, 
valid between these limits. Moreover, since P i (cos y°) and P^cosx 1 ) in (3-3) 
are spherical surface harmonics of order i in the variables 6 and <fi, we can 
expand r 2 E 1 also in a series of such harmonics. Thus we write 


r 2 E 1 = eR £ (2 i +1 )S ij R ij exp tjnp, (4-7) 

i,S 

where for all values of j is a real spherical surface harmonic of order i 
in 6 and <j>, E {j is a function of r alone, generally complex, and R means that 
the real part only of the sum must be taken; moreover, i and j take all 
positive integral values from 1 to 00 ; the zero values are omitted because 
both lead to static Coulomb fields which do not give rise to any radiation. 

In order to determine P y we substitute the expression (4-7) in (4-6) and 
equate coefficients of Sy exp tjnp to zero for all values of i and j; then we 
obtain in succession 

d 2 Rij 2yV dRy i(i + 1) ' 

dr 2 L dr r 2 ip 

! (4-8) 

R.. = v ( t + w )! / jk \ ro 
m = 0 rn!(i-m)!\2yVr/ \ 

where an arbitrary coefficient has been chosen so as to make the first term 
in the sum equal to unity, for m = 0; the second solution of the differential 
equation is irrelevant to our problem because it becomes infinitely groat 
as r is increased without limit. 


5. To complete the solution so far as this is possible we substitute the 
expression (4-7) in the two boundary conditions (3-3) for p = 0 and p = 1 
respectively, and thus obtain two equations in each of which we have 
spherical surface harmonics of the same order i on each side, and these must 
be equal each to each. Hence we obtain a pair of equations for each value of i 
from 1 to 00 , viz. 


R2(-1)%S ( , - k>)*^e,( ; i)R ( (cosx») ; 
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We see from (4*8) that for every value of j, R i} is a polynomial of the 
degree i in ljijr with real coefficients independent of j, hut depending on i 
and also on m, the index of the power of ljijr concerned, the first term being 
unity, corresponding to m = 0, whilst each of the functions 8^ is a spherical 
surface harmonic of the same order i as P !: (cos^°) and P^cos;^ 1 ) on the right 
with the same variables 6 and <f>. On the right-hand sides r does not occur 
at all, so that they must be equal to the corresponding terms on the left 
for which m = 0, whilst all terms on the left, for which m is even and which 
are real, must vanish. Thus we find 

(5*2) 


m= 1,2. 1, (5-3) 

3 J 3 J 

where 21 = i, when i is even, and 21 = i — 1, when i is odd. 

It will be convenient to express the S# for a given i in terms of a complete 
set of 2i +1 mutually orthogonal spherical surface harmonics T ik , Jc = 1, 2 ,..., 
2i +1, of the same order i, all normalized to unity, so that 

JJjTMO-l, jjT ik T ik ,dQ = 0, (k+V), (5*4) 

where dQ = wxdd8d(p is an element of solid angle, and the integration is 
over the whole of angular space. We cannot take both P^(cos%°) and 
P^cosx 1 ) as members of this set because they are not generally orthogonal 
to one another, but we have 


*Pi(c°sx°), 

S(-l )%1 = (^^(^Wos**), 


JJpf(cosx°)eZ£ = JJPKcosx 1 )^ = 
JJp<(co8 x°) -Pi(cos X 1 ) dQ = ^^P i (cos2a), 


(5*5) 


since 2oc is the angle between the axes of P^(cos^°) andi^(cos^ x ); hence we 
can put 


y 2 7T \ 

jjg+l+ p i( c0s 2a )] + Wt 1 - P i(° os 2a )l}> 

Pi(cos x 1 ) = J g {^ii VC 1 + P i( cos 2a )l “ T a Vt 1 ~ P i( cos 2a )]}* 


(5*6) 


We now write S i3 - = S a ijk T ik , k = 1,2,..., 2i+1, 


(5*7) 
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where the a ijk are constants; then we obtain from (5-2)-(5-6) 

2 a m = J&*+ p i(° os 2a )l > 

2 (-1)* a m = +p<(cos 2a ^ ^d/J 1 ’ 

j *y * 

2% = °> S(-D^ = 0 ) m = 1,2, 

i j 3 J 

S (- D’X,* = -y^V[ ] -P^oob 2a)] (rf)-^ «,(£) , ’ 


(5-8) 


(5-9) 


2^=0, S(-l)^ = °> *- 3,4,...,2t + l, m = 0,1,...,!. (5-10) 

} J i d 

With these values (4-5), (4-7) and (5*7) give 

= eR 2 (2* +1) a ijk T ik R i} exp ijrrp, p = (ct- r)jL. (5-11) 

ij,k 

This is the most general expression for the radial electric force in the 
wave-train due to the transition of the electron; in order to determine the 
radiation of energy and momentum we must determine the corresponding 
expressions for the transverse components of the electric and magnetic 
forces, which can be done by means of (4-2) and (4*3). 

6. Substituting the expression (5-11) in (4-3) and bearing in mind that r 
occurs in p as well as in R {j we obtain 


V = 


fn v + b 
r <,*,**(*+ 1) 


®{j7s 


w 


/ dRy 

tjn 

\ dr 

L 




exp t :jnp. 


( 8 * 1 ) 


We deduce the transverse force components by means of (4-2), so that 
E 2 =H z and E 3 = — H z are given by (6-1) with T ik replaced by 3 T i} JdO and 
dT ik /sm. 0 c<f> respectively. In order to determine the radiation, whether 
of energy or of momentum, we only need their values as far as the order 
1/r, since terms of higher order disappear in the integration over a sphere 
of radius r when r is allowed to increase without limit. The first term in 
Rij is seen from (4-8) to be unity, the second of order 1/r and so on, so that 
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the first term in dR^/dr is already of order 1/r 3 . Hence (4*2) and (6*1) 
give with R io - = 1 and dR^jdr = 0 to the order 1 jr 


7re 


E * Hs rL i> t k i(i + 1) 


2 777 


2i + l . 3T, 






et rr 7re 2i +1 . dT ik . . 

Similarly (5*11) gives with i? w = 1 to the order 1/r 2 

-®i=4 2 (2i + l)%fc 2 «oo 8 /» 30 . 
r 


( 6 * 2 ) 


(6-3) 


The radial and transverse components of the Poynting vector II are given by 
—c(E\ +E\), 47riJ 2 = — cE 1 E 2 , ±ttII z = (6*4) 


the first being of the order r~ 2 and the others of the order r~ 3 ; the com¬ 
ponents of the electrokinetic momentum are got by omitting c. In order 
to determine R } the total energy radiated in the wave-train, we must inte¬ 
grate II 1 over the surface of a large sphere of radius r, and again integrate 
the result with respect to the time t from t = t° to t = t 1 , or, what is the same 
thing, multiply by L/c and integrate with respect to p from 0 to 1. The first 
integration annuls all products of spherical harmonics with different values 
of i or h owing to the orthogonal property of the T ik , the second annuls all 
products of sines with different values of j. Hence we obtain from (6*2) 
and (6*4) 




— y, 2^+1 

SL k _i(i + 1) 


7re 2 (2i+ l) 2 
8 A i,j } k i(i+ 1) 



dQ 


by integrating by parts and using the partial differential equation for T ik . 
We now use the normalization condition (5*4) and introduce the frequency 
v 0 of the fundamental wave and the fine-structure constant oc by means of 
the equations 




C __ 2776 2 

2 L’ a ' = ~ch ‘ 


(6-5) 


Thus we obtain 




( 6 - 6 ) 


As regards the angular momentum about the origin 0, which is equal to 
r aII/c, clearly the radial component TI 1 contributes nothing; on the other 
hand, we see from (6*2)-(6*4) that the transverse components I7 2 and 77 3 
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only involve products of the type cosjTrp sin j'np, where j and / are integers, 
and all such products disappear in the integration with respect to p from 
0 to 1. Hence there is no radiation of angular momentum at all in the 
wave-train considered here. This negative result need not surprise us, since 
we have neglected the displacement of the electron and treated it as if it 
remained at 0 during the whole of the transition; in other words, we have 
treated the radiation of angular momentum as a second-order effect, to he 
taken into account in a second approximation in which the distances OC 
and p° and p 1 have been determined. Consequently, everything of interest 
that can be learned is to be found from (6-6) together with (5-8)-(5T0), 
and afterwards we may be able to find out something about the motion 
of the electron during the transition by comparing (5T1) with (2-5). 

7. In order to make the best possible use of our equations we must 
consider briefly some of the chief requirements to be demanded of our 
wave-train if it is to represent the radiations found in our experience, such 
as that which produces the red hydrogen line Ha. We may list them as 
follows: 

(1) The radiation must be highly monochromatic with a well-defined 
frequency v and wave-length A, the natural half-width of the corresponding 
spectrum length being at most of the order of a few thousandths of an 
Angstrom uxdt. 

(2) The frequency v must be determined entirely by the Planck-Einstein 
law, B = hv, in terms of the energies of the initial and final stationary states. 
In Bohr’s model this amounts to the same thing as prescribing the initial 
and final velocities by relations of the type JJ° = aZ/m, ft 1 — aZ/n, where Z 
is the effective atomic number, and m, n are the effective principal quantum 
numbers of the initial and final stationary states. 

(3) The radiation must be capable of interference with large path dif¬ 
ferences, according to Michelson up to differences of the order of a metre 
or more for the best spectrum lines. This means that L, the length of the 
wave-train, must amount to some hundreds of thousands, or even to 
millions of wave-lengths in favourable cases. In our case, if L = NX, where 
N is a large number of the order just stated, 

N = L/ A = (c/2r 0 )/(c/v) = v/2v 0 = |J, (7-1) 

where J is the value of the integer j corresponding to the preponderant 
harmonic in (6-2) and (6-3). 

(4) The radiation must include constituent vibrations of sufficient energy 
concentrated practically within cones of sufficiently small solid angle to 
render it capable of ionizing actual atoms and molecules. 
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When we examine (6*6) and (5*8)-(5*10) in the light of these requirements 
we notice first that the energy radiated is the sum of an infinite number 
of essentially positive terms, each one of the infinitely numerous upper 
partials of frequency jv 0 contributing an infinite number of terms, viz. 
2i +1 for each spherical surface harmonic of order' i, but of each of these 
sets of 2i-f 1 terms only two, given by (5*8) and (5*9), necessarily depend 
on /?° and J3 1 , the velocities of the electron at the end of the initial and 
beginning of the final stationary states; the others, corresponding to values 
of Jc from 3 upwards and satisfying (5*10), have no necessary connexion 
with these stationary states at all, although they contribute positive amounts 
to the energy radiated. Moreover, (5*8) and (5*9) each consist of 2Z + 2, 
i.e. i + 2, or i-b 1, equations according as i is an even, or an odd, integer, 
and therefore just suffice to determine 2Z-f 2 pairs of coefficients a iix and 
in terms of fi° and JS 1 ; the remaining coefficients of this type are superfluous, 
so far as the satisfaction of the boundary conditions is concerned, although 
they contribute positive amounts to the radiation. Both kinds of super¬ 
fluous coefficients also contribute to the radial electric force (5*11) and 
therefore arise from a suitable motion of the electron during the transition, 
so that their omission may very well cause the motion deduced from our 
wave-train, so far as it can be deduced at all, to differ from that which 
actually takes place. In view of our ignorance of this motion we shall for 
the sake of simplicity omit all the superfluous coefficients and so seek to 
obtain a solution which is determinate and depends only on the initial and 
final velocities of the electron, so that it satisfies the latter part of our second 
requirement. A considerable element of arbitrariness remains as regards 
our choice of the particular values of j and corresponding frequencies jv 0 
to be represented in this particular solution, but we see from (6*6) that 
however this choice be made, and whatever coefficients a ijk be omitted, 
the radiation will always be proportional to the first power of the funda¬ 
mental frequency v 0 , so that there will always be a possibility of satisfying 
the Planck-Einstein law quantitatively as well as qualitatively. The first 
and third requirements demand that one of the upper partials of frequency 
Jvq shall be very strongly predominant, where J = 2N by (7*1) and must 
therefore be of the order one hundred thousand or even more for a spectrum 
line capable of interference with long path differences; moreover, for a fine 
spectrum line, whose half-width is of the order of a few thousandths of an 
Angstrom unit or a few millionths of its wave-length, only a very few 
neighbouring upper partials will have to possess an appreciable in¬ 
tensity, but for many spectrum lines these requirements need not be so 
stringent. 
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The fourth requirement is more difficult to satisfy than the others; it is 
necessary, if a classical explanation is to be possible at all on the basis of 
our determinate wave-train, that the predominant upper partial of fre¬ 
quency Jv 0 and its immediate neighbours, so far as they are effective, shall 
be associated with a large number of effective spherical surface harmonics 
of s ufficien tly high order i to generate something equivalent to Oseen’s 
“needle radiation” (Howell 1936 , p. 391). That there is a possibility of 
satisfying this requirement follows from the fact that in ( 6 - 2 ) each value 
of j is associated with an infinite number of sets of spherical surface harmonics 
of orders i ranging from 1 to 00 , and that each of these sets involves 2 i +1 
independent constituents of the same order i, so that we have a doubly 
infinite number available. But the problem is rendered more difficult 
because we have been practically compelled to reject all but two of the 
harmonics in each set, as we have no means of determining the coefficients 
of the remainder, so that we have only two singly infinite series of har¬ 
monics T ix and T i2 left. On the other hand, the problem is rendered somewhat 
easier from the fact that by (5-6) all these harmonics are biaxial and have 
the same two axes, viz. those of the zonal harmonics i*(cos y°) and P t { cos x 1 ) 
coinciding with the initial and final directions of motion of the electron. 
When we consider the composite radiation obtained by summing the 
incoherent radiations from each of a group of atoms, we see that the pairs 
of axes belonging to the various atoms will be distributed at random 
throughout angular space, and we can expect that the wave-fronts of the 
composite radiation will be “speckled”, to use J. J. Thomson’s term, arid 
capable of producing ionization in every direction from the source. 

8 . In order to find the determinate solution consistent so far as possible 
with the requirements just detailed we shall find it convenient to change 
our notation, isolating even and odd values of j in ( 5 - 8 ) and ( 5 - 9 ). Let 
Pj, <lj denote even and odd values respectively of j of the order 2 N and write 
for even values of j 

% 1 = + -Pj(cos 2a)] 

X d/P + ^ V p * 1 ’ 

1 I 2n (S’ 1 ) 

a m = ~ P i( cos 2a )l 

x [<*°> 2 W " {Kl) *w *(£)] ^. 
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and for odd values of j 

a m = lJ^n^+Pi(oos2oc)] 

x |>>> Qi {j°) ~ {Kl)2 w Qi (p). 

a m = 2a )l 


9a& 


f (8-2) 


Then (5-8) and (5-9) give 


«*(? 



-2m f 

J ij 

= 0, m = 1,2, 

(8-3) 

* m 9u 

= 0, m — 1,2, 

(8-4) 


Each set of 1 +1 equations (8-3) and (8-4) is of Van der Monde’s form, and 
their solutions are known to be 


fij= 1 in (Pi-Pi), 9ij = 1/n (qf-ql), *+j. 


(8-5) 


where ]1 denotes a product of l factors in which h takes all of the 1 +1 

k 

possible values except j. Then (6-6) gives with (8-1) and (8-2) 

B - 2 j !f , ’Kji+«;«) + 'iMn +<*!«)} 

WIT 


8 ij 




xU%pf +2 +g%gf +2 ] 

+ 2P i (cos 2a) A «y o ) ^ [f% P r +2 ~ 9%9 ? + *}} ■ (8-6) 


This expression satisfies our second requirement in so far as it depends only 
on the initial and final velocities, c/?° and c/3 1 , of the electron and the angle 
2a between their directions, i.e. only on the initial and final stationary 
states, but not at all on the acceleration or any other quantity determining 
the motion of the electron during the transition between them; such 
quantities can only occur in a second approximation taking into account 
its displacement. In this respect our radiation differs fundamentally from 
all the radiations hitherto envisaged in classical electrodynamics, which 
are ascribed to hypothetical atomic oscillators and depend primarily on 
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their accelerations, so that their frequencies are determined entirely by the 
properties of these oscillators, whilst the frequency in our radiation is 
determined by Ljc, the duration of the transition. In both respects our 
radiation agrees better with quantum theory. 

In order to clarify our ideas still further and satisfy our other require¬ 
ments we will investigate briefly a simple special case as an illustration. 

Illustrative example. So far ourp 3 and q t are any two sets of even and odd 
integers, each l +1 in number; we shall choose them so that, with a changed 
meaning of j, p i and #,• denote neighbouring integers such that 

Pj = 2N +2j, = 2N + 2j+l, j 

j = -n,-(n-l),...,(l-n-l),(l-n)J '' 

where N is the number of wave-lengths of the supposed predominant 
frequency v in the wave-train, supposed large, so that v = 2A T v 0 by (7-1), 
and the predominant frequency is given p 0 . Then we obtain from (8-5) 


JiiFi ~ (n+ j )! (l—n -j )! (2 N + l-n+j)V 


(8-8) 


is got by replacing 2 N by 2N+1 in (8-8) and may be treated as 
equal to / i3 -pf +1 without appreciable error in view of the assumed large 
value of N, so that we may double the first set of terms in the first line of 
(8-6) and omit the second set. Thus the radiation becomes independent of 
a altogether and reduces to the sum of similar functions of 0° and J3 1 . 

Moreover, we use a new variable ri in the Q functions, where (Hobson 
i 9 3i,p.ll3(49)) 


V = 


1 —K 

1+ic’ 




* = V( 1- A 2 )> K 2 diild/3 = 

=g ^riyr ^ (1 ~ ,?)2jF(l ^ +2; i+s * r>) - 


(8-9) 


As i increases without limit, the first factor approaches the limit \J(m) 
by Wallis’s formula, and F approaches the limit (1-•)/)-* from above; 
moreover, when i = 0, F reduces to (1 — t/) -2 , its greatest value. Hence we 
find from (8-9) 

(i large) (1 - q) ^ < g tV * (i small), (8-10) 
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where g i — 2 ai+1 (i — 1)! (i+ l)!/7rl .3... (2i —1) 1.3... (2 i+ 1). Direct calcu¬ 
lation shows that as i increases diminishes from g 1 = 1-70 through 
9io ~ 1’07 to g a = 1, so that we can replace the middle term in (8-10) by 
grj 1 , where g is a numerical factor of the order unity, which varies very slowly 
with i], reducing to 1 —y for very large i. Lastly, to every value of l corre¬ 
spond two values of i, 21 and 21 + 1, which can be grouped together, and then 
(8-10) gives a factor g(l + tj)rj 21 for the two when l> 0, but only gij when 
1 = 0, because i = 0 is excluded. It is convenient also to take a factor 
outside the double sum and replace a by its value 1/137 and v 0 by its 
value v/2N from (7-1); thus we obtain from (8-6)—(8-10) 


T v = m 

d>(w) = (1 + wl V y f 2(^+j) 2 [(^+j) 2 ^(2-y-n+J-l)! ) 2 

nv) i +v_^_ ni 2u + ^ N{n+j)l{l _ n _ j)[{2N+l _ n+j)] 


-i 


( 8 - 11 ) 


= (1+7)S S 

i=0 k~0 


(2(M + i ) 2 [(M + i) 2 7j]^ k (2M+i -1)! 


r 


Ni\k\(2M+2i+Jc)\ 


- 1 , 


where M = N—n, i — n+j , k — l — n—j. The term —1 allows for the 
exclusion of zero-order harmonics, for the double sum reduces to unity 
when i, k : n are zero; i (not to be confused with the old i, the order of a surface 
spherical harmonic) and k are new integers introduced in order to simplify 
the double sum, and g° and g 1 are average values of the g i9 appropriate to 
7j° and 7] 1 and of order unity. Since n was to be chosen so as to make the 
predominant upper partial correspond to j = 0 and have the frequency 
v = 2 Nv q , the new large integer M will have to be chosen so as to make the 
largest term in the sum with respect to i correspond to i = n = N — M . 

9. Consider the sum with respect to l in (8*11) viz. 


<?_ v M+Eil l 2 .. 

1 ~ \0-n-i)I (2N+l-n+j)\f ; 


S 

=n+j 


>2u 


(9-1) 


Elementary considerations show that the general term is greatest when 


(1 + 1 - n - j) (l +1 + 2N - n + j) > (N + jf y > (Z - n - j) (l + 2N - n +j). 


Thus l—n—j must be the greatest integer in 

(N+j)[f( l+7))-l] = (N+j)[ seciy-l], 

where /? = siny, k = cosy, y = tan 2 \y by (8-9); for small values of /? the 
factor secjy— 1 is \jj 2 , and as /? increases it increases through 0-0353 for 
/?= i and 0-155 for /? = J^/3 to 0-414 for JS = 1. Thus the greatest integer 
in question changes very little with j for small values of /?, whilst for larger 


Vol. 171. A. 


2 
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values the change is greater, but only a small fraction of the value of the 
greatest integer itself. Hence we can for the sake of simplicity neglect the 
change and write 

l—n—j — I, 2N+l—n+j — 2N + /+2?‘, j 

i = Gnv[V(i+?)-i]> J 

where GI stands for “greatest integer in”. This is correct for the pre¬ 
dominant upper partial j — 0 and nearly correct for all the upper partials 
that matter. Then the maximum value of e 2 “ is 


'[(iV+j) 2 ^+’+^ 

I ! (2N + 1 + 2j )! • 


We put in e iu l—n—j=I+Jc, treat & as a continuous variable and replace 
the summation in (9-1) by an integration with respect to k from — / to co 
by means of the Euler-Maclaurin summation formula. With the usual 
notation of gamma functions we find 

u = u Q -\W(I + l)k 2 , (9-4) 


since k = 0 gives the maximum value u 0 of u, and quantities of order 1 /N 
can be neglected. Also by (9-1) and (9-4) 


^ = J "e^dk + *[(!- K) e 2u] fc =-i • • ■ = e 2u «/(/), (9-5) 


+ J~ ~~ — [1 - iwy +1)] e-iW+«j, (9-6) 

where &(x) is the probability integral (2 /^/tt) J e~ x% dx. 

Substituting from (9-4) and (9-5) in (8-11) we find that the double sum 
in (8-11) reduces to a single sum with respect to j, viz. 


3 ,T " 2 ^ ' (n+j)\(2N + I + 2j)\ ‘ 


3 \ 
m 


i 


(I!) 2 j=- n 


2 e 2v . 


(9-7) 


The greatest value of the general term e 2t ’ is to be given by j = 0; hence it is 


2 , o = f W 2 [^]^(2W-l-^ )n 2 

I n\ (2N+I)\ 


(9-8) 
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Comparison with, the neighbouring values for j = ± 1 shows that, since N 
is assumed very large, we must have very nearly 


n +1 


e -2 (n+I)IN 


> 


N 2 7j 

(2N + I) 2> 


... . , e -2 jn+DJN 

2N-n 


where we have neglected quantities of the order l/N in comparison with 
unity, except in powers with the unknown exponent n+I ; to the same 
approximation we see from (9-2) that 2N + I is the greatest integer in 
Ny(l + 7j) +1] and can be identified with it and we find that 


n+l>2N 


V(! + 7) + l 



3 n + 4J\ 

M ) 


>n, 


so that n, like I, is a small fraction of N, except for values of /? near unity, 
and we can put approximately 


n ~ GI 2N 


yq+7)-i 
V(l+7) + l 


(9-9) 


We proceed as before and write with neglect of l/N by (9-7) and (9-8) 


v = v a -\W\n+ l)j 2 , 

s = e 2r ° y e 2i- 0 

' (/!) 2 (/!) 2 




where/(/) and/(ft) are given by (9*6), whilst (8-11) gives 

<f>(v) = {i+y)^-^ 2 . 


(9-11) 


When I is zero, W'{I+ 1) = ¥"(1) = 1-645, 0 = 0, and f(I) = 1-191; when 
I and n are both zero, = 0*355 N 2 by (9* 10). In order that may vanish 
for 7 ] = 0, (9*11) requires that = 0*250 N 2 ; the difference between these 
two values is due to the approximations adopted in determining Sj in (9*7) 
and $ z in (9*10), mainly due to the neglect of powers of k and j higher than 
the second in (9*4) and (9*10) and to the substitution of integrations for 
summations with respect to k and j in (9*5) and (9*10). It is essential that 
shall vanish when tj = 0 owing to the exclusion of the term i = 0 
from (6*6) and the consequent absence of simultaneous zero values of n 
and j from (8*11), and in view of the rough nature of our approximations 
the presence of the factor 0*355 in place of the correct 0*25 in $ z is as much 
as we have a right to expect. Consequently in order to secure the satis¬ 
faction of this essential condition we shall correct by multiplying it by 
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0*25/0*355 = 0*70; moreover, in view of the roughness of our approximation 
we shall replace each of the factors g° and g 1 in (8*11) by its approximate 
value unity. We shall also take the factor J N 2 outside the sum Si in (9 11) 
and replace the fine-structure constant a in (8*11) by its approximate value 
1/137; thus we obtain 

( 9 - 12 ) 


whereby (9*2), (9*6) and (9*9)~(9*11) we have 

m -on.) 

f(I) = 2 / w(i+i) ( x+0 [vWTI)]) 

+ 1[1- \IW(1 +1)] (9-14) 

I = GIN[*J(l+i/) — l], % = (9-15) 

It must be borne in mind that 7 0 , and I v n x the pairs of values of /, n 
corresponding to tj° and rj 1 will usually be different. 

(9*12)-(9*15) constitute our working equations; in order to secure quanti¬ 
tative as well as merely qualitative agreement with the Planck-Einstein 
law it is necessary to find a value of N which shall make the right-hand 
member of (9*12) equal to unity and at the same time satisfy our other 
requirements so far as possible with reasonable values of tj° and rj 1 . 

10. Exceptional case: I , n both zero for both stationary states. We can 
dispose of this case at once by proving that at least one of the two pairs of 
quantities I and n must be different from zero if the Planck-Einstein law 
is to be satisfied quantitatively. If possible suppose that both pairs vanish; 
then we have seen that ) reduces tol + q, and (9*12) gives Nty 0 + r/ 1 ) = 111. 
Since y is at most equal to unity, 

Ny(l + rj)-l] and 2Ny(l + v )-l]/y(l + 7i) + l] 


exceed 0*414 Nij and 0-334 respectively, and we get 

N[*J{1 +7i°) - 1 ] +iV[V(l +t) - 1 ] > 0*414^0 + ^) > 46} | 


( 10 * 1 ) 


If A 0 , and N v n x are the values of N, n for the initial and final stationary 
states respectively, we see from (9*15) and (10*1) that one or other pair 
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must exceed 23, 18 according as tj 0 or i] 1 is the greater; usually it is the 
second. Thus our provisional assumption leads to a contradiction, and 
hence we cannot ensure quantitative agreement with the Planck-Einstein 
law if both pairs vanish. 

11. Case of small velocities . Here we can replace 7j by its approximate 
value If 2 by (8-9) and then we obtain from (9*15) 

I = n = GI (H-1) 

so that I and n are equal and small compared with N , though not necessarily 
small themselves. Since either J 0 or I x differs from zero by § 10, we can 
neglect tj in the factor 1 + 7 ] in (9*13); we can also replace (2N — n— 1)! and 
(2JV + J)! by their asymptotic values and their ratio by l/^ 2 - 1 2 ) 1 {2N - 1 ), 
or approximately by (2N)~^ 2I+1 \ Taking the factor 0*70 outside the bracket 
in (9*13) we obtain from (9*12) 

r n frp(/?°)mn 2 . r{ pwy^ 1 2 _ g , ft 4 ( U .2) 

rv = i6o\L—iw J L (^i'-) 2 J I 

The values of f{I 0 ) and/(^) are given by (9-14) or by the table: 

1 0 1 2 3 4 5 6 7 8 9 10 >10 

f(I) 1-19 2-44 2-97 3-36 3-77 4-13 4-45 4-76 5-04 5-31 5-56 *J(nI) 

(11-3) 

The formula gives values which are too low, by 5 % for 1 = 5 and J % for 
1 = 10 . 

In § 10 it is shown that when 1 = n = 0. Ji/hp = N(7i 0 +iji)/l 11. Tor small 
values of fi and hence of v , I = n = GI(JJty), and it follows that in this 
case Nr/ < 2, and therefore Rjhv < 4/111, which is much too small. 

If, however, we put 1 = n — 1 and take f3 to be 10 —2 , N must be of order 
10 5 , and we find from (11*2) that Rjhv is of order 10 s at least. 

These results are not altogether discouraging. In another draft, Schott 
adopts a slightly different method of evaluating the double summation 
in (8-11) and obtains results which he appears to have regarded as fairly 
satisfactory. The relevant paragraphs of this draft have been numbered 
so as to be continuous with the preceding paragraphs. 

12. The double sum in either of the forms given in (8-11) is much too 
complicated to be evaluated directly so that some simplification will be 
necessary, which must take account of the fact that N and M have been 
assumed to be large integers. If we consider first the single sum obtained 
by keeping i fixed and varying k, viz. 

” ( [jjx+Wv? ) 2 


( 12 - 1 ) 
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we note that it converges ultimately more rapidly than an exponential 
series and that the function inside the curly bracket has a maximum when 

(k+ 1) (2 M+2i + lt+\)>{M + i)*vi> k{2M + 2i + k), 

so that it is greatest when k = K, where 

K=Gl(M+i)y(l + v)~ll ( 12 - 2 ) 

where GI stands for “the greatest integer in”. Unless tj, and therefore also 
yj, approach their upper limit unity, k is not very large and we can without 
any great error replace (2M + 2i + k)\ in (9-1) by (2M+2i) k (2M+ 2i)\; 
then we obtain 


^{(22tf + 2;)!} 2 fc to (W "{(2ilf + 2i)!} 2 ’ 


(12-3) 


with the usual notation for a Bessel function with an imaginary argument. 
We substitute the expression (12-3) in the double sum in (8-11), which we 
shall denote by S ik for the sake of brevity, and we replace the factorials 
(2M+i — 1)! and (2M +2 i )! by their asymptotic values in view of the large 
value assumed for M. Then we find that S ik satisfies the inequation 


8 


Hk ' 


: 2 

i=0 


(2 (M+if [(M(2M + i—l)\ 


r 


Nil(2M+2i)\ 


U(M+i ) V ] 


h\ ti / n 2 


I 0 [(M + i) V ]. 


(12-4) 


If Wj denotes the general term of the sum, then for very large i 


ultimately, since the asymptotic value of I 0 is ef- i+M ^/^[2m](i + M)]. The 
ratio (12-5) increases rapidly as ?}, and therefore /? also, increases and attains 
the value unity when 9/ = 0-557,J3 = 0-958. Hence the series (12-4) converges 
when /? is less than 0-958 and very rapidly when it is small. It may well be 
that the limit for convergence of S ik is given by /? equal to unity and that 
the method of approximation used has lowered the limit, but this is im¬ 
material as we shall only use the modified expression for comparatively 
small values of /?. 

The ratio %/« 0 is practically equal to [£-M??] 2 , since M is very large; 
when IMij is greater than unity, the general term of the series (12-4) increases 
at first, reaches its greatest value when i = I say, and then diminishes. 
It is important for our purpose to determine I when it exists, and then M 
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must be taken equal to N — I in order that the greatest term may corre¬ 
spond to the frequency v = 2Nv 0 as we saw above. The values of I and M 
will of course be different for the two values tj° and tj 1 of tj, which occur in 
(8*11), but the maxima will coincide in the frequency scale as they should. 

What follows is from yet another draft. It is not difficult in the light 
of the present paragraph to obtain from (8-11) the approximate formula 
(12*6). The full calculation need not be given. There is a slight change of 
notation in (12*7) as compared with (8*11). The letter b in (12*6) and (12*7) 
stands for the (M + i) or (N -f j) of (8*11), whilst the j of (12*7) corresponds 
to the i of (8*11). 

Tv = ( 12>6 ) 


By means of (8*4) we can analyse B into contributions, such as Bp from 
the upper partials whose order is given by j; we obtain 

T7, = TTTi (g°( 1 + V°) UH) ' £! ’ + 9 ,1 ( 1 + V 1 )U^V 1 ) ^2 1 . j> 0, 


hv 

go 
hv ~ 110 


110 

N 


O'!) 


o '!) 2 r 


= TTiO^ 1 +V°) W) “ + S ,1 [( 1 +V 1 ) Ubv 1 ) ~ 1]}, j = 0. 


(12-7) 


The contribution to the total radiation depending on or tj 1 , as the case 
may be, is greatest for that order j for which or ibrj 1 lies between j 
and^‘+ 1. 

13. Application to Bohr's model of hydrogen-like atoms. In (12*6) and 
(12*7) b is an arbitrary integral parameter, N is known, as to its order at 
least, from interferometer determinations of the capacity for interference 
with considerable path differences for the given monochromatic radiation, 
and t/° and tj 1 can be calculated from the initial and final velocities, which 
must be supposed given. Bor the sake of definiteness we shall adopt the 
values given by Bohr’s model, viz. = Zajm 2 , y? 1 = Za/n 2 , where oc is the 
fine-structure constant 1/137, Z is the atomic number and m, n are integers 
with m<n for hydrogen and ionized helium. We may also obtain rough 
values for other elements by using non-integral values of m, n, provided 
that Z is not too large. With Z less than 20 we obtain a 1 % accuracy by 
taking 

tj 1 = Kp 1 )* = a 2 £ 2 /4?i 2 , =f 2 a 2 Z*l±n\ f = m\n. (13-1) 


Adopting these values for tj° and tj 1 we shall now investigate the consequences 
of putting the right-hand member of (12*6) equal to unity so as to satisfy 
the Planck-Einstein law quantitatively as well as qualitatively. 
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We p ba.ll begin with the special case in which bij 1 , and therefore also by 0 , 
is gmn.11 enough to justify the neglect of all terms of order higher than 
(iby 1 ) 2 ; then we need only take the upper partials j - 0 and j = 1 into 
account and expand I 0 (bf) to the same order, retaining only the terms 
k = o and k = 1, and lastly on account of the smallness of y l and 7)° we can 
replace I 0 (bf) and 7 0 (6iy°) by unity when they are multiplied by y 1 or 7j°. 
All this is justifiable for small values of Z, i.e. for hydrogen, ionized helium 
and perhaps lithium. Using (12-7) together with (8-10) for the appropriate 
values of g° and g 1 we obtain from (13-1) the following partial intensities: 

First upper partial, j = 0; (i) Even harmonic: lc = 1, i = 2, g° = g x - 1-36. 


■BjP 

hv 


^?{W)+W)-2} 


AT /) 2 


Nb 2 a?Z\ 1 +f i ) 
4-86 x 10 7 2 n* 


(ii) Odd harmonic: k = 0, i = 1 ,^g° = g x = 1-70. 

U - - '—imm + turn 

- *£. , S 10g(l + /») 

324 v/ 4-86 xlO 7 n 2 


(13-2) 


(13-3) 


Second upper partial, j=l; (i) Even harmonic: k = 0, i = 2,g°=g 1 =b36. 

B$> = (13-4) 

ii^ 2 > is to be neglected; add the contributions (13-2)-(13-4) together and 
write for the sake of convenience 

4-86 x 10%* 4-86 x 10 6 toV 

U ~ Z\ 1+/ 2 ) “ Z 2 {m 2 +n*) ' ( ’ 

Thus U is a function of Z, m, n alone but not of b; hence we find from 
(12-6) with our second assumption 

B 2iffl+ N a 2 W( l+/ 4 ) AT 

hv ~ hv 4-87 x 10 7 n* + U 

Since a = 1/137 this gives 

, _ 9-55 x 10 5 n 2 111 1 \ 9-55 x 10 5 m 2 n* If 1 1\ 

° ~ Zy(l +/ 4 ) a J\N UJ~ Z\/(m 4 +w 4 ) fJ\N UJ m 


(13-6) 

(13-7) 


The last equation shows that our assumptions establish an upper limit U, 
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given by (13*5), to N , the number of waves in the wave-train, for each line 
of one of the light elements. 

(13*1) and (13-7) give with a = 1/137 


by 1 = 


12-7 ffl 1\ 

V(i+/WU u) 5 


by 0 = 


12-7/ 2 /(l 1\ 

V(1 +/Ww E7’ 


(13-8) 


These equations do not involve Z except in so far as it occurs in U by 
(13-5); if Z7 is large and N not too small, brj 1 and brj Q are small enough to 
justify our neglect of higher powers than squares. We can also determine 
the relative intensities i? 0 and R x of the two upper partials j = 0 and j = 1; 
by means of (13*2)-(13*7) we find 


R 0 : R L = U + N : U — N. (13-9) 

If we could compare these intensities by experiment, we could calculate 
N from U and then determine b by (13-7). 

Experiment shows that the series lines of the light elements hydrogen, 
ionized helium and lithium are singlets, apart from the fine-structure, whose 
pattern varies from line to line and therefore cannot be described by our 
assumptions. Hence the more refrangible line of each of our doublets must 
disappear, and N = V by (13*9); thus b vanishes, and the line j = 0 must be 
due entirely to the odd harmonics. 

The least value of U given by (13-5) occurs for the limit m = oo of the 
series n = 1 and is equal to 4*86 x 10 6 /Z 2 , 4*86 x 10 6 for hydrogen, 1*22 x 10 6 
for ionized helium and 5*4 x 10 5 for lithium, the last being only rough owing 
to doubt about the applicability of Bohr’s model to lithium. These values 
leave sufficient margin for agreement with interferometer measurements. 

In these cases we have j = 0, h = 0, i = 1 by (13*3), so that the order 
of the only effective spherical harmonic is far too low to give appreciable 
concentration of radiation anywhere in the wave-front, and therefore our 
radiation cannot account for the power of ionization possessed by the 
quantum. 

It is worth while to glance at the case of the heavier elements such as 
sodium, for which the atomic number 11 is well within the limit Z = 20 
permitted by our approximation, although it is doubtful how far we can 
apply Bohr’s model to such an element, even when we do not confine our¬ 
selves to integral values of m and n, and so replace the series formulae of 
the Balmer type by the more general ones of the Rydberg type. In this 
case (13*5) gives 4000 as the least value of the upper limit U of N , whilst 
experiments on the D lines lead to a value of the order of half a million. 
Consequently our solution cannot possibly represent the lines of the prin- 
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cipal series of sodium, but it might conceivably represent the much less 
fine li nes of the subsidiary series for which no interferometer measurements 
appear to have been made. All these lines are really doublets, apart from 
relativistic fine structure, and are explained by means of orbital and 
electronic spin on the quantum theory; nevertheless, we may enquire how 
far these doublets can be represented by our solution. It is well known 
that the more refrangible line of each doublet of the principal series of 
sodium is the stronger of the two, which is just the opposite of the behaviour 
of our doublets according to (13-9), so that for this reason also our repre¬ 
sentation fails in the case of the principal series. But exactly the reverse 
holds for the doublets of the subsidiary series in qualitative agreement 
with (13-9). 

Let us consider the first line of the first subsidiary series, for which we 
have m = 3, n = 2 , v = 12,203 cm. -1 , Av — 15-55 cm. -1 , so that v\Av — 785 
(Kayser 1902 , p. 520). With Zi = 11 (13-5) gives U = 111 , 200 , and (13-7) gives 

b = 28,850, J= ~ = 785, whence 1V=1334, and vjN =9-15 cm. -1 . 

This result is unsatisfactory because the value of N is almost certainly 
too small even for such a broad line as this is; besides it leads to the wrong 
pattern, viz. four nearly equal components instead of a doublet. We conclude 
that the doublets of the alkalis cannot be represented by our solution, but 
only singlets by taking N = U nearly as for the lightest elements. The 
components of doublets, triplets, etc., must be represented each by its own 
wave-train, and then the value of N is sufficiently large even for an element 
as heavy as sodium. 
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The theory of crystal rectifiers 

By N. F. Mott, F.R.S. 

H. H. Wills Physical Laboratory , University of Bristol 
{Received 24 January 1939 ) 

It has long been known that the contact between a metal and a semi¬ 
conductor has a resistance which varies, in many cases considerably, with 
the direction of the current. A well-known example is the copper-cuprous 
oxide rectifier, which consists of a copper plate on which a layer of cuprous 
oxide has been formed, the oxide being in contact with a lead plate. It is 
the purpose of this paper to criticize existing theories of this effect and to 
suggest a new one. 

In any crystal rectifier we have two contacts to consider; for instance, 
in the copper-oxide rectifier there is the contact between the copper and 
the oxide, and that between the oxide and the lead. We may say at once 
that a condition for rectification is that at least one of these contacts shall 
have a resistance which is not small compared with the resistance of the 
oxide layer; for any theory will give, in the limit of small voltages across 
the contact, equal resistances in both directions; it is necessary that a sig¬ 
nificant part of the fall in potential in the rectifier should occur at the 
contact. 

The most recent theory of crystal rectification was given independently 
by A. H. Wilson (1932), by Nordheim (1932) and by Frenkel and Joffe (1932) 
(see also Wilson (1936), and the discussion by Fowler* (1936, p. 432 ). These 
authors picture a metal in electrical contact with a semi-conductor, the 
two being separated by a potential barrier of some kind. The energy levels 
of the metal and semi-conductor are assumed to be as illustrated in fig. 1. 
In the semi-conductor are impurity centres, providing electronic energy 
levels at a distance E 0 below the normally empty conduction band. Since 
the metal and the semi-conductor are in thermal equilibrium, an electrical 

* Fowler (p. 434) discusses also a somewhat different model, namely, a layer of 
“bad” semi-conductor between a metal and a good semi-conductor. This is essentially 
the model we use in the second half of this paper. Fowler’s treatment does not seem 
to us correct however; he assumes that the electrical double layer between the metal 
and bad semi-conductor would bring the levels of the latter into equilibrium with 
the metal, as in fig. 1 (a). Actually, however, since there are practically no electrons 
in the conduction levels of the “bad” semi-conductor, a double layer of this type 
cannot be formed in the small space available. (Cf. Mott 1938 a.) 

[ 27 ] 
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double layer is formed at the surface which raises or lowers the levels of 
the semi-conductor relative to those of the metal until the density of 
electrons in the metal in any range of energies more than &bove the 
surface of the Fermi distribution is the same as in the semi-conductor. This 
implies that the surface of the Fermi distribution of the metal will be 
approximately half-way between the impurity levels and the conduction 
band of the semi-conductor; the density of electrons with energy W above 
this surface will be proportional to e~ wlkT . 



(a) 


(b) 


Fig. 1. Energy levels in a metal and semi-conductor in contact, according to the 
model of Wilson and others. The quantity E 0 is the energy required to raise an 
electron from an impurity level into the conduction band of the semi-conductor. 
The surface of the Fermi distribution is marked £ 0 . (a) In the absence of a held. 
(b) With a field in the direction of easy flow. The arrow marks the direction of flow 
of electrons. 


Suppose now that a field is applied in such a direction as to move electrons 
from the metal to the semi-conductor. The levels in the metal are raised 
relative to those of the semi-conductor. Thus the number of electrons in 
the metal which have energies high enough to pass through the potential 
barrieT into the semi-conductor will be proportional to 

e xp[-(P? 0 ~eV)lkT], (1) 

where V is the voltage applied across the contact. (1) increases rapidly with 
V. On the other hand, if the field is applied in the opposite direction, there 
is no increase in the number of electrons which can pass from the semi¬ 
conductor to the metal. Thus the direction of easy flow is from metal to 
semi-conductor (flow of electrons; the current is in the opposite direction). 

If the transparency of the potential barrier is low, its change with the 
applied field may be neglected; the theory developed on these lines gives 
for the current j 

j =* const, [exp (eV/kT) -1], (2) 

As we have seen, however, in order that a rectifier shall work, a large 
fraction of its resistance must lie in the contact. To obtain this resistance, 
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the authors quoted assume that the potential barrier is wide, electrons 
passing through it by the quantum mechanical tunnel effect. The trans¬ 
parency will then be affected by the field. Taking this into account, Wilson 
obtains a more complicated formula 

j = const, [exp (eV jkT) — 1 ] e*~ a ^ (3) 

where a depends on the potential barrier. If a is not too large, formula (3) 
gives rectification in the same direction. With a suitable value of a, good 
agreement with experiment is obtained. Wilson finds that a barrier 0*5 eV 
high and 10“ 7 cm. thick gives a suitable value of a. 

In our opinion this model can hardly represent the true state of affairs 
at the boundary. In the first place, as we shall see below, experiments 
indicate a much thicker insulating layer than 10” 7 cm.; Waibel ( 1936 ) finds 
evidence for layers as thick as 10~ 3 cm. for which penetration by the tunnel- 
effect would be impossible. 

An even more serious objection to the theory is that it predicts rectifica¬ 
tion in the wrong direction.* In copper-oxide rectifiers the contact of high 
resistance is that between the copper and the oxide (Grondahl 1933 ), and 
the observed direction of easy flow (of electrons) is from the metal to the 
oxide. The theory gives this direction of easy flow for a semi-conductor 
in which the current is carried by electrons in a normally empty conduction 
band. Copper oxide is, however, known to be a defect conductor, the 
current being carried by positive holes in a normally full band. For such 
a semi-conductor, it is easily seen that the theory gives rectification in the 
opposite direction. In fig. 2 (a) we show the energy levels of a defect con¬ 
ductor in equilibrium with a metal, and in fig. 2 ( b ) when a field is applied 
in such a direction as to bring electrons from the semi-conductor to the metal. 
The field raises the full band of the semi-conductor, so that electrons near 
the top of this band will have more chance of finding a vacant place in the 
metal. This is obviously the direction of easy flow. 

In support of this conclusion we may quote a recent paper by Hartmann 
( 1936 ) who has prepared rectifying contacts by painting a layer of shellac 
on to a metal surface and pressing it in contact with a semi-conductor. The 
shellac layer gives to the contact the necessary high resistance. Hartmann 
finds, in fact, that zinc oxide with excess zinc, a normal semi-conductor in 

* This seems first to have been, pointed out by Davydov ( 1938 ), who gives a theory 
based on the assumption that the oxide adjacent to the copper contains excess 
copper and is an electronic conductor, the rectification being assumed to take place 
at the contact between the electronic and hole conductor. This hypothesis seems to 
us difficult to reconcile with the experiment of Hartmann referred to below. 
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which the current is carried by electrons, gives rectification in the opposite 
direction to copper oxide with excess oxygen. 

In this paper we hope to show that, in order to obtain agreement with 
experiment about the direction of rectification, we have to assume only 
that the insulating layer is so thick that electrons cannot go through it by 
the “tunnel effect”, but have to go over it by thermal excitation. The re¬ 
sistance is then not very sensitive to the thickness of the insulating layer, 
but only to its nature. We must, however, first give a discussion of the 
shape of the potential barrier, and for this we need to understand the nature 
of the contact between the metal and oxide. 




metal 


y empty levels 


full band 
S-C 



metal 


fe) fb) 

Fig. 2. Energy levels in a deficit conductor such as Cu 2 0 in contact with a metal. 
(a) In the absence of a field. (6) In a field in the direction of easy flow. The arrow 
marks the direction of flow of electrons. 


_ A discussion of the observed properties of copper-oxide rectifiers has been 
given by Grondahl (1933). Pure copper-oxide is a poor conductor; the 
conductivity is enormously increased by heating in oxygen. The impurity 
levels which provide electrons in the semi-conductor are believed to be due 
to excess oxygen atoms. The rectifiers are prepared by heating a copper disk 
m oxygen, and the oxide film formed contains excess oxygen. A layer 
immediately adjacent to the copper, however, apparently does not contain 
excess oxygen and thus has no impurity centres which can provide free 
electrons. It is this layer which gives rise to the high resistance of the 
contact. It is called the “blocking layer” (German “Sperrschicht”). 

The thickness of the contact may be determined from the capacity of the 
layer at high frequencies ( 60 to 10® c. /sec.). Dowling and Place (unpublished; 
quoted by Grondahl 1933) find a capacity G = 0-006 /iF/cmA Putting 

C = Kj&Trd 

and setting k, the dielectric constant, equal to 10, this gives d~ 10- 4 cm 
More recent measurements of Waibel (1936) have given thicknesses up 

t,n I n ~3 om * 
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As our model, then, we shall take a metal in intimate contact with 
a crystal which would be an insulator in the absence of impurity levels, 
and shall suppose that a layer adjacent to the metal of the order of 10“ 4 cm. 
thick contains no impurity levels. We shall discuss a semi-conductor in 
which the current is carried by electrons, rather than by holes. The results 
obtained can all be applied to a defect conductor, by changing the sign of e. 

The non-metallic crystal will have a band of unoccupied energy levels 
(the conduction levels). The energy of an electron in the lowest state in the 
conduction band may be written —x* At low temperatures % will be very 
little changed by a small concentration of impurity centres. If then we 
imagine our semi-conductor with its surface layer of pure material not in 
contact with the metal, the conduction levels for the semi-conductor and 
of the surface layer will be identical (fig. 3 (a)). Suppose now that our 



(c) (d) 


Fig. 3. Energy levels in an impurity semi-conductor separated from a metal by 
a layer of pure material of thickness d. (a) See text. (6) In equilibrium, (c) With 
a field in the direction of easy flow, (d) With a field in the direction of high resistance. 
The dotted line in (a) and (6) represents the effect of the image force. The arrows 
mark the direction of flow of electrons. 

crystal (still at very low temperatures) is brought into contact with the 
metal. The impurity centres nearest to the metal will lose electrons to it. 
Thus, to the right of the insulating layer in the neighbourhood of A in 
fig. 3 (6), there will be a positive space charge. This space charge will 
induce an equal negative charge on the surface of the metal. There is thus 
an electric field in the insulating layer, which brings the impurity levels 
down to the surface of the Fermi distribution. 
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0 in fig. 2 represents the work function of the metal. We have no a priori 
knowledge* of x'> <f>~X may perhaps be of the order of 1 eV. The charge cr 
per unit area in the charged layer will be given by 

4 ncrde = 

With a concentration of impurity centres of the order 10 18 /cm. 3 , this charge 
can reside in a layer of a few atoms thick. The tailing off of the field to the 
right of the point in fig. 3 (b) has been discussed by Mott ( 1938 $). 

The mean free path of electrons in cuprous oxide has been measured 
direotly by Engelhardt ( 1933 ), who obtained it from the conductivity and 
TTa.1 1 co efficien t. At 300° K it is 5 x 10 -7 cm., which is considerably less than 
the thickness of the barrier in fig. 3 (b). 

We now consider the rectifying effect of the contact, assuming that 
a ne gligi ble n um ber of electrons go through the barrier (tunnel effect) and 
that the main current passes over the barrier. The direction of easy flow 
is now, in contradistinction to the former case, from the semi-conductor 
to the metal. For a sufficiently strong applied field can destroy the potential 
hill BA, so that electrons can flow from the semi-conductor to the metal as 
easily as they can flow through the semi-conductor itself. On the other 
hand, a field in the opposite direction, as in fig. 3 (d), will not make it easier 
for electrons to flow from the metal to the semi-conductor; as before, they 
must receive thermal energy <j>—x in order to do this. 

We shall now calculate the current, making the following assumptions: 

(!) 4> — X is great compared with E 0 , so that only the straight part of the 
curve BAG need be taken into account. 

( 2 ) That space charges due to currents through the blocking layer may 
be neglected. We may thus assume a constant field F in the pure layer. 

(3) The mean free path is small compared with d. 

(4) That practically the whole potential drop in the rectifier takes place 
at the contact, i.e. in the insulating layer. 

Let v. D be the mobilities and diffusion coefficients of an electron, so that 
Einstein’s relation gives 

vje = D/kT. (4) 

Let there be n(x) electrons per unit volume in the insulating layer and let x 
denote distance measured from the point B (fig. 2 6 ) into the crystal. Then 
the current j per sq. cm., in the insulating layer is given by-j- 

j = nevF -De^. 

dx 

* For an estimation of x for alkali-halides, ef. Mott ( 19386 ). 

t Vagner ( 1931 ) has given this equation for the current in the contact layer. 


(5) 
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Integrating this equation for n, we obtain 

where A is a constant, n satisfies the following boundary conditions: in 
the insulator' at x = 0 , adjoining the metal, the density % of electrons in any 
energy range must be given by the same distribution function as for the 
metal. Thus if we write (cf. Mott and Jones 1936 , p. 55) for the density of 
electronic states in the semi-conductor 


N[E)dE = (^^SnfEdE 


we have 


% 



N[E)dE_ 

exp [{JS + ($4- x)}l^ T ] + 1 ' 


Since <j> — x > kT, this reduces to 


% = A exp { - (<p - x)/kT}, 


( 6 ) 


where 


A = 2 


(4:7rmkT\Z 

[~kr~)~ 


3 X 


10 19 cm.~ 3 . 


At x = d 3 on the other hand, n will be equal to the density of electrons in 
the conduction band of the semi-conductor, n 0 say. 

Putting in these boundary conditions we obtain 


• _ -P % es P (eFd/lcThzno 
3 ~ ex-p(eFdjkT)-l ' 


(7) 


Now if the applied voltage in the direction of easy flow is greater than 
the contact potential difference — between the semi-conductor and 
the metal, F becomes negative. In that case the potential barrier between 
the metal and the semi-conductor disappears altogether, and so the layer 
will cease to have a high resistance. The potential difference across it will 
then fall. Thus unless F is positive, assumption (4) is not valid, so we have 
only to consider positive values of F in (7). We may then assume 

eFdjkT > 1 

and obtain for the current 

j ~ evF[n x - n 0 exp (- eFd/kT)]. ( 8 ) 


Vol. 1 * 71 . A. 
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In the absence of an external field, the term in the brackets vanishes. Thus 
if V is the applied potential across the contact, the current becomes 

j ~ evn x F [1 — exp (eV/kT)] 

■which is our formula for the current through the contact. 

If we write <f>~X = dV 0> then Fd = V 0 — V and we have 

j~^(V 0 -V) [1 -exp (eV/mi ( 9 ) 

the formula being valid for all V less than V 0) including all negative values 
of F. 

From formula (9) we find that in the direction of high resistance the resis¬ 
tance tends to a limiting value p c 0 given by 

1/Poo = evnjd (10) 

for potentials F large compared with I^(~lV). Also that the resistance 
for small potentials (F< kTje) is 

Po « JcTpJV 0 . (11) 

Actually the resistance in the high resistance direction is observed 
to rise to a maximum at about 1 V and then fall, without apparently 
approaching a limit (cf. Grondahl 1933 and fig. 5 ). This we may attribute 
to the image force between the electron and the metal, and thus to the same 
cause as the effect of strong fields on the thermionic emission (Schottky 
effect, cf. Fowler 1936, p. 355 ). Following Fowler, we set for the energy 
of an electron at a distance x from the metal surface 

const. — eFx — e 2 j4:Kx, 

where k is the dielectric constant (cf. the dotted lines in fig. 3 ). The height 
of the potential harrier is thus reduced by 

Ax — 

by the presence of the field. Thus n x in formula ( 10 ) should be replaced by 

n x ex p (e%F*lK*kT). ( 12 ) 

The term in the exponential is of the order unity if F is of the order 10 4 V/cm., 
and hence if V is of the order IV.* It will thus cause the resistance in the 
high resistance direction to decrease as V increases beyond a value of 
about a volt. 


* With F= 10 4 V/cm., k= 10, T = 293° K it is 0-48. 
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The variation with V of ( 12 ) is quite negligible compared with (9) for 
positive F. 

The maximum resistance ( 10 ) may be used to obtain an estimate of n x 
and hence of V 0 (i.e. The observed maximum is of the order 

10 4 ohm/cm. 2 . The mobility v may be taken from Engelhardt’s paper ( 1933 ); 
he obtains at 300° C 

3S& 

we obtain from ( 10 ), %~ 10 10 , whence, from ( 6 ), exp (— eV 0 /kT) must be 
3 x 10" 9 and hence V 0 ~ 0*55 V. This estimate is fairly insensitive to the value 
assumed for d. 

We see that p*,, the high resistance, which is proportional to exp (— eVJJcT), 
varies with temperature much more rapidly than the resistance of oxygen- 
rich cuprous oxide, and hence of the resistance in the direction of easy flow, 
which varies as exp ( — \EJkT), with E 0 ~ 0-3 eV. Between 20 and 80° C 
we expect a drop of 80 in p^, which is roughly what is observed (Grondahl 
1933 , p. 149). 

The current in the direction of low resistance (F positive) will be given 
(neglecting the effect of the image force) by 

j~^^ex-p(eVlkT). 

Poo 

For V>V 0 , however, the resistance of the contact should drop to a value 
comparable with a slab of the semi-conductor having the same thickness, 
and should thus be independent of the field. Since the resistance of the 
rectifier is now that of the bulk cuprous oxide with excess oxygen, it should 
vary with temperature as 

p = const, exp (\E^jhT) 

with 0*3 eV, and thus much more slowly than p*. This also is in 
agreement with observation (Grondahl 1933, p. 149 ; Schottky and 
Deutschmann 1929). 

We give finally a summary of the results obtained: for potentials F which 
are not too large (numerically less than 1 V), the current is given by 

j = ~~~ [ ex P (eV/hT) — 1], 

P 00 

where T^( = <p — x) °f ^he order 1 V. p m increases rapidly with decreasing 
temperature (much more rapidly than the resistance of the semi-conductor, 


3-2 
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as exp (eVJkT) instead of exp QEJkT)) and is thus very sensitive to F 0 
(the height of the barrier) but not very sensitive to d (its thickness). 

For voltages comparable with F 0 in the direction of easy flow (V,j positive) 
■jjie formula breaks down, and the resistance should tend to a roughly 
constant value, varying with the temperature as exp (\E^kT). 

For voltages of the order of a few volts in the opposite direction (F, j 
negative) the term in the brackets has become a constant. We then have to 
add the correc ting term (12), which is negligible in the other ranges; we 
obtain 


j = 


Fp-F 

Pea 


exp 


e* 


J(F 0 -F)-yr 0 -1 
*J(Kd) JcT J’ 


(13) 


or, with a: = 10, T = 293, F 0 = 0-6 V, d = 10~ 4 cm., (13) gives for the 
resistance 


1 

P 


s[ 1+ r^]“ p [°H/( 1+ 




Fig. 4. Resistance of a rectifier according to the theory of this paper, (a) In direction 
of low resistance; the resistance drops as exp ( — eV/JcT), and flattens out at about 
J V, as shown by the dotted line. (6) In the direction of high resistance (in arbitrary 
units), calculated from formula (13) with F 0 = 0*5 V, kT/e=l/4Q V, c£= 10“ 4 cm. 
k — 10. The dotted line is calculated from (9), thus neglecting the image force. 


Finally, we give a sketch of the resistance according to these formulae 
(fig. 4), and the observed curves for a water-quenched rectifier, taken from 
GrondahTs article (fig. 5). 

The agreement between the forms of the curves is good. The chief dis¬ 
agreement is that the theory predicts, in the direction of low resistance, an 
even more rapid drop of R than is observed (as does also the tunnel theory. 
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which gives the same formula for small V, but with opposite sign). According 
to data due to Schottky ( 1931 ) 

1 (dR\ e n 

( ) 

while the theories give e/lcT for this quantity, and results with artificial 
blocking layers give smaller values still, and thus an even less rapid drop 
in the resistance. This could be explained by the assumption that only 
a fraction of the potential drop took place in the blocking layer; this however 
is ruled out by the fact that the resistance of the rectifier in the direction 
of easy flow drops to values of the order of a few ohms, so that the resistance 
of the blocking layer for eV <JcT, which is of the order of some hundred 
ohms, must be very nearly equal to the total resistance of the rectifier. 



Fig. 5. Observed resistance of a copper oxide rectifier (from Grondahl 1933 )* 

Suppose, however, that there are a few small areas where the blocking 
layer is thin, so that its resistance per unit area is abnormally low. Then 
for small F, it might be that practically all the current went through these 
areas, and the resistance of the surrounding oxide might be so high that 
only a quarter, say, of the total potential drop was across the blocking layer 
at these areas. This would give agreement with equation (14). As the voltage 
was raised, the resistance of the whole layer would drop, eventually to 
negligible values, so that the current would flow across all parts of it, and 
the total resistance could drop to a small value, as observed. 

The author would like to express his thanks to Professor R. Peierls 
and Dr W. Schottky for discussions and correspondence about the subject 
matter of this paper. 
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Summary 

The existing theories of the action of crystal rectifiers assume that 
between the semi-conductor and the metal there is a potential barrier which 
the electrons penetrate by the tunnel effect. It is shown that this theory 
gives rectification in the opposite direction to that observed. An alternative 
theory is proposed; the nature of the potential barrier is discussed and it is 
assumed that electrons have to be thermally excited so that they go over the 
barrier, instead of through it. Good agreement with experiment is observed. 
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The thermal decomposition of diethyl ether 

By J. Gr. Davotjd and C. N. H:qtshelwood, F.R.S. 

(Received 22 February 1939) 

Introduction 

The thermal decomposition of diethyl ether has played a part in the 
history of first order reactions. The experimental criterion of such reactions 
is that the time of half change is nearly independent of the initial pressure 
over a considerable range, although the activation process is ultimately 
bimolecular. As is well known, the first order law may be followed even 
when the primary act is followed by chain reactions (Christiansen and 
Kramers 1923 ; Rice and Herzfeld 1934 ). The ether decomposition is partly 
a chain reaction (Staveley and Hinshelwood 1936 ; Fletcher and Rollefson 
1936 ). Enough results of theoretical interest have emerged from its study 
to render desirable the clearing up of various uncertainties by fuller in¬ 
vestigation and repetition with more accurate methods of some of the 
previous work. 

The following are among the important facts about the chemistry of 
the reaction: 

( 1 ) Acetaldehyde is formed as an intermediate product. According to 
the equations: 

C 2 H 5 OC 2 H 5 = CH 3 CHO + C 2 H 6 , (I) 

CH 3 CHO = CH 4 + CO, (II) 

the pressure increase should be 200 %, and there should be equal proportions 
of ethane and methane. In fact, the pressure increase is 188 % and more 
methane is formed than ethane. Ethylene and hydrogen are also formed, 
so that more complex fates must be assumed for some of the products. 

( 2 ) The rate of decomposition of acetaldehyde is considerably greater 
than that of ether itself, so that to a first approximation the reaction can 
be regarded as a one-stage decomposition of the ether, and its progress 
measured by the rate of pressure increase. 

( 3 ) With the assumptions made in ( 2 ) it is found that the reaction is 
approximately of the first order over a considerable pressure range, but 
tends to the second order at lower pressures. Reaction chains play some 
part, but may be suppressed by the addition of a little nitric oxide, when the 
rate of the non-chain reaction can be measured. The residual reaction varies 

[ 39 ] 
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with pressure in the same way as the total reaction, the chain length being 
more or less independent of the pressure. The reaction is predominantly 
homogeneous with a few per cent of a surface reaction occurring simul¬ 
taneously. 

In the course of work from this laboratory the approximations referred 
to under ( 2 ) have been assumed nearly enough true to justify the con¬ 
clusions mentioned under (3), and to allow the calculation of the activation 
energy, but not to justify more elaborate analysis. Two lands of criticism 
have been offered of this point of view: on the one hand, that more detailed 
and mathematically more precise deductions should have been made about 
the kinetics of the reaction generally, and, on the other hand, that the 
reaction course is in reality so complex that no deductions should have been 
made at all. To facilitate judgement on these matters a more detailed study 
has been made. At frequent intervals throughout the course of the decom¬ 
position direct analyses have been made of the amount of acetaldehyde 
present, and of the composition of the gaseous products, both from the 
normal and from the nitric oxide inhibited reaction. 

The following are among the principal conclusions reached: 

(1) The results confirm the belief that the first stage is the formation 
of acetaldehyde and a mixture of ethane with its decomposition products, 
after which the aldehyde decomposes into methane and carbon monoxide, 
at a rate considerably greater than that of the primary reaction. The amount 
of acetaldehyde present at each stage having been determined, it becomes 
possible to correct the observed pressure-time curves to what they would 
be if all the aldehyde decomposed instantaneously. Thence corrected 
velocity constants can be calculated. There is, further, a surface reaction 
occurring to the extent of a few per cent: 

C 2 H 5 OC 2 H 5 = 2C 2 H 4 + H 2 0. (Ill) 

By considering these different changes a fairly satisfactory balance sheet of 
the products can be drawn up for every stage. 

( 2 ) The rate of the acetaldehyde decomposition, although faster than that 
of the primary decomposition, is not so much faster that the accumulation 
of aldehyde can be neglected in a detailed analysis of the reaction kinetics. 
The general conclusions previously reached hold good, but it has been 
thought desirable to confirm them and to revise some numerical values. 

(3) Purely analytical results will not distinguish between a oh a in 
mechanism and a non-chain mechanism, except when the individual chains 
are so short that the characteristic products of their ending appear in 



41 


The thermal decomposition of diethyl ether 

appreciable concentration, which does not happen here. The mechanism 
assumed for the chain part of the reaction by Rice and Herzfeld (1934), 

C 2 H 5 OC 2 H 5 = CH 3 + CH 2 OC 2 H 5 , 

CH 3 4* C 2 H 5 OC 2 H 5 = C 2 H 6 + CH 2 OC 2 H 5 , 
ch 2 oc 2 h 5 = CH 3 CHO + CH 3 , 
ch 3 cho = ch 4 +co, 

is supported by the study of the nitric oxide inhibition (Hobbs 1938) but 
automatically leads to the same final analysis as the equations for the direct 
formation of the saturated products. Analytical results in themselves give, 
therefore, little further evidence for or against the chain mechanism, but 
a study of the accumulation of acetaldehyde in the system, with and without 
the addition of nitric oxide to remove the free radicals, yields information 
about the influence of the latter on the decomposition of the aldehyde. 
This allows an estimate to be made of the concentration of free radicals 
prevailing in the system during the normal reaction of the ether. 

Experimental details 

The usual apparatus and method were used. The same silica reaction 
vessel was used throughout. All experiments were made at a temperature 
such that the time required for 300 mm. of ether to double in pressure was 
375 sec. This corresponds to 547° C according to earlier results (Hinshelwood 
1927). Nitric oxide was prepared by the nitrometer reaction and introduced 
by a capillary pipette. 

Acetaldehyde formed in the reaction was measured as follows. A large 
gas pipette was attached by means of a ground joint to the apparatus so 
that the whole could be exhausted. Ether was introduced into the reaction 
vessel, and after any desired pressure increase the contents were shared 
with the pipette by opening taps. The aldehyde withdrawn was determined 
by the method of Friedmann, Cotonio and Shaffer (1927). From the pres¬ 
sures before and after sharing the gas, and the absolute volume and tem¬ 
perature of the reaction vessel, the pressure of acetaldehyde could be 
calculated. 

Samples for gas analysis were taken by sharing the contents of the reaction 
vessel with two gas-holders with mercury reservoirs. One was removable 
and attachable by a ground joint to a Bone and Wheeler gas analysis 
apparatus. Between the two holders was a glass spiral, which could be 
cooled in acetone and solid carbon dioxide, while the sample was trans¬ 
ferred several times to condense unchanged ether or aldehyde before analysis. 
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Intermediate formation of acetaldehyde 

Analyses were made for the normal reaction and for the reaction inhibited 
by 5 mm. nitric oxide, an amount which gives an almost chain-free reaction. 
More was not used lest complications should occur through oxidation of 
ether or products. The initial pressure of ether was 300 mm. Samples were 
withdrawn after a given pressure increase rather than after a measured time. 
Then complete time-pressure curves were determined separately, and the 
times for given pressure increases read directly from these curves. Table I 
shows the amount of acetaldehyde at various stages: the results are shown 
graphically in fig. 1. 


Table I. Amounts of acetaldehyde present at various stages 


(Initial ether pressure = 300 mm.) 


Normal reaction 

Inhibited reaction 

Pressure 

Pressure 

- —> 1 

Acetal¬ 

r - 

Pressure 

Pressure 

- ^ 

Acetal- 

increase 

increase 

dehyde 

increase 

increase 

dehyde 

mm. 

0/ 

/o 

mm. 

mm. 

% 

mm. 

34-5 

11-5 

23-4 

25* 8 

8*55 

15*2 

59-6 

19*8 

39-3 

52 

16*9 

24*5 

72*6 

24-2 

43-5 

91*1 

30*5 

36*8 

131 

43-7 

55-7 

121*2 

40*6 

44*3 

142 

47-3 

57-5 

155*7 

51*8 

50*0 

179 

59-6 

58-4 

186 

62*0 

51*5 

205 

68-3 

59-6 

213 

70*8 

53*0 

230 

76-5 

59*0 

236 

78*6 

53*7 

261 

86-9 

57-3 

266 

88*6 

52*3 

300 

100 

53*3 

301 

101 

51*7 

330 

110 

47*0 

330 

110 

48*2 

350 

117 

40*6 

367 

122 

44*7 

390 

130 

35*8 

383 

128 

42*2 


It will be seen that considerable amounts of acetaldehyde are present 
during the greater part of both the normal and the chain-free reactions. 
If it had not accumulated, the pressure increase at any given time would 
have been greater than it actually is by an amount equal to the pressure of 
aldehyde present at that time, since the aldehyde decomposes with almost 
the theoretical 100 % pressure increase. In figs. 2 and 3 are shown, for the 
normal and the inhibited reactions, the experimental pressure-time curves 
and also the “corrected” curves, obtained from the former by adding to 
the pressure increase at each time an amount equal to the aldehyde pressure. 
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time (sec.) 

Fig. 1 . Showing the amount of acetaldehyde present during the course 
of the normal and inhibited reactions. Pressure of ether = 300 mm. 





time (sec.) 

Fig. 2. Pressure-time curve for the uninhibited reaction. The 
upper curve is corrected for undecomposed acetaldehyde. 
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From these corrected curves the rate of decomposition of the aldehyde 
itself can be inferred as follows: 

Whether the decomposition of ether occurs by internal rearrangement or 
by the chain mechanism, acetaldehyde is an intermediate product. Therefore 
the course of the reaction can be denoted thus: 

Ether -> Acetaldehyde -> Final products 
(a-x) y 

dy/dt = k x (a—x) — F [CH s CHO]. 



Fig. 3. Pressure-time curves for the inhibited reaction. 

At the time when the pressure of aldehyde is at its maximum, 
dy/dt = 0. Therefore F[CH 3 CHO] = lc x {a—x) = a = 300: £ max 

is found from fig. 1, and k 1 ae~ kk ~, r . is found from the slope of the tangent 
to the corrected pressure-time curve at t max . The values so obtained can 
be compared with the rate of decomposition of acetaldehyde measured 
directly at corresponding pressures. The results are: 

For the normal reaction: inferred rate at < max = 0-388 mm./sec. 

rate measured at 59-5 mm. = 0-181 mm./sec. 

For the inhibited reaction: inferred rate at t max =0-11 mm./sec. 

rate measured at 53-5 mm. = 0-16 mm./sec. 
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This gives the ratio of the inferred rates at corresponding pressures of alde¬ 
hyde with and without nitric oxide as 0*388/{0*ll x (59-5/53*5) 2 } = 2-9. In 
other words, the presence of free radicals from the ether speeds up the 
decomposition of the aldehyde. Direct experiment shows quite definitely 
that 5 mm. nitric oxide have practically no effect on acetaldehyde decom¬ 
posing alone, so that the radicals responsible must come from the ether. 
This is confirmed by measuring the reaction rate of 300 mm. acetaldehyde 
in the presence of 30 mm. ether with and without nitric oxide. 

300 mm. aldehyde, 30 mm. ether: Time for 50 % pressure increase 132 sec. 
300 mm. aldehyde, 30 mm. ether, 5 mm. nitric oxide: Time for 50 % pres¬ 
sure increase 168 sec. 


Other gaseous products 

The results of the last section show how the amount of acetaldehyde 
rises and falls as would be required by equations (I) and (II). The increase 
with time of the proportion of carbon monoxide is also qualitatively in 
accordance with this scheme. But there are several ways in which the 
analytical results (Tables II and III) depart from those which it predicts. 


Table II. Analysis of non-condensable products 

FROM NORMAL REACTION 


Pressure Ratio on 

increase Gas 


% 

co 2 

0 2 

c 2 h 4 

CO 

h 2 

CH 4 + C 2 H 6 combustion 

25 

1-9 

1*9 

8*4 

24*1 

3*1 

60*6 

1*38 

35 

0-7 

1*5 

8*1 

23*7 

6*2 

59*8 

1*24 

50 

0-9 

1*7 

6*9 

27*8 

4*0 

58*7 

1*41 

60 

0-6 

0*6 

4*4 

29*4 

5*2 

59*8 

— 

75 

0-9 

1*6 

5*0 

26*1 

2*7 

62*7 

1*47 

85 

0*8 

0*4 

5*6 

29*0 

6*2 

58*0 

1*31 

100 

11 

1*6 

8*7 

28*6 

6*5 

53*5 

1*35 

110 

0-5 

0*8 

5*1 

31*4 

3*6 

' 58*6 

1*31 

125 

0-8 

0*6 

4*3 

33*1 

3*4 

61*8 

1*38 

135 

0*3 

0*2 

4*0 

32*0 

4*9 

58*6 

1*37 

150 

0-0 

2*2 

6*2 

32*5 

4*9 

54*2 

1*36 


They show less ethane, and also the presence of ethylene and hydrogen, 
which suggests that some of the ethane formed decomposes according to 
the equation C 2 H 6 = C 2 H 4 + H 2 . In some cases the ethylene is in excess 
over the hydrogen, indicating that reaction (III) has occurred to some 
extent (see following section). The known rate of decomposition of ethane 
at the temperature of the experiments is not great enough to account for 
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all the ethylene and hydrogen, so that some of the activated ether molecules 
must he assume d to yield, not normal ethane, but activated ethane which 
immediately decomposes, the ratio of CgHg to C 2 H 4 + H 2 depending upon 
an internal probability factor. We still have to account for the fact that the 
total pressure change is 188 % instead of 200 %, and assume that some of 
the potential ethane appears as more condensed products directly. On this 
basis, the variation of the products with time can be satisfactorily repre¬ 
sented. The carbon monoxide is the most convenient constituent to consider 
for this purpose. We write 

Ether = aldehyde + X, 

Aldehyde = carbon monoxide + methane, 


Table III. Analysis oe non-condensable products 

EROM INHIBITED REACTION 


Pressure 


increase 

0 / 

/o 

O 

O 

te 

o 2 

c 2 h 4 

CO 

h 2 

c 2 h 0 +ch 4 

8 la 

0 

i 

19*8 

1*7 

1*5 

20*6 

25*2 

4*8 

46*1 

1*41 

30-6 

1*8 

2*2 

16*5 

25*5 

3*7 

49*7 

1*45 

41*0 

1*5 

1*8 

15*0 

24*8 

3*8 

53*1 

1*30 

49*8 

1*7 

2*1 

12*9 

24*5 

3*7 

55*1 

1*26 

60*4 

2*1 

1*7 

8*6 

29*7 

4*5 

53*4 

1*40 

70*2 

1*8 

1*0 

7*4 

30*3 

3*1 

56*4 

1*43 

80*0 

1*4 

1*0 

6*6 

32*6 

2*4 

56*0 

1*35 

90*1 

1*7 

2*3 

5*6 

31*0 

3*1 

56*3 

1*47 

100 

1*3 

0*6 

4*5 

32*2 

3*2 

58*2 

1*45 

110 

0*9 

0*5 

6*0 

32*8 

3*6 

56*2 

1*33 

120 

1*4 

0*6 

6*8 

31*2 

3*7 

56*3 

1*38 

130 

1*5 

0*6 

7*7 

34*3 

3*2 

52*7 

1*40 

140 

0*9 

1*2 

8*0 

34*2 

4*2 

51*5 

1*43 


where X stands for the mixture of ethane and its degradation products. 
We assume that all the aldehyde reacts cleanly, which is true at these tem¬ 
peratures in the absence of ether, and we neglect the few per cent of surface 
reaction. At the end of the reaction from each 100 mm. ether there will be 
( 200 + 100a) mm. gas, where a is the number of molecules of X for each 
molecule of ether. The pressure increase will be 100 + 100 a, which in fact is 
188, whence a = 0 - 88 . In an experiment the corrected increase at 160 sec. 
was 215 mm. This means that 215/1-88 = 114 mm. ether had reacted. 58 mm. 
acetaldehyde were present, so that 114 - 58 = 56 had beenformed and decom¬ 
posed, thus giving 56 mm. carbon monoxide. The total non-condensable gas 
was 114 x 0-88 + 2 x 56 = 212 , so that the amount of carbon monoxide in the 
gaseous product analysed would be 56 x 100/212 = 26-4 %. In figs. 4 a and 
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46 the continuous curves are plotted from values calculated in this way, 
while the circles show the analytical results. The concordance is fairly good. 
In the calculation one or two assumptions have been made: in particular 



Fig. 4 a and 6. Showing the amount of carbon monoxide present during the course 
of the normal and inhibited reactions respectively. © = Points calculated from 
theory. © = Obtained by analysis. 
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that all the 6 % deficit on the total pressure increase can be set to the 
account of that part of the ether molecule which does not give acetaldehyde. 
The agreement of the calculated and observed carbon monoxide analyses 
is not a sensitive enough test to vindicate this assumption exactly, but it 
shows that no serious error can be introduced by it. 


The surface reaction 


In some of the analyses the ethylene is in excess over the hydrogen. The 
extra ethylene, which comes from reaction (III), diminishes in relative 
proportion as the reaction proceeds, the heterogeneous decomposition 
becoming rapidly poisoned by the products, so that the ethylene initially 
formed becomes more and more diluted with the gases formed in the main 
reaction. If the surface of the vessel is poisoned by decomposing acetone 
vapour at 800°, which leads to the formation of a carbonaceous film, the 
amount of ethylene formed is appreciably lessened. The interpretation of 
these facts is strengthened by the analogy with the observations of Glass 
and Hinshelwood ( 1929 ), who found that in the decomposition of isopropyl 
ether the olefine production could be increased to 96 % by working at low 
temperatures in a vessel with very large surface. The proportion of the 
surface reaction in the present example can be estimated as follows. In an 
experiment the analysis for a pressure increase of 20 % gave C 2 H 4 =12-9 
and H 2 = 4 * 5 . The ethylene not accounted for by the decomposition of 
ethane is therefore 8-4 %. 29 mm. aldehyde were present and the gas con¬ 
tained 25-6 % CO. The corrected pressure increase was 89 mm., so that 
89/1-88 = 47 mm. ether had decomposed. (47 — 29) = 18 mm. aldehyde 
had therefore decomposed giving 18 mm. carbon monoxide. 25-6 mm. CO 
would therefore have come from 25-6 x 47/18 = 67 mm. ether. To 25-6 mm. 
CO there were 8-4 mm. C 2 H 4 which would have come from 4-2 mm. other 
in reaction (III). The fraction of the ether decomposing on the surface is 
therefore approximately 4-2 x 100/67 = 6-3 %, the calculation ignoring the 
fact that the pressure increase ratio, 1 - 88 , will itself change slightly with the 
proportion of surface reaction. The following numbers show the amount 
of surface reaction occurring under different conditions: 


Uninhibited reaction at 
Uninhibited reaction at 
Inhibited reaction at 
Inhibited reaction at 


25 % pressure increase 
75 % pressure increase 
20 % pressure increase 
100 % pressure increase 


0/ 

/o 

3-0 

2-5 

10-9 

1-6 
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The surface reaction itself very probably occurs at the same absolute 
rate with and without nitric oxide, but since the homogeneous part is 
repressed by the addition, the heterogeneous part becomes a greater pro¬ 
portion, at any rate in the early stages before the surface becomes poisoned. 


Influence oe the radicals from the ether on the decomposition of 

THE ALDEHYDE. ESTIMATION OF THE CONCENTRATION OF FREE RADICALS 

From 300 mm. ether at 819° abs. the maximum pressure of aldehyde 
formed is 60 mm., and the rate of decomposition of this aldehyde in presence 
of ether alone is 2*9 times as great as at the corresponding pressure in pres¬ 
ence of ether and nitric oxide. For the purpose of the present calculation 
we assume that the increased rate is caused by the free radicals from the 
ether, there being good evidence that none come from the aldehyde itself. 
Thus the rate of the radical-catalysed reaction is 1*9 times the normal rate, 
found at this pressure to be 1*85 mm./sec. This gives for the number of 
molecules reacting per c.c. per sec. 4*2 x 10 15 . 

This number is assumed equal to the number of collisions between alde¬ 
hyde molecules and free radicals, multiplied by e~ ElRT , where E is the 
activation energy for the reaction between acetaldehyde and free radicals, 
known from the study of the photochemical reaction of the aldehyde at 
300-400° C to be 9700 cal. At 60 mm. and 819° abs. the number of collisions 
between aldehyde molecules and radicals is 4*5 x 10 s n l9 where n x is the 
number of radicals per c.c. According to the assumption made 

4*5 x 10 8 % e - 9700 / 1 * 98 * 819 = 4*2 x 10 15 , 

whence % = 3*6 x 10 9 , which is equivalent to 1*35 x 10 ~ 10 g.mol./l. 

On the one hand, it is interesting that this estimate agrees in order 
of magnitude with the estimates which Patat ( 1936 ) made by the para- 
hydrogen method. On the other hand, there are two sources of un¬ 
certainty. First, some of the aldehyde might be formed in an activated 
condition, decomposing immediately, so that all the excess rate may not 
be due to the radical catalysis. Secondly, the value of E derived from the 
photochemical experiments depends upon the assumption that there is no 
appreciable activation energy for the combination of two free radicals, 
which is nearly, but may not be quite, true. 
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Velocity constants and order oe reaction 

Velocity constants calculated from the corrected pressure increases are 
given in Table IV. For an initial ether pressure of 300 mm. they are reason¬ 
ably constant both for the normal and for the inhibited reaction, a fact 
consistent with the already established independence of chain length and 
pressure. In the inhibited reaction the constant tends to fall slightly and 
then to rise again, the fall being due to the transition towards the second 
order at lower ether pressures; and the rise to the failure of the nitric oxide 
supply towards the end of the reaction, 5 mm. being just short of the full 
amount required to maintain the maximum effect to the end of the decom¬ 
position of 300 mm. ether. 

Table IV. First oedee velocity constants 

Initial pressure of ether 300 mm. No nitric oxide. 

Total pressure change = 564 mm. 

Corrected 


Sec. 

pressure change 

k x 10 a 

40 

64-5 

3-05 

80 

123-8 

3-08 

120 

174 

3-07 

220 

267 

2-97 


Initial pressure of ether 300 mm. 5 mm. nitric oxide. 
Total pressure change = 564 mm. 


Corrected 


Sec. 

pressure change 

k x 10 4 

300 

116-5 

7-67 

600 

203 

7-43 

1000 

290 

7-22 

1600 

425 

8-75 


The corrected velocity constants are somewhat greater than the un¬ 
corrected. The correction has been determined for different initial ether 
pressures, sets of acetaldehyde analyses being carried out for each initial 
pressure. Corrected reaction-time curves were constructed for each initial 
pressure, and the values of t 50 , proportional to 1/Jc, were read off. The results 
are summarized in Table V and plotted in fig. 5. The comparison of 
corrected and uncorrected values shows that the new procedure, while 
increasing the absolute value of the constants somewhat, leaves their 
dependence upon pressure practically unchanged. 
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Table V. Influence of initial pressure of 

ETHER ON REACTION RATE 


Initial 

ha 

corrected 

4o 

uncorrected 

pressure 

sec. 

sec. 

500 

290 

435 

400 

335 

490 

300 

375 

540 

200 

450 

630 

100 

580 

780 

50 

620 

840 



Fig. 5. Showing how reaction rate varies with original pressure. 
The lower curve is corrected for undecomposed acetaldehyde. 


Further study of the inhibition curves : 

NITRIC OXIDE “DIETHYL ETHER 

Hobbs ( 1938 ) recently studied the inhibition of the decomposition of ether 
by nitric oxide, finding that the shape of the curves obtained by plotting 
(p — Poo)/(Pq — P 00 ) against pressure of nitric oxide is independent of the 
initial ether concentration, a fact which has interesting theoretical conse¬ 
quences. (p 0 and poo are the rates of the normal and fully inhibited reactions, 
and p the rate for a given pressure of nitric oxide.) The rates measured were 
initial rates, and the question arises whether any serious error was intro- 


4-2 




52 J. G. Davoud and C. N. Hinshelwood 

duced by the fact that the formation of acetaldehyde in the early stages is 
greater than was realized. The present work was therefore undertaken to 
determine whether the same result would emerge if the rates were measured 
by the reciprocals of the times respectively for 25, 50 and 100 % pressure 
increase. The results are summarized in Table VI. Fig. 6 is based upon the 
times for 50 % pressure increase, p being taken as l/£ 60 : the use of £ 25 or ^ioo 
leads to quite similar curves. 


Table VI. Inhibition curves for different ether pressures 


Pressure of ether 100 mm, 
(P-Pco)I(Po-P'c) 

Pressure of ether 200 mm. 
{P-P^KPO-Poo) 

Fno. 

From 

From 

From 

PW 

From 

From 

From 

mm. 

hs 

ho 

hoo 

mm. 

h& 

ho 

hoo 

0-200 

0-553 

0-605 

0-670 

0-206 

0-598 

0-645 

0-778 

0-254 

0-459 

0-575 

0-640 

0-254 

0-738 

0-777 

0-83 

0-352 

0-686 

0-575 

0-686 

0-388 

0-405 

0-470 

0-66 

0-462 

0-336 

0-407 

0-53 

0-473 

0-383 

0*431 

0-621 

0-606 

0-258 

0-307 

0-388 

0-740 

0-302 

0-320 

0-51 

0-825 

0-226 

0-255 

0-316 

0-897 

0-200 

0-227 

0-427 

1-01 

0-223 

0-278 

0-336 

1-175 

0-167 

0-179 

0-358 

1- 04 

2- 18 

0-179 

0-096 

0-24 

0-175 

0-322 

0-093 

1-93 

0-109 

0-122 

0-228 

Pressure of ether 300 mm. 

(P Poo)l(Po Poo) 

Pressure of ether 400 mm. 
(P-P«,)/(P 0 -Pn) 


Fno. 

From 

From 

From 

•Pno. 

From 

From 


mm. 

hs 


hoo 

mm. 

hs 

ho 


0-412 

0-525 

0-535 

0-800 

0-20 

0-628 

0-798 


0-590 

0-361 

0-386 

0-62 

0-342 

0-428 

0-591 


0-790 

0-362 

0-370 

0-595 

0-478 

0-274 

0-392 


0-830 

0*343 

0*363 

0-591 

0-715 

0-226 

0-382 


0-88 

0-21 

0-334 

0-518 

0-915 

0-193 

0-279 


1-27 

0-155 

0-195 

0-433 

1-44 

0-083 

0-138 


2-16 

0-096 

0-125 

0-293 

2-18 

0-022 

0-053 



For each set of measurements the shape of the curve is independent of 
the ether pressure, which confirms Hobbs’s conclusion. 

This result is explained by the hypothesis that nitric oxide breaks chains 
principally by combining with the heavy radical CH 2 OC 2 H 5 , which does not 
itself propagate the chain except in so far as it first suffers a spontaneous 
decomposition with formation of a methyl radical. 


Summary 

The thermal decomposition of diethyl ether yields acetaldehyde and a 
mixture of hydrocarbons, the acetaldehyde subsequently splitting into 
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carbon monoxide and methane. In so far as the reaction of the aldehyde 
can be regarded as m uch faster than that of the ether the total decom- 
position can be represented approximately as a one-stage unimolecular 
reaction of the ether. On this basis the kinetics of the reaction have been 
investigated in the past. The degree of validity of the approximation has 
been uncertain. 

In the present work analyses have been made of the amount of aldehyde 
present at each stage of the reaction, together with complete analyses of the 
gaseous products. These measurements allow the older determinations of 
the reaction rate to be subjected to correction so as to represent more 
accurately the true initial decomposition of the ether. In this way fresh 
investigations have been made both of the normal reaction, involving radical 
chains, and of the non-chain reaction occurring in the presence of a few 
millimetres of nitric oxide. The part played by a small fraction of surface 
reaction has also been studied. 

The dependence of rate upon initial pressure of ether has been redeter¬ 
mined, and the relation between nitric oxide inhibition and ether pressure 
has been further investigated. 

The general conclusion is reached that previously determined velocity 
constants should be somewhat increased in absolute value, but that general 
deductions about the kinetics of the reaction are confirmed and need no 
essential correction. 

An estimate has been made of the concentration of free radicals pre¬ 
vailing during the reaction in the absence of nitric oxide. 
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The exchange reaction between ethylene and 
deuterium on a nickel catalyst 

By G. H. Twigg and E. K. Bideal, E.B.S. 
Department of Colloid Science, University of Cambridge 

(Received 3 January 1939 ) 


It was shown that, when deuterium and ethylene are passed over a nickel 
catalyst, in addition to the formation of deuterium substituted ethanes, 
an exchange reaction which may be formulated C 2 H 4 + D 2 C 2 H 3 D 4- HD 
takes place (Farkas, Farkas and Rideal 1934). 

Horiuti and Polanyi (1934) pointed out that if the exchange reaction 
involved atoms, and the addition reaction molecules of hydrogen, the two 
reactions should differ in their kinetics; this inference is only true under 
those conditions where the rate-controlling mechanisms involve those 
species in concentrations in equilibrium with the gas phase. It was found 
that the two reactions differed at least in respect to their relative energies 
of activation. If the exchange reaction involves an atomic mechanism, 
this can be formulated in two different ways (Horiuti and Polanyi 1934), 
either a primary addition of a deuterium atom, or a primary loss of hydrogen 
atom may take place, the respective reactions being represented diagram- 
matically as follows: 


(1) 


( 2 ) 


ch 2 —ch 2 d 

I 4 - 

Ni Ni Ni 


ch 2 


ch 2 


ch 2 


Ni 


CH 2 —CKD H 

ii 


2 -XI 

i Ni jfi 


CH* 


v>xin—un 2 \jxi 

I I - h 

Ni Ni Ni 


CH H CH D 

|- + I 

Ni Ni Ni 


ch 2 =chd 


The hydrogenation reaction is characterized by the fact that the temperature 
coefficient involves a marked change and even a reversal in sign at higher 
temperatures (Rideal 1922; Zur Strassen 1934; Tucholski and Rideal 1935). 
This inversion may be caused by desorption of the ethylene at the higher 
temperatures or maybe due to the intrusion of the exchange reaction (A. and 
L. Farkas 1938); in the former case the exchange reaction should also 

[ 55 ] 
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exhibit this anomalous behaviour, while in the latter it should be absent. 
In this investigation an attempt has been made to obtain more information 
about the elementary steps occurring in this catalytic system. 


Experimental 

The apparatus consists essentially of a reaction vessel, storage bulbs for 
the gases used, and an analyser for determination of the deuterium content 
of hydrogen-deuterium mixtures; the whole apparatus can be evacuated 
to a low pressure (measured on a McLeod gauge) by means of a mercury 
diffusion pump backed by a Hyvac pump. 



analyser 


to pumps 


Fxa. 1. Diagram of apparatus. 


The reaction vessel ( R.V . fig. 1) is of 150-200 c.c. capacity. The catalyst 
used is a nickel filament 0-1 mm. diameter and about 80 cm. long, activated 
by repeated oxidation in air at 600° C and reduction in hydrogen at 330° C. 
The wire is kept clean from impurities such as tap grease and mercury by 
the traps T, which are immersed in a bath of solid C0 2 and acetone. The 
temperature of the wire is obtained by measuring its resistance in a Wheat¬ 
stone bridge. The heating of the wire can be carried out electrically or by 
baths surrounding the reaction vessel. The course of the addition reaction 
is followed by the fall in pressure recorded on the manometer M, or on a glass 
gauge B of the Bourdon type.. 
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The course of the exchange reaction is followed by determining the 
deuterium content of the hydrogen-deuterium mixtures formed in the 
reaction. (The word “hydrogen 5 ’ will be used to denote any mixture of 
light hydrogen and deuterium. “Light hydrogen” denotes H 2 alone.) A 
small sample of the reaction mixture is taken from the reaction vessel by 
the pipette L. This pipette is connected directly to the reaction vessel by 
1 mm. diameter capillary tubing which dips into the solid C0 2 -acetone 
trap. All the tubing between the tap and the reaction vessel can be cleared 
of gas by reject ing the first sample and thus representative samples of the 
gas can be taken without waiting for diffusion. The sample of gas is passed 
through the trap D where the ethylene and ethane are removed. The trap D 
is immersed in a Dewar flask of liquid nitrogen which is pumped off to a 
pressure of 5-10 mm. Hg, thereby lowering the temperature and ensuring 
the removal of all traces of ethylene and ethane. A test run, made with 
ethylene and light hydrogen verified this. The hydrogen remaining then 
passes on to the analyser. If it is not at equilibrium, i.e. contains the 
molecular species H 2 , HD and D 2 in the ratio required by the equation 

THD1 2 

pgr — -j— = 4, it may be brought to equilibrium by glowing the nickel 

|r*-2J [i) 2 J 

spiral C during the passage of the hydrogen. 

The micro-thermal conductivity analyser is of the type described by 
Melville and Bolland ( 1937 ). In the cell used here, the internal diameter 
was reduced to 0-7 mm.; the wire is a straight platinum wire 0-015 mm. 
diameter and 50 mm. long; it is heated electrically to about 140° C. The cell 
is surrounded by a water-bath through which water at 25° C. from a thermo¬ 
stat is pumped. The analyser is operated at constant voltage (7-525 V) across 
the wire and constant pressure (50 mm.) of the gas; resistance-composition 
curves are obtained. With this type of gauge the deuterium content and 
the non-equilibrium fraction can be measured simultaneously (Twigg 1937 ). 

The ethylene was obtained from a cylinder and purified by repeated 
distillation in vacuo. Cylinder hydrogen was purified by passage through 
a heated palladium tube. The deuterium was obtained by decomposition 
of deuterium oxide (99 %) by well outgassed sodium, and purified similarly 
to the light hydrogen. 

In the experiments the reaction vessel was kept in ice. The ethylene was 
admitted first to the reaction vessel, its pressure being read off on the 
Bourdon gauge; it was condensed in liquid air and the deuterium admitted; 
the liquid air was then replaced by the C0 2 -aeetone trap. During reaction 
the filament was heated to a constant resistance for a certain time; the 
current was then switched off and the contents of the reaction vessel allowed 
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to cool before measuring the pressure again; samples of the gas were taken 
out for anal ysis and the deuterium and non-equilibrium content of the 
hydrogen determined. In this way the hydrogenation and exchange re¬ 
actions are measured simultaneously. 

Results 

The theoretical calculation of the time course of the exchange reaction 
if we assume ideal conditions, i.e. that no hydrogenation takes place, and 
that there is no difference in the rates of reaction of the various species of 
substituted ethylenes with the three kinds of hydrogen (H 2 , HD and D a ), 
can be deduced as follows. 

Since light hydrogen and deuterium exchange with the various ethylenes 
at the same speed, the total number of exchanges per second, including 
those which replace a D atom by a D atom, or an H atom by an H atom, will 
remain constant throughout the reaction. Let N be the total number of 
hydrogen molecules (H 2 , HD and D 2 ), and in a time dt let dN molecules of 
hydrogen partake in an exchange. If the fraction of D in the hydrogen is u 
and in the ethylene x, then the probability of exchange resulting in increase 
in the H content of the hydrogen is u{l — x) and of resulting in increase in 
the D content of the hydrogen is (1 —u)x. Hence the nett increase du in 
the D content of the hydrogen is given by 

— Ndu — u(l — x) dN—x(l — u) dN 
= ( u—x)dN, 

and so the rate of exchange is 

du , 1 dN 

But dNjdt is constant and equal to the rate of total exchange. If the reaction 
were started with (isotopically) pure deuterium and pure light ethylene, 
then dN jdt would be equal to the initial rate of exchange —N(du/dt ) 0 in 
the reaction 

K 

C 2 H 4 + D 2 -tc 2 H 3 D + HD. 

The kinetics of the exchange reaction will be such that the rate of exchange 
is some function ^(PetPhyd.) of the ethylene and hydrogen pressures. So 
that, in the above reaction 


( 1 ) 

( 2 ) 


U/o 2p* ya . dt 2p hya Kl ^ P ^ 


(3) 
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where p et and j9 hy( j are the total ethylene and hydrogen pressures respec¬ 
tively. Hence the general equation for the exchange reaction becomes 

<4) 

If we start with, pure light ethylene and deuterium of D content u 0 , then 
u and x are related by the equation 

2% Pet. = ( u O-u)Phy<l.' ( 5 ) 

Substituting in equation (4) and integrating, we get 

(w ~ ^eq.) = K - u eq.) ( 6 ) 

where oc = ~ — ^~<fi(p et Ph yd ) (1and u ecL is the equilibrium of u. 

Under ideal conditions the reaction would follow equation (6). In practice, 
however, conditions are not ideal; the effect of the difference in rates of 
reaction of light hydrogen and deuterium is small;* the major cause of 
deviations from equation (6) is the addition reaction proceeding simul¬ 
taneously with the exchange reaction. The course of the exchange reaction 
when accompanied by addition has been worked out, but the result does not 
lend itself to graphical representation. The deviations from equation (6) 
are due mainly to the addition causing the end point u eqi to vary with time 
throughout the reaction. Two methods are available for dealing with this 
difficulty. The first is to measure only the initial rate, in this case we have 

~{dt)o = '^P^. 4 ’ {PetI>h7a - ) ' (7) 

In practice these initial rates were obtained from the initial gradient 
( djdt log {u —%eq.})o °f log {u — u eq } against t curve, using classical values 
of u eqr This was the method used in the experiments on the kinetics. 

The second method of overcoming the effect of the addition reaction is 
to use equal quantities of ethylene and deuterium; in this case the equi¬ 
librium point u eQ# is not altered, as the ratio p e JPhya. is maintained constant. 
Good straight-line graphs were always obtained on plotting log{w —% eQ } 
against time and, from the gradients of these, values of ( du/dt) Q were calcu¬ 
lated. This method was employed in determining the energies of activation. 
Fig. 2 shows the results of two reactions; the first, Exp. 2, with equal 
quantities of ethylene and deuterium, follows equation (6) very accurately 

* The equation would still be of the form u - u e q , = {u—u e ^) e~ at , but w eq# would be 
no longer classical. 
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as shown by the graph of log {11 — w e q } against time t, also plotted in fig. 2. 
In the second reaction, Exp. 19, excess deuterium was used; the deuterium- 
time curve is no longer exponential and at the last point taken the deuterium 
content is actually increasing. This last phenomenon is due to the fact that 
addition with light hydrogen proceeds faster than with deuterium; the 
relative rates at 156° 0 were found to be 1*25 : 1. 


5 10 15 20 25 



0 10 20 30 40 50 

time (min.) 

Fig. 2. The Exchange Reaction as a function of time. 0 Exp, 2. pat — 29*0, 
j3D, = 29-4. 0 Exp. 2. log(w — w e q.) v time, x Exp. 19. put. = 7-3, p 1)a =s 29*9. 

Since the activity of the catalyst decreases with use, it was accordingly 
determined between each experiment. This was effected by following the 
addition reaction with hydrogen at a standard pressure and temperature; 
pressure-time graphs were drawn, and the times taken for the pressure 
to fall to certain specified values was noted for all curves; the ratios to those 
of a standard were taken as a measure of the activity of the catalyst. 
A graph of activity with experiment number was drawn and for the exchange 
runs the activity was obtained by interpolation. 
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Kinetics 

The results obtained in the investigation of the kinetics are shown in 
Table I. These experiments were carried out at 156° C. It will be seen that, 
although the values of ( dujdt) 0 corrected for varying activity (a) of the 
catalyst (col. 6) disagree somewhat owing to the difficulty of measuring 
initial rates, they are independent of both the ethylene and the deuterium 
pressures. From equation (7) it will be seen that this means that 
$(PetPn % ) — Pn 2 > be. that the rate of exchange is independent of the ethylene 
pressure and directly proportional to the hydrogen pressure. 


Table I 


Exp. 



Activity 

rau\ 

\ dt / © 

1 /du 

\ _ ( d ±\ 

1 1 fdp\ 

Exchange 

no. 

Pet. 

PD* 

a 

uncorr. 

a\dt 

) o \dt) o 

a Pj) z \dt) o 

Hydrogenation 

14 

29*4 

29*9 

1*60 

7*2 

4*5 

0*79 

1*65 

2*7 

17 

15*2 

29*5 

0*99 

5*2 

5*2 

0*43 

1*47 

3*5 

19 

7*3 

29*6 

0*95 

4*46 

4*7 

0*46 

1*62 

2*9 

21 

15*5 

56*7 

0*92 

4*3 

4*7 

0*85 

1*63 

2*9 

22 

7*6 

53*1 

0*88 

4*26 

4*8 

0*57 

1*22 

3*9 

2 

29*0 

29*4 

— 

5*0 

— 

0*36 

— 

4*1 

3 

40*4 

29*5 

— 

4*07 

— 

0*29 

— 

4*2 

4 

28*8 

29*3 

— 

3*3 

— 

0*26 

— 

3*8 


Pressure units: 2-81 units/mm. 


The kinetics of the addition reaction were simultaneously determined. 
The figures in the second last column show that the rate of hydrogenation 
is also independent of the ethylene pressure and directly proportional to 
the hydrogen pressure. Separate experiments were carried out on the 
hydrogenation reaction using hydrogen and deuterium and the results con¬ 
firmed this conclusion. Good straight-line graphs w^ere obtained of logp Djj 
against time. The figures in the last column represent the ratio of the rate 

of exchange to* the rate of hydrogenation p Di> j . We note that 

whilst the kinetics of the two reactions are identical, these ratios are not 
quite constant, but vary somewhat with the activity of the catalyst. 

The energy of activation was determined over the range 60-207° C by 
three series of experiments; in the second series the catalyst was in a more 
active state than in the first, and more active still in the third series. The 
activity of the catalyst was measured before each experiment by observing 
the rate of a standard hydrogenation. The assumption that this activity 
measurement is valid also for the exchange reaction is justified by the results 
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of Table I, which show that the ratio exchange: hydrogenation is constant 
for any given preparation of the catalyst though the ratio varies when the 
catalyst activity is changed by the process of activation (cf. Exps. 2-4 
with Exps. 14-22). 



Pig. 3. Variation of the rat© of ©xchang© with temperature. 


A graph of log (du/dt) 0 against 1/T over the temperature range 60-207° C 
is given (fig. 3); the three series of experiments have been made to fit. All 
these experiments were carried out with an equimolecular mixture of 
ethylene and deuterium at the same total pressure. It will be seen that 
below 100° C the graph is a straight line showing that the apparent energy 
of activation below 100° C is independent of temperature. Above 1.00° 0, 
however, the graph is no longer a straight line and the energy of activation 
is now dependent on temperature. The energy of activation for the exchange 
reaction varies from about 4 keal. at the highest temperature (207° 0) to 
18-6 keal. at the lowest temperatures 70-100° C. A parallel change in the 
apparent energy of activation is found for the addition reaction with 
deuterium as is seen from the fact that the graphs of fig. 4, log exchange/ 
hydrogenation against 1/T, are straight lines; i.e. that E^-E^ is a con¬ 
stant and equal to about 4-5 keal. This change in the apparent energy of 
activation with temperature is the same as has been found by previous 
workers for the hydrogenation. 

It was found that during the progress of the exchange reaction, the 
hydrogen was not at equilibrium, i.e. that the various species H 2 , HD 
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and D 2 were not present in proportions corresponding to the equilibrium 
rHDi 2 

- L ■ - i -— = 4. The percentage of non-equilibrium hydrogen 1 — a; was deter- 
Lii-2J L-^2J ^ 



Fig. 4. Exchange/hydrogenation ratio as a function of temperature. 



per cent deuterium 

Fig. 5. Equilibration of the hydrogen. 

mined throughout the exchange reactions simultaneously with the per¬ 
centage deuterium u. Fig. 5 shows the variation of the non-equilibrium 
hydrogen with deuterium content. The determination ofthe non-equilibrium 
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hydrogen is not very accurate, particularly at high deuterium contents. 
Despite this, however, it will he seen that the points lie on straight lines; 
this is confirmed by the fact that plots of log (1 — x) against time also give 
straight lines. The lines in fig. 5 pass through the point l-x-i),u = ?t U(1 
as is expected. The point where they cut u — 100 % is of interest; in all the 
experiments below 156° C this point represents 1 —x equal to about 80 %. 
At temperatures above 156° C, however, it will be noticed that the slope of 
the lines decreases sharply and they cut u = .100 % in points representing 
much lower non-equilibrium percentages. 

Separate experiments showed that the equilibration reaction 
H 2 + D 2 5 ± 2 HD on the catalyst in the absence of ethylene was much faster 
than the exchange reaction. Consequently, the ethylene is inhibiting, if not 
completely preventing, equilibration during the exchange reaction. The fact 
that the slope of the lines in fig. 5, below 160° C, does not vary with tem¬ 
perature shows that the equilibration reaction has the same temperature 
coefficient as the exchange reaction, and it suggests that below 160° C 
equilibration is only taking place through the medium of the exchange 
reaction and not by dissociation and recombination on the surface. 

The line (fig. 5) on which the points below 160° C lie, cuts u = 100 % 
at 80-85 % non-equilibrium. This point can be related to the deuterium 
content of the hydrogen coming from the catalyst at the beginning of the 
reaction from the consideration that equilibration takes place only through 
exchange. Let dN molecules of deuterium be adsorbed and undergo 
exchange; then dN molecules of hydrogen of deuterium content z will be 
desorbed. These dN molecules will be at equilibrium with themselves and 
consequently, of them there will be 2z(l — z)dN molecules of HD. The 
equilibrium fraction x of the whole hydrogen is defined (Twigg 1937 ) as 
the ratio of the number of HD molecules actually present to the number 
present if the hydrogen were completely at equilibrium. Since wo start with 
pure D 2 , the number of HD molecules now in the hydrogen is 2s(l —z)dN. 

Since the deuterium content of the hydrogen is now I — (L — s) the 
number of HD molecules required for complete equilibrium is 

dN 

Consequently the equilibrium fraction x is zj 1 - (1 = Z\ that is, the 

deuterium content of the hydrogen coming from the catalyst initially is 
equal to the initial equilibrium fraction of the hydrogen, which means that 
here the initial hydrogen has a deuterium content of about 20 %. 
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Discussion 

The absence of equilibration by the direct reaction H 2 + D 2 2 HD indi¬ 
cates that the concentration of chemisorbed atomic hydrogen during 
reaction must be very small. Further, the fact that hydrogen coming from 
the catalyst surface initially has a deuterium content of somewhat less than 
20 % indicates that the actual exchange process must be fast compared 
with the desorption of the hydrogen. From these two facts we must con¬ 
clude that some stage in the adsorption or desorption of the hydrogen must 
be the slow process; this is in agreement with the kinetics, since the rate is 
proportional to p hyd . Since the slow reaction is not the actual exchange 
process, no information as to the mechanism of this process can be gained 
from a study of the kinetics of this reaction alone. 

These conclusio ns explain the non-fulfilment of the prediction of Horiuti 
and Polanyi ( 1934 ) previously referred to. Both addition and exchange 
reactions are first order with respect to the hydrogen pressure, because the 
measured rate of exchange does not correspond to the step involving atoms 
the actual exchange reaction—but to a step involving molecules of hydrogen 
adsorption. 

There are, as already noted, two possible mechanisms for the exchange, 
the Dissociative and the Associative Mechanisms respectively. 

The low temperatures at which exchange between ethylene and deuterium 
occurs, in contrast to the high temperatures required for methane and ethane 
(Morikawa, Benedict and Taylor 1936 ) where a dissociative mechanism is 
proved, suggests, as does also the absence of chemisorbed hydrogen atoms, 
that the associative rather than the dissociative mechanism must be the 
operative one. Exchange between ethylene and deuterium has been ob¬ 
served even at -80°C (Morikawa, Trenner and Taylor 1937 ). A definite 
decision can be obtained by studying the effects of the interaction of light 
and heavy ethylene on an active nickel catalyst. If the dissociative 
mechanism obtains, exchange through dissociation and recombination will 
occur; on the other hand, no exchange should take place if the associative 
mechanism is the true one since the hydrogen essential for the associative 
complex is absent. Experiment (Twigg and Conn, following this paper) 
revealed that at 76° C on a catalyst active for exchange between ethylene 
and deuterium there was no detectable exchange between the ethylenes. 

It might be objected that if the dissociative mechanism were the true 
one, exchange might take place and yet be too slow to be detected. One of 
the two steps involved might have been slowed up by the absence of the 
hydrogen. The two steps are the dissociation C 2 H 4 ~^ C 2 H 3 -b H and re- 
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combination C 2 H 3 -f*D -> C 2 H 3 D. The former will go with the same speed 
as in the exchange reaction with deuterium, i.e. it is fast. It might be 
thought that the recombination would be slowed up by the absence of 
hydrogen owing to a reduction in the D atom concentration on the catalyst. 
The D atom concentration, however, is practically the same as in the 
exchange between deuterium and ethylene, for in the latter reaction, since 
the slow step is the adsorption of the hydrogen, the dissociation and re¬ 
combination of the ethylene would be fast and the stationary D atom 
concentration would be kept down to the dissociation concentration of 
ethylene on the surface, i.e. the same as is present in the exchange between 
the two ethylenes in the absence of hydrogen. Consequently, the recom¬ 
bination step would be equally fast in the two reactions, and so, if the 
dissociation theory were true, the exchange between the ethylenes would 
be as fast, if not faster, than that between ethylene and deuterium. Thus 
the exchange must proceed via the associative mechanism and we conclude 
that the ethylene molecule is adsorbed by two-point contact on two nickel 
atoms thus: 



The establishment of the associative mechanism for exchange enables cer¬ 
tain predictions to be made. In the first place, during exchange migration 
of a double bond can take place, thus in the presence of hydrogen 1-butene 
should undergo transformation to 2-butene. This can be represented dia- 
grammatically as follows 

CH 2 —CH—CH 2 —CH 3 H 2 CH 3 —CH—CH S —CH 3 H 

II + ! - I I 

Ni Ni Ni Ni Ni 

CH 3 —CH—CH—CH 3 H 2 

II + § 

Ni Ni Ni 

Again, all the hydrogen atoms of the homologues of ethylene should be 
exchangeable with deuterium, thus in the case of propylene we obtain 

CH 3 —CH—CH 2 D 2 CH 3 —CH—CH 2 D CH 2 —CH—CH 2 D HD 

Ni Ni Ni Ni Ni Ni Ni 

This scheme shows how movement of the double bond by the additive 
mechanism permits of‘exchange in radicals not immediately chemisorbed 
on the nickel. These predictions have been verified and together with certain 
others which are not so directly derived will form the subject of a further 
communication. 
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The present experiments have shown that the energy of activation for 
exchange is greater than that for hydrogenation; exchange takes place 
through the additive mechanism, the rate-determining step in exchange 
is probably one connected with the adsorption of the deuterium as molecules 
and the ethylene is adsorbed to the catalyst by two-point contact. 

The state of adsorption of the hydrogen is not so evident. It is clear, 
however, that it cannot be chemisorbed on neighbouring nickel atoms since 
chemisorbed atoms are not present in large quantity. We must infer that 
it is held in the molecular state in the Van der Waals layer above and between 
the chemisorbed molecules of ethylene. We note that the Van der Waals 
trough would be deepest above a hole in the ethylene layer of the type 
which Roberts (1937) has shown to exist in chemisorbed layers of molecules 
requiring two points of attachment to the surface. On this hypothesis the 
following schemes are suggested for the exchange and addition reactions. 

CH 2 D^ 

CEL—CHD H \CH 2 

1 1 1 

Ni Ni Ni Ni Ni 

ni 


CEL—CEL 


CH 2 —CEL CEL' 


D CH,—CEL 


Ni Ni Ni Ni Ni Ni Ni Ni Ni Ni 
I II 


In exchange the adsorbed deuterium molecule reacts with a chemisorbed 
ethylene molecule (I), giving a nickel ethyl radical and an adsorbed 
deuterium atom (II). This deuterium atom then reacts with a neighbouring 
ethylene molecule, while simultaneously the first ethyl radical breaks up 
into an ethylene molecule and a hydrogen atom (III). The slow step in the 
reaction is the step I -> II, and with this is associated the energy of activation 
of 18-6 kcal. The reactions II III are rapid. At the stages II or III, the 
hydrogen atom can exchange with the other ethylene molecules surrounding 
it. Thus each deuterium molecule exchanges with a number of ethylene 
molecules. It may be noted that if adsorption is on the most common plane 
(111) of the face-centred nickel crystal, the adsorbed deuterium molecule 
will be at the centre of a hexagon and thus equally accessible to six CH 2 
groups; the deuterium content of the hydrogen after exchange with these 
six groups will be 14 %; this compares with the value of about 20 % found. 

In the addition reaction, since the energy of activation is less, adsorption 
of the hydrogen in the manner above (I -> II) cannot take place. It is 
accordingly suggested that the hydrogen molecule, instead of interacting 
with the —CH 2 groups of two different ethylene molecules, as in exchange, 
attaches itself to the —CH 2 groups of the same ethylene molecule; that is, 
a single molecule of hydrogen adds across the double bond of the ethylene. 

5-2 
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Other evidence in favour of this hypothesis of molecular addition has been 
put forward by A. and L. Farkas (1937). 

The decrease in the energy of activation with increasing temperature, 
well known for hydrogenation, occurs in a parallel manner in the exchange 
reaction (fig. 3 ). The cause of the change is, therefore, common to both 
reactions. This disposes of a suggestion of A. and L. Farkas (1938) to the 
effect that this phenomenon in hydrogenation was due to the supervention 
of the exchange reaction at the higher temperatures with a consequent 
decrease in the amount of ethylene available for addition. The hypothesis 
of Zur Strassen (1934) and Schwab (1934) that the change in the energy 
of activation is due to desorption of ethylene at higher temperatures is not 
supported by the present experiments; the energy of activation becomes 
temperature-dependent at about 100° 0, whereas desorption of the ethylene 
only sets in at about 160 ° C; the kinetics at 156 ° C when the rate is inde¬ 
pendent of the ethylene pressure are also against this view. It would appear 
that we must attribute this phenomenon to the desorption of the hydrogen 
held over the ethylene in the Van der Waals layer, or over the holes in the 
ethylene layer; this is supported by the fact that the rate of addition at 
lower temperatures became proportional to a power of the hydrogen pressure 
less than unity. The parallel change observed in the energies of activation 
for exchange and addition are to be expected on this view. 

One of us (G. H. T.) wishes to thank the Carnegie Trustees for a Research 
Scholarship, St John’s College, Cambridge, for a Strathcona Exhibition, 
and the Department of Scientific and Industrial Research for a grant, 
which have rendered this work possible. 

We are greatly indebted to Dr H. W. Melville for advice and assistance 
throughout the course of this investigation and particularly for help in 
the development of the micro-thermal conductivity analyser. 


Summary 

The exchange and hydrogenation reactions between ethylene and deu¬ 
terium on a nickel catalyst have been investigated over the temperature 
range 60 - 207 ° C. The kinetics of both reactions at 156 ° C are identical, the 
rate in both cases being independent of the ethylene pressure and directly 
proportional to the deuterium pressure. The hydrogen produced in the ex¬ 
change reaction is not at equilibrium with itself. The reaction H 2 + D 2 ^± 2 HD 
on the catalyst is completely inhibited up to 160 ° owing to the strong 
adsorption of the ethylene, and equilibration of the hydrogen only takes 



The exchange reaction between ethylene and deuterium 69 

place through the exchange reaction. At about 160 ° C desorption of the 
ethylene sets in. From a consideration of the state of equilibrium of the 
hydrogen at the beginning of the reaction, it is shown that each deuterium 
molecule entering reaction undergoes a number of exchanges before de¬ 
sorption; the actual exchange process is fast and the rate-determining step 
in the reaction is the adsorption of the deuterium. 

The actua] exchange process takes place through the primary addition 
of a deuterium atom to a chemisorbed ethylene molecule forming an ethyl 
radical which then decomposes to give a deuterated ethylene molecule and 
releases a hydrogen atom. On the basis of this additive mechanism, pre¬ 
dictions have been made as to the double bond migration and the exchange 
reactions in higher olefines. A mechanism has been advanced to explain 
the course of the exchange reaction including the adsorption of the deu¬ 
terium. The present experiments also suggest that in hydrogenation the 
hydrogen molecule adds as a whole to the ethylene and not by atoms. 

The energy of activation for exchange is constant at 18*6 kcal. up to 
100° C but, above 100° C becomes temperature dependent, decreasing to 
4 kcal. at 207 ° C. The difference in energies of activation for exchange and 
hydrogenation is constant over the whole temperature range, that for 
exchange being 4-5 kcal. greater than that for hydrogenation. The decrease 
in energy of activation with increasing temperature in both reactions is 
attributed to desorption of the hydrogen held above the chemisorbed 
ethylene layer. 
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Introduction 

The rapid development in recent years of the technique for investigating 
molecular spectra, both in the ultra-violet and infra-red regions (Barnes 
and Bonner 1936), might be expected to lead to applications to chemical 
problems. The reasons why these methods have not been more generally 
applied are twofold. In the first place the technique is of comparatively 
recent development and it is only lately that the general background of 
known molecular spectra has been obtained without which comparative 
results would be useless. Secondly, the investigation of molecular spectra, 
particularly vibration spectra which fall in the infra-red region, is laborious, 
so that if other methods are available these are, in general, to be preferred. 
Isotopic shifts of the ultra-violet absorption spectra of molecules also occur, 
but in most cases the vibrational structure is too complex to be suitable 
as an indicator. The isotopic shift in the pure vibration spectra of molecules 
due to deuterium substitution for hydrogen is considerable and adequate 
resolution can readily be obtained. A certain amount of work in the infra-red 
region of the spectrum has been done on this, since the information these 
investigations afford on such problems as assignation of fundamental fre¬ 
quencies, validity of assumed force fields, etc. (Sutherland 1935), is in¬ 
valuable. 

In the previous paper evidence was presented for the assumption that 
the exchange between deuterium and ethylene at a nickel surface takes 
place by primary addition of a deuterium atom to the chemisorbed ethylene 
and not by primary loss of a hydrogen atom from the ethylene. This assump¬ 
tion can be tested unequivocally by examination of the effect of an active 
nickel, catalyst on mixtures of ethylene and deuteroethylene. If no dissocia¬ 
tion of the ethylenes occurs, then in the absence of hydrogen or deuterium 
no interaction should occur whilst the dissociative mechanism should lead to 
the formation of 4£ mixed” ethylenes. The most sensitive method of investi- 

[ VO ] 
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gation is by spectroscopic analysis. Benedict, Morikawa, Barnes and Taylor 
(1937) examined the exchange between methane and deuterium, the 
deuterium content of the methane fraction being determined after passage 
of deuterium and methane over a catalyst. They investigated under low 
dispersion the region 2000-3200 cm.- 1 , where absorption due to the C-D 
and C-H valence vibrations occur and the region of the corresponding 
deformation vibrations 900-1300 cm.- 1 . By comparing the absorption 
observed with that of various standard mixtures the exchange could be 
followed. The present case is different in that it is necessary to investigate 
the distribution of H and D atoms among the reacting molecules. 

It is not necessary to cover the whole of the vibrational spectrum. The 
four regions of absorption corresponding to four of the five fundamentals 
of C 2 H 4 and C 2 D 4 which are active in the infra-red are shown in Table I. 
The form of associated vibration and the type of band expected are also 
tabulated. 


Table I 


Form of vibration 

C 2 H 4 * 

C 2 D 4 f 

Type of band 

V (+-+) 

> - < 

3-22/a =3107 cm. -1 

4-26/a =2353 cm. -1 

No Q branch 

V {.- + +) 

jr 

3-349/a = 2988 cm. -1 

4-547 /t = 2199 cm.' 1 

Q branch 

8(- + + ) 


6-925/a = 1444 cm.' 1 

9-254/a= 1080-6 cm.- 1 

Q branch 

*(+ + -) 

TT 

10-5/a = 950 cm. -1 

13-86/a = 721-6 cm.- 1 

Broad Q branch 


(Out of plane) 

* Levin and Meyer ( 1928 ). 

t Conn and Sutherland, in course of publication. 

The complete spectra of all the cross-compounds C 2 H 3 D, C 2 H 2 D 2 cis, 
trans and asymmetric, and C 2 HD 3 have not been obtained. Raman observa¬ 
tions have been reported by de Hemptinne, Jungers and Delfosse (1937). 
The result, however, of the observations on the spectrum of C 2 D 4 (Conn 
and Sutherland 1939) of these observations on the Raman spectra, and of 
infra-red observations on C 2 H 3 D,* lead to the conclusion that the potential 
function proposed by Manneback and Verleysen (1936, 1937) for the nine 
planar vibrations of the C 2 H 4 molecule, and applied to the cases of C 2 D 4 , 
c 2 h 3 d, c 2 h 2 d 2 cis, trans and asymmetric, may be trusted as giving very 
good predictions of the regions where such cross-compounds may be expected 
to show absorption. (The case of C 2 HD 3 has not been treated.) 

* Some preliminary work has been done by one of us (G. K. T. C.) on the infra-red 
absorption of C 2 H 3 D. 
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In deciding the most suitable region of the spectrum to explore, considera¬ 
tions such as the following may be taken into account: 

(1) Both C 2 H 4 and C 2 D 4 must have a fundamental frequency in this region. 
The isotopic shif t must be such that not only are these frequencies to be well 
separated but, if possible, frequencies due to cross-compounds which fall 
in the interval must not overlap. 

(2) At least one frequency due to a cross-compound must be strong. For 
example, there is a strong HCD absorption in the neighbourhood of 
1290 cm. -1 . 

(3) If at all possible, regions of strong atmospheric absorption are to be 
avoided sinc e the determination of the percentage absorption of the gas 
under experiment is of varying accuracy due to the background of fluc¬ 
tuating energy. Such regions he in the neighbourhood of 4 - 26/4 (C 0 2 ), 
6-26/4 (H 2 0 ) and 14/4 (C 0 2 ). 

It was, therefore, decided to examine under high dispersion the deforma¬ 
tion fundamentals of C 2 H 4 and C 2 D 4 . The intervening region was also 
examined for bands which might be attributed to compounds of the type 
C 2 HD 3 , etc. The positions of the relevant regions of absorption are shown in 
Table II. The region 6-9/4 (1444 cm. -1 ) to 9-3/4 (1081 cm. -1 ) is free from strong 
atmospheric absorption so that no difficulty would be expected in detecting 
absorption due to cross compounds. 


Table II 

All values in wave numbers. 


Compound 

Calculated 

c 2 h 4 

* 

c 2 hd 3 

1387 


c 2 h 2 d 2 

_ x CoHD a 

c 2 d 4 

1072 

Cis 

1248 

Trans 

1240 

-s 2 o 

Asymm. 

1358 — 

Manneback and 

— 

— 

1295 

1308 

— — 

— 

Verleysen 

Observed 

1444 

1396 

1214 


1379 — 


Raman 

— 

— 

1282 

— 

— — 

— 

Infra-red 

— 

1389 

— 

— 

— — 

1080*6 


* The constants in the Manneback-Verleysen function are determined by fitting 
it to the observed C 2 H 4 frequencies. 

The investigation was carried out using in the second order an echelette 
grating of 1200 lines to the inch. It was decided for two reasons to work with 
high dispersion rather than use a low-dispersion prism instrument: (1) to 
spread out all the several bands so that the intensity of each might be 
determined against a constant background and avoid, as far as possible, 
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confusion of bands; for example, a C 2 D 4 overtone band falls at 6*68/6 near 
the C 2 H 4 fundamental at 6*92 fi; (2) the height of the Q branch might be 
expected to afford a simple and sensitive indicator of the presence of C 2 H 4 
and C 2 D 4 . The absorption cell was of pyrex glass flanged at the ends and 
fitted with end-plates of rock-salt secured with porcenam paint. It was 
12 cm. long and 4 cm. diameter. Experience gained in work on the absorp¬ 
tion of C 2 D 4 suggested that a satisfactory pressure of gas in this cell would be 
10 cm. C 2 H 4 and 10 cm. C 2 D 4 . If, on being heated over the nickel catalyst, 
equal mixtures of C 2 H 4 and C 2 D 4 do exchange, and the exchange is complete, 
the resultant equilibrium mixture will contain the proportions by volume 
of the various compounds given by the coefficients in the binomial expan¬ 
sion, i.e. 

C2U4 C2H3D C2H 2^1)2 C2HD3 C2H4 

1 4 6 4.1 

The resulting partial pressures of the various compounds to be expected 
under such conditions, from a mixture of 10 cm. C 2 H 4 and 10 cm. C 2 D 4 , 
would thus be: C 2 H 4 1*25 cm., C 2 H 3 I> 5 cm., C 2 H 2 D 2 7*5 cm. or 2*5 cm. each 
of the cis, trans and asymm., C 2 HD 3 5 cm., C 2 D 4 1*25 cm. 


Experimental work and results 

* 

10 cm. of C 2 H 4 and 10 cm. of C 2 D 4 were passed into the absorption cell. 
The 6 * 92/6 region of C 2 H 4 absorption, the 9 * 25/6 region of C 2 D 4 absorption, 
and the whole of the intervening region of the spectrum where bands, due 
to “cross-compounds ”, might be expected to appear after heating over the 
nickel-wire catalyst were carefully investigated. The mixture was with¬ 
drawn from the absorption cefl and heated for a definite time at an observed 
temperature over the catalyst. The mixture, thus treated, was then passed 
back into the empty absorption cell and the above investigation of the 
infra-red absorption repeated. By comparing the absorption curves obtained 
before and after heating over the nickel catalyst, conclusions on the cata¬ 
lysed reaction were drawn. The experiment was repeated three times under 
different conditions. Before and after each experiment the catalytic activity 
of the nickel wire was estimated by measurement of the rate of hydrogena¬ 
tion of ethylene; this is necessary since in general the activity falls on 
exposure to ethylene, presumably due to a slight polymerization on the 
surface. 

In the first experiment carried out, the half-life for exchange between 
ethylene and deuterium determined before reaction was 29 min.; after 
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reaction it was of the order of 25-50 hr. The period allowed for interaction 
of C 2 H 4 and C 2 D 4 was 70 min. 5 which is clearly insufficient. So that while 
no evidence of exchange was found, the result cannot be considered con¬ 
clusive. 

For the second experiment, pressures of 4*9 cm. of C 2 H 4 and 4*9 cm. of 
C 2 D 4 were used. These were allowed to interact on the catalyst at 76° C, 
heating being carried out by means of a furnace. The catalyst activity 
was measured at this temperature. The addition reaction before the experi¬ 
ment had a half-life of 30 min.; the half-life of exchange between ethylene 
and deuterium was therefore about 40 min. After the experiment, the 
activity had fallen to of the previous value, giving for the half-life of 
exchange about 8 hr. The light and heavy ethylenes were allowed to interact 
on the catalyst for 15J hr. It is evident that such a period was quite 
adequate. In fig. 1 the absorption curves are shown before and after reac¬ 
tion. The regions of C 2 H 4 and C 2 D 4 absorption alone are shown for reasons 


C 2 H 4 region C 2 D 4 region 



Fig. 1 . Percentage absorption plotted against wave-length for the C 2 H 4 -C 2 D 4 
mixtures before and after heating on catalyst. 

The smooth curve is drawn through the points obtained before heating; 
a cross indicates points obtained after heating. 

of space. Over the whole intervening region the absorption curves obtained 
before and after reaction showed no material difference. There was no 
change in the absorption due to C 2 H 4 and C 2 D 4 , and no new regions of 
absorption corresponding to the formation of “cross-compounds” were 
observed. 
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In the third experiment the C 2 H 4 -h C 2 D 4 mixture was heated to a much 
higher temperature, for 3| hr. at 330° C, and for an additional half-hour at 
360° C. It was found that ^ % of substances not condensable in liquid air, 
probably H 2 and D 2 , was produced. The catalyst was extremely active before 
this experiment, the half-life for addition at 10° C being only 18 min. This 
cannot be correlated with activity at 330° C, since at such a temperature 
the catalyst would sinter and no data on the ratio exchange/hydrogenation 
exist above 200° C. The catalyst was active at 304° C, however, since the 
addition process had a half-life of 5 hr. Exchange between C 2 H 4 and D 2 
would be very much faster, since the ratio exchange/hydrogenation rises 
rapidly with temperature. As before, no evidence of exchange was obtained. 

It appears that within the limits imposed by the sensitivity of the 
technique, no exchange occurs when C 2 H 4 and C 2 D 4 are heated together 
on a nickel filament catalyst. 

Measurements have been made with a view to gaining an idea of the 
sensitivity of the method as a means of detecting the occurrence of such an 
exchange. If exchange between C 2 H 4 and C 2 D 4 takes place, there is a conse¬ 
quent diminution of the C 2 H 4 and C 2 D 4 pressures. The intensity of C 2 H 4 
absorption therefore is taken as the test of “degree of exchange 55 and 
checked on the intensity of C 2 D 4 absorption. The total absorption of C 2 H 4 
obtained over the whole band is not considered but only the intensity of 
the Q branch, since (1) working with intensity of the Q branch absorption 
is clearly simpler than working with total absorption, (2) the R branch 
falls in a region not entirely free from atmospheric absorption. Consequently 
the accuracy of determination of points on the absorption curves varies 
considerably. The absorption of the empty cell has been determined over 
the regions covered by the Q branches of C 2 H 4 and C 2 D 4 absorption. The 
respective Q branches have then been plotted for the following gas pressures: 


C 2 H 4 

c 2 d 4 

cm. 

cm. 

4*9 

5 

10*0 

10 

14*9 

15 


The absorption curves so obtained are shown in fig. 2 and from these by 
allowing for the absorption of the empty cell a graph showing the variation 
in the intensity of Q absorption with gas pressure for C 2 H 4 and C 2 D 4 has 
been drawn (fig. 3). 

The accuracy with which percentage absorption measurements can be 
made is of the order of 2 or 3 %. Erom the C 2 H 4 curve (fig. 3) it is seen that 




Fig. 3. Variation in intensity of Q adsorption with pressure. 
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a variation in the absorption of 4 % corresponds, in the neighbourhood of 
a pressure of 10 cm., to a variation in gas pressure of 1*5 cm. In the case 
of the broader Q branch of C 2 D 4 , such an error corresponds to a variation 
in gas pressure of 2 cm. We may conclude then that had the pressure of 
C 2 H 4 or of C 2 D 4 dropped below 8 cm. such a change would have been 
detected. Had the exchange proceeded to equilibrium, the pressures would 
have dropped to less than 1*5 cm. Within the limits prescribed by such 
considerations we conclude that no exchange has occurred. 

The method might be expected to be more sensitive to appearance' of 
absorption due to cross compounds than diminution of absorption due to 
C 2 H 4 and C 2 D 4 . The exact position of the infra-red absorption bands of 
these cross-compounds is, however, not known and the accuracy of absorp¬ 
tion determination over such a narrow region as that covered by the Q 
branches can be made higher than that over extended regions. 


General conclusions 

The present work has shown that no exchange takes place between the 
ethylenes when heated together over a nickel catalyst, or, if exchange does 
occur, it is extremely slow. If the exchange does not take place, the obvious 
corollary is that the exchange between ethylene and deuterium must follow 
the addition mechanism considered in the previous paper. If exchange does 
occur, then dissociation must occur. At the second, higher, temperature 
it is to be expected that dissociation would be greatly increased; the fact 
that no change in the absorption curves was observed indicates that ex¬ 
change by dissociation is extremely unlikely. This possibility has already 
been considered in the previous paper. The conclusions are thus that 
dissociation does not take place to any great extent, that the mechanism 
of exchange between ethylene and deuterium must follow the “Addition 
Hypothesis”, and that adsorption of ethylene on the nickel surface takes 
place by opening of the double bond. 

One of us (G. H. T.) desires to thank the Carnegie Trustees for a Research 
Scholarship, the Department of Scientific and Industrial Research for a 
grant, and St John’s College, Cambridge, for a Strathcona Research Exhibi¬ 
tion. One of us (G. K. T. C.) wishes to express his thanks to Sidney Sussex 
College, Cambridge, and to the Carnegie Trust for awards which have made 
this work possible. We are grateful to Dr G. B. B. M. Sutherland for much 
advice and encouragement with this work. 
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Summary 

The interaction of ethylene (C 2 H 4 ) and deuteroethylene (C 2 D 4 ) on a 
nickel catalyst has been examined with a view to finding out whether any 
exchange occurs between them under conditions where exchange between 
ethylene and deuterium takes place. Analysis was carried out by observing 
under high dispersion the infra-red absorption spectra of the C 2 H 4 -C 2 D 4 
mixture from 6*9 to 9*3 fi before and after heating on the catalyst. In 
particular the Q branches of the C 2 H 4 and C 2 D 4 deformation frequencies 
at 6*92 and 9 -25pt respectively were carefully examined to find out whether 
any diminution in the C 2 H 4 or C 2 D 4 pressures had occurred. The region 
between these two frequencies was investigated for evidence of the “cross¬ 
compounds’ 5 which would arise from exchange. 

The absorption spectra of the mixture before and after heating were 
materially identical and so exchange between the two ethylenes could be 
detected, within the limits imposed by the sensitivity of the technique. 

The sensitivity of the method of detection of exchange was investigated 
using the C 2 H 4 and C 2 D 4 branch absorptions. A diminution in the ethylene 
pressure corresponding to one-sixth of complete reaction could have readily 
been detected. 
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Theory of the fatigue of metals 

By E. Orowan 

Physics Department, University of Birmingham 
(Communicated by M . L. E. Oliphant , F.R.S.—Received 23 November 1938 ) 

1. Introduction 

The most striking features of fatigue phenomena are: 

(1) The quasi-brittle nature of fatigue fracture. A metal, however ductile, 
can break in a fatigue test without any appreciable external deformation, 
like a brittle material. A farther similarity to brittle fracture is that fine 
cracks and other faults, which would not influence noticeably the static 
strength of a ductile material, substantially impair its fatigue endurance. 

(2) Internal distortions. In spite of the possible absence of any external 
deformation, heavy local distortions can be observed microscopically on 
a material subjected to a fatigue test (Ewing and Humfrey 1903). The 
evidence for internal distortions has been extended by the X-ray work of 
Gough and his collaborators (Gough 1933; Gough and Wood 1936, 1938a, 
19386) who found that X-ray photographs of fatigue-fractured metals 
show, in the immediate neighbourhood of the fatigue crack, qualitatively 
and quantitatively the same alterations as those of metals fractured in 
static tests. 

(3) Existence of safe ranges . The algebraic difference between the maxi¬ 
mum and the minimum stress of the cycle is called the range of stress. 
For a fixed mean stress of the cycle, the number of cycles that the material 
can withstand increases rapidly with decreasing range of stress. For 
applications in engineering it is of the highest importance that, in most 
cases, a limiting range of stress exists below which the material will with¬ 
stand any number of cycles. This behaviour is illustrated by a typical 
S-N curve in fig. 1 (S is the range of stress, and N the number of cycles 
the material can withstand). By plotting the results of fatigue tests as 
log$-log N curves a characteristic fact is revealed: in general, this curve 
consists of two straight parts, one inclined (representing the unsafe ranges) 
and one practically horizontal (representing the behaviour of the material 
at the limiting safe range). The transition between the two straight parts 
is more or less rounded off (fig. 2). 

[ 79 ] 
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Fig. 1. A typical S-N curve, after Stanton and Pannell (Gough, 1924 , p. 47). 



Fig. 2. The points of fig. 1 , plotted as a log $-log N curve. The arrow indicates 
that the specimen was not broken after 10 7 cycles. 


2. Theories oe fatigue 

Most of the numerous theories of fatigue correspond to earlier stages of 
physical and metallographical knowledge; among the exceptions from this 
the theories of Ewing and Humfrey (1903) and of Gough and Hanson 
(1923) may be mentioned. 

The “ attrition 55 theory of Ewing and Humfrey, based upon the observa¬ 
tions of microscopic slips just mentioned, assumes that the slipping “sur¬ 
faces” become increasingly abraded in the course of the alternating 
straining, and their cohesion diminishes until finally a crack appears. 
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Gough and Hanson recognized the fundamental role played by plastic 
inhomogeneities in fatigue as well as in elastic after-working and hysteresis.f 
They emphasized that the plastic regions of plastically inhomogeneous 
materials can become strain-hardened by alternating stresses without any 
external strain being produced. The blurring of X-ray photographs in the 
course of the fatigue test would correspond, according to Gough ( 1933 ), 
to a progressive break-up of the crystal into small fragments; the frag¬ 
mentation would diminish the cohesion until a crack would appear. 

In the present paper a quantitative theory of fatigue is proposed, based 
upon the following ideas. Owing to the unavoidable presence of small 
cracks and of structural inhomogeneities , J the stress distribution is more 
or less inhomogeneous in all materials. If the material is brittle, fracture 
occurs when the stress at the point where the stress concentration is 
highest reaches the value of the strength. § If, however, the material is 
plastic, it will yield at the stress peaks (that is, at the points where local 
maxima of stress occur) before the value of the strength is reached; further in¬ 
crease of load causes more plastic strain at these points, but no considerable 
increase of the stress beyond the yield limit. The surplus stress that would 
correspond to the increase of load is taken over by the (more or less elastic) 
surroundings of the stress peak, and in this way the stress distribution is 
smoothed out.]| If, now, the load is alternating, the local plastic deforma¬ 
tions will not come to an end but will alternate and thus produce a pro¬ 
gressive strain hardening of the material situated at the stress peaks. 
Consequently, the stress at which plastic yielding begins will rise in the 
course of the load fluctuations, the smoothing out of the stress distribution 
becomes less and less effective, and the maximum stress at the stress peaks 
rises until finally a crack may be formed if at a point the local stress 
reaches the value of the strength. This is the reason why a load which is 
harmless under static conditions can cause fracture if applied repeatedly. 

These considerations already suggest what is the difference between safe 

t A quantitative theory of elastic afterworking and hysteresis based upon plastic 
inhomogeneities was put forward by R. Becker ( 1925 ). See also von Wartenberg 
(igr 8). 

J Sources of structural inhomogeneities are, for example, the grain structure of 
polycrystalline metals, inclusions, etc. Plastic gliding also, being essentially in¬ 
homogeneous, creates inhomogeneities in the structure. Most inhomogeneities will 
persist throughout the straining, and the stress concentrations due to them will, 
therefore, be more or less invariant with regard to both their place and their 
effectiveness. 

§ Strength is defined as the stress at which fracture occurs. 

|| This is the reason why scratches, cracks, etc., do not affect sensibly the strength 
of a plastic material. 
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and. unsafe ranges of stress. A range is unsafe if there is a stress concentra¬ 
tion in the material where, in the course of the progressive strain hardening, 
the stress reaches the value of the strength. In a safe range of stress local 
plastic deformations, leading to progressive brittleness of the material 
affected, may still occur; hut the load is too small or the local stress con¬ 
centrations too ineffective to produce stresses of the amount of the strength. 

However, the problem of safe and unsafe ranges cannot be understood 
satisfactorily by considerations of this kind only. For plastic materials, 
the condition of fracture can be regarded either as the attainment of 
a critical stress (of the strength), or as the attainment of a critical strain 
(cp. fig. 3). In the case of alternating deformation the second condition 



plastic strain 

Fig. 3. A typical plastic strain-stress curve, representing the behaviour of many 

metals in static test. 

must he completed by adding that it is the total strain (the sum of the 
absolute amounts of all positive and negative strains suffered in the course 
of the load cycles) which has at fracture a certain characteristic value. This 
value is, of course, different from the critical strain for static loading, and 
also depends on the peculiar properties of the alternating strain; for a 
certain kind of straining, however, the critical total strain must have 
a certain finite amount (at least, if there is no considerable strain¬ 
hardening recovery). Consequently, in a safe range the total strain pro¬ 
duced by any number of cycles must always have a finite value smaller 
than the critical strain. The actual fulfilment of this condition has been 
proved st rikin gly by experiments of Gough and Wood ( 1936 ) who found 
that in a safe range the destruction of the lattice caused by plastic dis¬ 
tortion, as revealed by X-ray photographs, tends towards a limit which is 
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not exceeded in the course of further cycles, however many; furthermore, 
this limiting amount of lattice deterioration is less than the amount 
observed after fracture in an unsafe range. For a full explanation of the 
existence of safe ranges, therefore, the question must be answered, how 
can an infinite number of cycles, each of which gives a strain different 
from zero, produce a total strain of finite amount? 

The answer given in the present theory is based upon the fact that the 
load is not directly attached to the plastic spots. Primarily, the load 
produces a certain elastic strain in the bulk of the material. The immediate 
elastic surroundings of the plastic spot act as a spring, one end of which is 
connected with the elastic bulk of the specimen, and the other end with 
the plastic spot. The end connected with the bulk of the specimen will 
suffer a certain displacement, corresponding to the average elastic‘strain. 
The displacement of the other end, and thus the stress in the spring, depends 
on the softness of the plastic spot. If the spot is very soft (e.g. liquid), 
the stress needed for its deformation is very small, and its plastic strain is 
large. If, on the other hand, the plastic spot is hard, then a large stress 
is needed for its deformation; in order to produce this stress, the deforma¬ 
tion of the “spring” must be large, and the displacement of its “plastic” 
end is small. Thus the plastic strain will depend on the strain hardening 
of the plastic region; initially the region is soft and the amplitude of its 
plastic strain relatively large, but in the course of the stress cycles it 
becomes hardened and the amplitude of strain decreases. It will be seen 
(cp. §§ 5 and 9) that the plastic strain amplitudes of consecutive cycles 
decrease approximately as the terms of a geometric series; thus the total 
strain produced by an unlimited number of cycles is always finite, without 
respect to whether the strength is finite or not. If this limiting value of 
the total plastic strain is smaller than the critical (fracture) strain, the 
range is safe, otherwise it is unsafe. 

These considerations can be formulated quantitatively by means of 
simple geometrical constructions. In drawing conclusions from these, it 
must be kept in mind that some physical data they contain (e.g. the strain¬ 
hardening curve, and the strength of the plastic spot) refer to the behaviour 
of a microscopically small region, and thus are different from the corre¬ 
sponding data for a macroscopic specimen as determined by strength and 
extension tests. Fortunately, many qualitative and quantitative con¬ 
clusions are practically independent of these data, and they are in agreement 
with experience. This justifies the use of the relations obtained for calcu¬ 
lating the unknown strength and plastic properties of microscopic regions 
from the results of fatigue tests. Thus the light thrown upon the phenomena 

6-2 
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of fatigue, besides providing a scientific basis for industrial applications, 
will also give further information on mechanical properties of matter. 


3* Plastically homogeneous material 

UNDER ALTERNATING STRAIN 

To illustrate the method applied, a simpler case may be considered first, 
i.e. that of a plastically homogeneous material subjected to alternating 
strain of constant amplitude. The essentials of this case are approximately 
realized when, for example, a ductile wire is broken by alternating flexion. 
How can this process be described in terms of strength and plasticity? 

For a given time rate of straining, the plastic behaviour of a material 
is characterized by a stress-strain curve that, in the case of single crystals, 
depends on the lattice orientation. The stress rises in the course of the 
strai nin g, usually in a monotonic manner (“strain hardening 5 ’), until the 
strength is reached and fracture occurs (fig. 3).f If now the external con¬ 
ditions are such that the maximum strain attainable is limited and cannot 
reach the fracture strain e f (cp. fig. 3), then the specimen cannot be broken 
by a single loading. This is, for example, the case with a ductile wire 
strained by bending; the maximum strain (occurring in the external fibre) 
is limited by geometrical reasons and, frequently, is smaller than e f . In 
such cases fracture can be obtained by alternating straining. If the wire 
is bent hack, the strain vanishes, but not the strain hardening; thus by 
repeated bending back and forth the maximum stress of the cycle steadily 
increases until fracture occurs. This process is illustrated by the diagram 
fig. 4. Here, for simplicity, the assumption is made that no Bauschinger 
effect exists (that is, no drop of strain hardening, due to the reversal). 
The first bending leads, along the ordinary stress-strain curve for the rate 
of straining applied, to the point P, the abscissa of which is the maximum 
attainable strain e m . According to the assumption just made, the stress 
rises in the course of the first reversal along the curve PP', obtained by 

t The fracture strain depends on the time rate of loading, on the temperature, 
and, in the case of single crystals, on the orientation; if, for example, the glide plane 
is unfavourably oriented or if the temperature is low, the load necessary for a cer¬ 
tain extension is large and the value of the strength is reached after a small 
extension. The strength, in its turn, will depend on the amount of the preceding 
deformation; usually it is found to increase with the preceding deformation (“strain 
strengthening 95 ), the increase being particularly marked if the cleavage plane inter¬ 
sects the active glide plane. Many observations, however, show that the strength 
decreases again with further increase of the strain, corresponding to the assumption 
made by Ewing and Humfrey and by Gough in their hypotheses about the formation 
of the fatigue crack. 



85 


Theory of the fatigue of metals 

constructing the mirror image of the static stress-strain curve OPF, the 
mirror being the vertical with the abscissa e m . In this manner the stress 
rises in the course of further reversals along a zigzag curve composed of 
reflected pieces of the static stress-strain curve, until it reaches the value 
of the strength and fracture occurs. 

This process is analogous to fatigue failure in so far as here also fracture 
can occur unaccompanied by external deformation; indeed, fig. 4 shows 
that the amount of strain at fracture (not the total strain, in the sense used 
in § 2 , but the algebraic sum of the positive and negative strains) is 
a matter of chance only and can have any value between + e m and — e m . 
There is, however, an important difference also. Here no safe range (of 
the plastic strain) exists; unless the amplitude of the plastic strain e m 
is zero, a finite number of reversals leads with certainty to fracture. The 
following sections -will show that the non-existence of safe ranges in the 
case illustrated by fig. 4 is a consequence of the assumption that the 
plastic strain is essentially homogeneous. 



plastic strain 

Fig. 4. Homogeneous plastic material under alternating strain. 


4. Plastic inhomogeneities 

Strictly speaking, there is no homogeneous plastic gliding; the process 
of gliding is essentially inhomogeneous, even in the most perfect single 
crystal (Orowan 1934 , 1935 )* Beside this inherent inhomogeneity of 
gliding, coarse plastic inhomogeneities result from structural inhomo¬ 
geneities of the materials, such as: poly crystalline structure, internal 
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stresses, cracks, inclusions, etc. Obviously no general formula exists that 
could represent the behaviour of all the different inhomogeneities possible. 
So a particular type of a schematized inhomogeneity may be considered 
here ■which seems to embody those features of any inhomogeneity which 
are essential for fatigue phenomena. This schematic inhomogeneity is a 
homogeneously plastic region, embedded in a purely elastic surrounding. 

In order to fix ideas, the shape of the plastic region may be assumed as 
a flat disk (fig. 5); its glide planes may be parallel to the disk and the 
resolved shear stress acting in them may be denoted by <x. For a certain 
load applied to the specimen as a whole, cr depends on the amount e of the 
plastic strain in the disk. Indeed, a plastic deformation of the disk neces¬ 
sarily causes (by reasons of continuity) an increase of the elastic strain 
in the neighbourhood. Owing to Hooke’s law, this is accompanied by 



Fig. 5. A disk-shaped plastic region, embedded in elastic surroundings. The dislf is 
seen from the side; the parallel lines indicate the glide planes, and the arrows 
the sheer stress. * 

a proportional increase of the elastic stress there; since, however, the total 
force acting across a section of the specimen (that is, the external load) is 
constant, the increased stress in the elastic surroundings must be compen¬ 
sated by a relative decrease of the stress inside the plastic region. The surplus 
stress in the elastic surroundings (and hence the stress defect in the plastic 
region) is proportional to the surplus elastic strain there (and hence to the 
plastic strain in the plastic region). Thus the stress defect in the plastic 
region is proportional to the plastic strain (line OY in fig. 6). If OZ is the 
full stress which would act in the plastic region in the case of vanishing 
plastic strain, ZB shows the dependence of the stress in the plastic region 
upon the plastic strain. OZ is the maximum stress cr m that corresponds 
to the plastic strain zero, and OB is the maximum strain e m that corre¬ 
sponds to vanishing stress in the plastic region, that is, to vanishing re¬ 
sistance against plastic deformation. This latter case would be realized 
if the plastic region would be liquid or an empty hole. 
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The behaviour of the plastic region, as given by the line ZB in fig. 6, 
can be illustrated by means of a simple model (fig. 7), in which the plastic 



Fig. 6. The stress in a plastic inhomogeneity as a function of the plastic strain. 



Fig. 7. Mechanical model of a plastic inhomogeneity, embedded in elastic surround¬ 
ings. A is a plastic element, B, B' and C are springs. 


region (the disk in fig. 5) is represented by a plastic rod A, the mainly 
elastic bulk of the specimen by the springs B and B', and the elastic 
neighbourhood of the plastic region by a much weaker spring C. It is 
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obvious that this model corresponds exactly to the schematized plastic 
inhomogeneity fig. 5 and that its behaviour is represented by fig. 6.t 
The raa.-m simplification involved in the schematic inhomogeneity fig. 5, 
as compared with real inhomogeneities, is the assumption of a fixed sharp 
boundary between the plastic and the elastic region, and of a homogeneous 
gliding inside the plastic region. Actually, plastic inhomogeneities will 
have, in general, no sharp boundaries; the plastic region will increase with 
increasing load. The rate of this increase, however, will depend very much 
on the nature of the inhomogeneity. Thus it is best not to assume an arbi¬ 
trary kind of dependence of the size and shape of the plastic region upon 
the load applied, but to calculate first with inhomogeneities of invariant 
size and to keep in mind the sense in which the results are influenced by 
the presumable alterations of the inhomogeneity with load. 


5. P las tic inhomogeneity under alternating load 

The material containing the schematized plastic inhomogeneity may be 
subjected now to a periodically reversed uniaxial stress, and the behaviour 
of the inhomogeneity considered. 

The plastic region may be regarded as a homogeneously strained speci¬ 
men. Owing to its being embedded in elastic matter, the amplitude of its 
plastic strain is very small, and thus the Bauschinger effect certainly 
cannot be neglected. Nevertheless, it is useful to retain the general method 
illustrated in fig. 4 in deriving the zigzag curve from a stress-plastic strain 
curve OPF (fig. 8) which, of course, is different now from the ordinary 
(“static”) stress-strain curve of the plastic region. The curve OPF will 
depend on the characteristics of the load cycles; strictly speaking, every 
reversal will be marked in it by a more or less perceptible step, produced 
by the Bauschinger drop of strain hardening. These steps, however, are 
not important for the present purpose, and the actual curve may be 
replaced by the smooth curve OPF. The curve OPF cannot be derived 

f Jenkin ( 1922 ) described a model built of steel rods, of wooden blocks sliding 
upon the rods, and of springs connecting them with a second set of wooden blocks 
fixed upon the steel rods. This model was able to reproduce certain properties of 
fatigue, hysteresis, and afterworking. The considerations in this section and in the 
next show that the essential feature of this model is the connexion in series of a plastic 
and an elastic element, the effect of stressing being represented by a certain elongation 
of the plastic-elastic chain (cp. § 2). In the model of Jenkin the plasticity was 
represented by the friction of wooden blocks against steel rods; this is, of course, 
too far from the actual plastic behaviour of crystalline solids to give an accurate 
picture of fatigue or hysteresis. 
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from the results of static tests; it must be ascertained indirectly from fatigue 
tests (cp. §§ 9-11). This is no serious difficulty for the theory of fatigue; 
it will be seen that the most important features of fatigue phenomena 
(including the typical shape of the log $-logj\ T curve) follow already from 
the assumption that OPF is a continually rising curve (apart from possible 
fluctuations due to the steps mentioned). 



Fig. 8. Plastic inhomogeneity under alternating load in a safe range. 

According to fig. 6, the stress acting upon the plastic region is not 
a function of the external load only, but depends also on the plastic strain 
in that region. The point of intersection P of the “stress characteristic 5 ’ 
ZB with the curve of strain hardening OPF is, obviously, the result of the 
first loading. 

For the load reversal it is convenient to plot the stress in the same 
direction as before, in accordance with the method adopted in fig. 4. The 
stress characteristic for reversed load is then ZC . As in fig. 4, the mirror 
image of the strain-hardening curve OPF is constructed, with the vertical 
through P as a mirror; the result of the first reversal is then the point of 
intersection P' of the reflected strain-hardening curve with the new stress 
characteristic ZC . 

For the second reversal the reflected curve is reflected again, this time 
with the vertical through P 9 as a mirror, and the point of intersection P" 
of the twice reflected curve with the first stress characteristic gives the 
result of the second reversal. 

In the course of the following reversals the stress rises, exactly as in 
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fig. 4, along a zigzag curve which, however, here is enclosed between the 
sides ZB and ZG of an isosceles triangle, instead of between two verticals 
as in fig. 4. 

This circumstance results in a fundamental difference between this case 
and that considered in fig. 4. Whatever the shape of the strain-hardening 
curve may be , the zigzag curve cannot rise beyond the summit of the triangle 
composed of the two stress characteristics . That means, the stress GF = <r f 
can never be reached if it is higher than the maximum stress OZ = cr m 
of the inhomogeneity at the given amplitude of external load; with 
infinitely increasing number of reversals the zigzag curve approaches 
asymptotically the point Z but cannot attain the height of F . Thus this 
case represents a safe range of stress. 



Fig. 9. Plastic inhomogeneity under alternating load in an unsafe range. 

On the other hand, if the amplitude of the external load increases so 
that OZ becomes greater than GF (fig. 9), then there is no safe range and 
the difference between this process and that described in fig. 4 is only 
a quantitative one: after a finite number of reversals the initially plastic 
region suffers a crack, and the stress concentration at the edge of the 
crack represents a new plastic inhomogeneity that undergoes again the 
process illustrated in fig. 9. In this way the crack spreads until the specimen 
is fractured (cf. § 13). 
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6. Relation between static strength and safe range 
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A remarkable result of the last section is that, under the assumptions 
made, the plastic properties of the material, represented by the shape of 
the strain-hardening curve, have no influence upon the limiting safe range. 
Although the phenomenon of fatigue is produced essentially by internal 
plastic distortions, the limiting safe range only depends on the strength 
<r f of the plastic region and on the “stress concentration factor”, i.e. the 
maximum stress cr m = OZ (fig. 8) in the plastic region, divided by the mean 
stress in the specimen. 

The strength cr t of the plastic region may be assumed to be approximately 
proportional to the true static strength of a macroscopic specimen, for most 
metals of industrial importance. The stress concentration factor, on the 
other hand, is of the order of magnitude 1, as is shown by the fact that the 

ratio S ^ C i s usually between 0*5 and 1. Thus a correlation must be 
yield point 

expected between the static strength and the limiting safe range. 

These conclusions are fully supported by experience, as there is, in 
particular for different ferrous metals, an approximate proportionality 
between the limiting safe range and the static ultimate strength, but no 
correlation whatever between ductility and safe range, or between the 
Charpy impact value and the limiting safe range (Gough 1924; Moore and 
Kommers 1927). The correlation between strength and safe range would 
be perhaps even better if, instead of the ultimate strength, the true strength 
would be plotted against the limiting safe range. 


7. The dependence of the safe range on the mean stress 

All geometrical constructions in the previous sections referred to the 
case of reversed stress: maximum and minimum stress of the cycles were 
equal and opposite, and the mean stress zero. Now the question arises, 
in what m ann er is the limiting safe range influenced when the mean stress 
of the cycle ceases to be zero? 

This question is very important for practical applications in engineering, 
and many empirical formulae have been proposed to give the safe range 
as a function of the mean stress. Most formulae were so designed as to 
give a maximum safe range for the mean stress zero (pure reversed stress) 
and the safe range zero for a mean stress equal to the ultimate static 
strength. These two points are interpolated, for example, by a straight 
line in the formula of Goodman, and by a parabola in the formula of 



92 


E. Orowan 


Gerber Actually, the observed relation between safe range and mean 
stress is quite different for different materials, and none of the proposed 
empirical formulae holds generally, not even as an approximation. Under 
these circumstances it is interesting to see what result arises from the 
application of the present theory to this problem. 



Fig. 10. Plastic inhomogeneity under alternating load at the limiting safe range, 
the mean stress of the cycle being different from zero. 

Let ZB and ZC be the two load characteristics of the cycle (fig. 10). 
According to the convention to plot the second load of the cycle as positive 
if its sense is opposite to the first load, the stress range is 

S = OX 1 +OX^ 2 AZ\ 

at the hmiting safe range the height AZ of the triangle BZC is equal to 
the strength <7), and hence 

S = 2 cr f . 

Consequently, the limiting safe range is independent of the mean stress of 
the cycle . 

This conclusion, of course, is only valid as long as the angle <f remains 
independent of the mean stress. According to § 4 , <p may be expected 
to be approximately constant below the elastic limit. When (f> ceases to 
be constant, its dependence upon the stress and thus the relation between 
the limiting safe range and the mean stress is determined by the structural 
and plastic properties of the material. 
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For reversed stress, the maximum stress of the cycle is, at the limiting 
safe range, usually below the elastic limit; with increasing mean stress, 
however, the maximum stress reaches and surpasses the elastic limit. Thus 
the safe range should be constant for small mean stresses (unless the 
semi-range for reversed stress is already very near or even beyond the 
elastic limit); and a very divergent behaviour of metals with different 
structural and plastic properties should be expected for increasing mean 
stress of the cycle. This is, in fact, the only general result of the experi¬ 
mental investigations made up to the present. For alternating torsion 
tests the safe range proved to be constant in the whole interval investi¬ 
gated, with exception of a few points that were clearly beyond the elastic 
limit (Moore and Jasper 1924; McAdam 1924; Moore and Kommers 1927, 
p. 190). This unexpected result led McAdam (1924; Moore and Kommers 
1927, p. 190) to review previous work made with alternating uniaxial 
stress and bending; as a result he concluded that, in general, the safe range 
is nearly constant in the elastic interval.f 

Outside the elastic interval the structure of the material changes com¬ 
pletely and phenomena become very complicated; this explains the failure 
of all attempts at constructing empirical formulae valid from the mean 
stress zero to the ultimate static strength. The previous considerations 
show that these formulae are, at their best, a practical help for the 
engineer, but cannot have any physical meaning. 

8. The log$-logA 7 curve 

If the maximum stress OZ — cr m (figs. 8, 9) characteristic of the plastic 
inhomogeneity is greater than its strength, cracking occurs after a sufficient 
number n of cycles that can be calculated as the number of zigzags in 
fig. 9, if the load characteristics BZ and GZ and the strain-hardening 
curve are given. As long as the shape and size of the plastic region remains 
constant, the angles of the triangle BZC are also constant and its height 
er m is proportional to the load, that is, to the stress range S. This gives at 
once a relation between S and n,% provided that the strain-hardening curve 
is known. 

t [Note added in proof. When this paper was submitted for publication, the 
author was not aware of recent experimental work by Pomp and Hempel (Mitt. 
Kais. Wilh. Inst. Eisenforsch. 18, pp. 205-16 (1936), and 19, pp. 237—46 (1936)), who 
showed that for iron and steel the safe range is much more independent of the mean 
stress than could be assumed from older experiments; in many cases the safe range 
is practically constant far beyond the elastic limit. These observations indicate that 
the approximations made in the present theory are better than could be expected.] 

$ In the following sections only the case of reversed stress is considered. 
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As mentioned in the Introduction, the observed relation between the 
number N of cycles that a specimen can withstand and the range of 
stress 3 is very characteristic of the phenomenon of fatigue. The most 
convenient way to represent graphically this dependence is the construc¬ 
tion of a log/S-logiV' curve. The typical shape of this curve is composed 
of an inclined and a horizontal straight line (fig. 2), the latter giving evidence 
of the existence of safe ranges. 

The question arises now whether it is justified to compare the log $-log n 
curve calculated from fig. 9 with the observed \ogS-logN curves. 

n is the number of cycles after which an initial crack is produced in the 
most dangerous plastic inhomogeneity. N, on the other hand, is the 
number of cycles necessary for the complete fracture of the specimen. 
Thus N is equal to n, plus the number of cycles necessary for the propaga¬ 
tion of the crack across the specimen. Direct observation of fractured 
specimens shows that the propagation takes place in two stages. First, 
the crack propagates slowly by means of a fatigue mechanism; this stage 
can take up millions of cycles. It goes on until the specimen is so much 
weakened by the propagation of the crack that in the remaining part of 
its cross-section the static value of strength is reached and sudden fracture 
occurs. 

The mechanism of the first stage is obviously the same as that of the 
initial cracking. The stress concentration at the edge of the crack produces 
plastic deformation; the material becomes here progressively strain har¬ 
dened and finally cracks in the same way as the initial plastic inhomogeneity. 
Thus the time rate of the propagation of the crack in the first (fatigue) 
stage must depend upon the range of stress in the same manner as the 
reciprocal of the number n of cycles necessary for the formation of the 
crack. Of course, the constants which enter into this dependence (the 
stress characteristics ZB and ZG) change with increasing length of the crack: 
the maximum stress cr m and the size of the plastic region at the edge of the 
crack grow rapidly, and the crack spreads with acceleration. This is the 
reason why the total stage of propagation takes only a time which seems 
to be of the same order of magnitude as the time necessary for the forma¬ 
tion of the initial crack, although the cross-sectional dimensions of the 
specimen are usually many thousand times greater than the initial crack. 

The circumstance that the propagation of the crack is a continuous 
repetition of the initial process of cracking with the only difference in the 
value of the constants, and that n forms a considerable (sometimes probably 
the greater) part of N, suggests that the relation between S and N may 
be very similar to that between S and n. In the next sections the relation 
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between S and n will be calculated under certain simple assumptions and 
the resulting log#-log?z, curves actually will prove to be in best accord with 
the logS-logN curves observed. 

In this connexion a simple method for determining the ratio n/N may 
be proposed. With decreasing thickness of the specimen the number (N—n) 
of cycles necessary for the propagation of the crack decreases; n, on the 
other hand, remains constant until the thickness approaches the dimensions 
of the plastic inhomogeneity. Thus the measurement of N at the same 
range of stress on specimens of different thickness and extrapolation to 
the thickness zero will give n. That an influence of the cross-sectional 
area upon N exists, is empirically known: hollow specimens were found 
to have much smaller N than solid specimens under the same conditions; 
at the same time there is no substantial difference between their limiting 
safe ranges. This effect has been utilized for accelerating fatigue tests by 
using hollow specimens which require only about half of the number of 
cycles necessary for solid specimens (Gough 1924, p. 83). 


9. The log $-log ^ curve eor a constant coefficient 

OF STRAIN HARDENING 

In order to calculate n — n(S) a strain-hardening curve must be assumed. 
The details of the shape of this curve are obviously not important, since 
the greater part of n is contributed by the dense upper portion of the zigzag 
curve. Thus it is only in this small interval of stress that the slope and the 
curvature of the strain-hardening curve are of great importance. In this 
and the following sections n(S) will be calculated with different assumptions 
about the type of the strain-hardening curve. In this way the influence 
of different factors (alternating strain, thermal softening) can be studied; 
the principal result, however, is that in all cases, independently of the type 
of strain hardening, a log 5-log n curve is obtained exactly of the type 
given by experiments. 

The simplest schematic type of strain-hardening curve to be used for 
calculating n as a function of S is that given in fig. 11. Here the material 
is supposed to be perfectly elastic up to the yield point D; from there the 
strain-hardening curve is a straight line, corresponding to a constant 
coefficient of strain hardening (this is the derivative of the stress with 
respect to the plastic strain). This strain-hardening curve is very much the 
same as those obtained in static tests with crystals having only one set of 
glide planes; at the same time, it is a good approximation for the upper 
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part of the rather parabolic strain-hardening curves of other crystals and 
of poly crystalline metals. 

As fig. 11 shows, the zigzag curve forms consecutive isosceles triangles 
DP a, aP'b , etc., whose base lines represent the increase of the stress 
during one half cycle. If the maximum stress OZ of the inhomogeneity 
is denoted by a m and the actual stress in it at a certain stage of the fatigue 
test by a, then the increase of the stress during half a cycle, as represented 
by a triangle, is 2 (a m — a) tan <j> tan a. In the course of Ak cycles the stress 
increases by 

Act = 4 :(a m — a) tan^tanaZli, 



Fig. 11. Illustrating method of calculation of the log $-log n curve. 

where o' is a mean value of the stress for the Ak cycles in question. Since 
the increase of a for one cycle is very small (under the conditions actually 
prevailing <j> is extremely small and thus the triangles extremely flat), 
this equation can be written as a differential equation! with da and dk 
instead of A a and Ak: 


da = 4 (o* m — a) tan (j) tana dk. ( 1 ) 

The relation between a m and n is now obtained by integrating this equa¬ 
tion between the limits a y (yield stress) and a f (strength), the corresponding 


values of k being 0 and n. This gives 


An = log 0 ” 1-0 *, 

(2) 

with A = 4 tan <j> tan a. 

(2 a) 


t Supposing <j> to be very small as compared with a, the exact calculation leads 
to the same formula with (n — 1) in place of n. 
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The log <x m -log 7 i curve calculated from formula (2) is shown in fig. 12 
(curves la and 16). Except for the inclination of the sloping part, it is in 
complete accord with the typical results of experiments. This is the more 
remarkable as the two straight lines of which the typical log $-log N 
curve is composed would easily seem to represent two physically different 
processes. 



-3 - 2-10 1 


log n 

Fig. 12. Log 5-log n curves for a constant coefficient of strain hardening. Curve la 
represents equation ( 2 ) with S — cr m , A = 1 , cr y = 5, and 07 = 10 . Curve 16 is the same 
with (T y — 0 . Curve 26 is the same as 16, but with intense thermal softening 
(equations (7) and ( 8 )). 

There is, however, still an important discrepancy between this curve 
and the experimentally observed curves. In the former the slope of the 
inclined part is 1 ; in the latter, this slope is seldom greater than 0*5 and is 
usually between 0*5 and 0*1. In view of the success of formula (2) this 
discrepancy does not seem very important at the first glance. An easy 
calculation, however, shows that the slope is quite independent of all 
constants in the formula. In the next section it will be seen that the 
assumption of a static strain-hardening curve is responsible for this dis¬ 
crepancy. 

10. Strain hardening for alternating strain 

Strain hardening is a self-promoting process, in the sense that a lattice 
disorder, once produced, is likely to damage the lattice still more if gliding 
is continued. If, on the other hand, the direction of the plastic deformation 
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Is reversed, then the internal stresses produced in the course of the gliding 
are relieved and perhaps even some of the recently created lattice dis¬ 
orders removed. In consequence of this the strain hardening is suddenly 
diminished (sometimes practically removed; cf. Ewald and Polanyi 1925) 
at the reversal of the strain. Another manifestation of the same cause is 
the Beck-Polanyi effect (Beck and Polanyi 1931; Beck 1937), that is, 
a decrease or even annihilation by the strain reversal of the capacity of 
undergoing recrystallization. 

Owing to the Bauschinger effect the stress does not rise so rapidly under 
alternating strain as would follow from the simple application of the static 
strain-hardening curve. If the amplitude of the strain cycle is very large, 
the defect of the strain-hardening coefficient is obviously proportional 
to the number of reversals per unit strain; in other words, it is inversely 
proportional to the strain amplitude. With decreasing amplitude the coef¬ 
ficient may be expected to vanish; for small values of the strain amplitude 
e m it may be approximated as const, e^, where k is a constant. Thus for 
k- 1 and /c > 1 the types of dependence 1 and 2 respectively (fig. 13) 
result; the case k < 1 is unlikely to be realized. 



Fjg. 13. Simple types of a possible dependence of the coefficient of strain hardening 
upon the amplitude of the strain cycle. 

The strain amplitude in plastic inhomogeneities being extremely small, 
its influence upon the coefficient of strain hardening is given by the 
parabolic part of the curve fig. 13. The coefficient of strain hardening 
(tan a in fig. 11) is then simply a constant multiplied by e K m . Since, according 
to fig. 11, e m — tan <fi(a m —a), the coefficient is 

tan a = 7?[tan <f>(a m — u)]*. (3) 

This value of tana, substituted into (1), gives 

da = 4 =H (tan (a m — cr)** 1 dtc< (4) 
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The integral of this equation, with the same limits as for (1), is 



Bn _ 1 (.Vm-VyY-iVm-VfY 
< {Vm-VyY^rn-O-fY ’ 

(5) 

where 

B = 4£f(tan 0)* +1 . 

(5a) 


It can easily be calculated that the asymptotic tangent of the log cr m -log n 
curve, obtained from (5), is 1/(14- /c). Thus on this basis the observed values 
of the slope of the log$-log N curve can be accounted for with values of k 
that range from 1 to 10. 

Pig. 14, curve 1, shows that the log cr m -log n curve obtained from formula 
(5) is of the same character as the curve from (2). 



-4 -3 - 2-10 1 

log n 


Fig. 14. Log 6* -log n curves for a coefficient of strain hardening depending upon the 
strain amplitude. Curve 1 represents equation (5) with S = cr m , B = 1 , <x y =0, o>= 10 
and K— 1, corresponding to curve 1 in fig. 13. Curve 2 represents the same case 
with thermal softening. 

11. Thermal softening 

So far the part played by thermal softening has not been taken into 
account. For metals with a high melting point, such as iron or steel, 
thermal softening during a fatigue test of the usual duration should be 
very small; in other cases, particularly at elevated temperatures, its 
influence certainly cannot be neglected. In this section the question will 
be raised whether thermal softening can be expected to give rise to 
phenomena qualitatively different from those described by the formulae 
( 2 ) or ( 5 ). 

The simplest assumption concerning the law of thermal softening is 
that the decrease per unit time of the stress necessary to maintain the 
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time rate of straining applied is proportional to the amount of strain 
hardening, that is, to the excess stress beyond the yield point: 

— da = R*(a — a y )dt, (6) 

If v is the frequency of strain and h, as above, the number of cycles 
passed, this relation becomes 

dh 7?* 

- da = R*(a - a y ) — = — (a - a y ) dh = R{a-a y ) dh. (6a) 

It may be emphasized that the actual law of thermal softening, so far 
practically unknown, is certainly much more complicated than (6); yet 
it may be expected that the application of (6) to the present problem 
reveals all the essential effects of thermal softening upon fatigue. 

First the effect of thermal softening upon fatigue under the assumption 
of a constant coefficient of strain hardening may be ascertained. For this 
purpose a term representing the right-hand side of (6 a) must be added to 
the right-hand side of (1): 

da = A(a m — a) dh — R(a — a y ) dh, ( 7 ) 

or da = [(Aa m +Ra y ) — (A +iZ) a]dh 

=*[L — Ma]dh, (7 a) 

where L = Aa m + Ra y , and M = A + R- ( 76 ) 

This is formally the same equation as (1), with the same integration 
limits; only the constants are different. An easy calculation shows that the 
log <T m ”log ti curve remains unaltered, except for a parallel translation 
upwards in the direction of the asymptotic tangent of the inclined branch 
(fig. 12, curve 26 ). By this translation the height of the horizontal branch, 
that is, the safe range, increases by an amount that can be inferred directly 
from a comparison of ( 7 a) with (1). Eqn. (2) shows that the safe range is 
given by the condition a m = a f . Now in ( 7 a), as compared with (1), the 
term a m +Ra y IA stands for a m , and (1 + R/A)a for a. Thus with thermal 
softening the safe range is determined by the relation 

a m + RaJA = (I + R/A)a f 
R 

or <rm = <r f +2(<rt-<r v ). (8) 

That means, the safe range is increased by the amount R/A(cr f — ar y ). 

The increase of the safe range by thermal softening can be concluded 
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directly from the fundamental diagram (e.g. fig. 8): with the stress approach¬ 
ing the summit Z of the triangle of the load characteristics, the total 
strain per cycle and thus the rate of strain hardening per unit time 
diminishes until it becomes equal to the time rate of the thermal softening. 
Then a state of equilibrium is reached and the stress ceases to increase, 
although it is still lower by a finite amount than OZ (namely, by the 
amount R{cr f —cr y )IA ). 

This leads to an important conclusion. The rate of thermal softening 
increases rapidly with temperature; consequently, the safe range should 
also increase with temperature if the other quantities influencing it are 
constant and if temperature is high enough for appreciable thermal softening 
to take place during the test. This conclusion is affirmed by experiments 
of Lea (1924) and of Moore and Jasper (1925) on steels and ferrous alloys 
which show that the fatigue endurance is practically constant or even 
increases from room temperature up to 400-500° C, although in the same 
temperature interval the ultimate strength decreases to about one-half 
of its initial value.f 

To obtain the combined influence of alternating strain (§ 10) and of 
thermal softening, the right-hand side of (4) must be completed by the 
term (6 a) and the resulting equation integrated. This leads to a rather 
complicated formula that may be omitted here; the result is given in 
fig. 14, curve 2, for k = 1 . This curve is very similar to the previous ones, 
and so far the experimental results are much too incomplete to justify such 
refinements. 


12. Mechanical hysteresis 

The exhibition of a hysteresis loop in the stress-strain curve for alter¬ 
nating stress is a general property of metals. The development of the width 
of the loop with increasing number of cycles, the influence of rest, tem¬ 
perature, etc., upon it is very complicated and no explanation has yet been 
given. The theory sketched in the previous sections gives, without addi¬ 
tional assumptions, a detailed picture of these phenomena that is in accord 
with the observations. 

In a safe range, the width of the hysteresis loop is usually great at the 
beginning of the test and then decreases, converging towards a limit 

f In the case of certain cold-worked metals the fatigue endurance decreases -with 
temperature, although not as rapidly as the ultimate strength. This is, however, 
an obvious consequence of the fact that the specimen is annealed during the test and 
thus actually becomes a different material with different strength properties. 
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different from zero. In the case of ferrous metals the decrease of the loop 
is usually preceded by an “induction period” in which the width of the 
loop first increases. 

In an unsafe range, the stages mentioned are followed by a final stage, 
showing a rapid increase of the hysteresis loop, sometimes with con¬ 
siderable heat development, until fracture occurs. 

Thus the following typical stages can be distinguished in the development 
of the hysteresis loop: 

(A) A preliminary stage, frequent with ferrous metals, showing increase 
of the loop. 

(B) A primary stage, showing decrease of the loop and convergence 
towards a limiting value. 

(0) A secondary stage in which the loop is practically constant. 

(D) A ternary stage in which the loop increases rapidly until fracture 
occurs. 

La practical cases one or two of these stages can be short and not dis¬ 
tinguishable. 

The existence and succession of the primary, secondary and ternary 
stages follows immediately from the theory developed in the previous 
sections. Under alternating stress, a number of plastic inhomogeneities 
will arise in a metal. The cumulative effect of the alternating strain in these 
plastic spots will manifest itself macroscopically as a hysteresis loop. 
According to the zigzag curve in fig. 8, the plastic strain diminishes with 
increasing number of cycles (primary stage). Owing to thermal softening, 
however, the strain amplitude will not vanish but, according to the pre¬ 
vious section, an equilibrium state will be attained with such a strain 
amplitude that the thermal softening just compensates the strain hardening. 
This is the secondary stage which is the final stage in a safe range. In an 
unsafe range, most plastic inhomogeneities behave exactly as in a safe 
range, until fracture puts an end to the test; at least one of them, however, 
suffers a crack that extends gradually. The large and rapidly increasing 
plastic movements at the edge of the crack, friction, etc., present then the 
phenomena of the ternary stage. 

The “preliminary stage” appears to be closely connected with the 
“elastic recovery” observed in particular with ferrous metals. This is 
a decrease of the hysteresis loop in the course of time, promoted by 
elevated temperature; the decrease may run parallel with a simultaneous 
ncrease if the fatigue test is continued. The presence of elastic recovery 
means that the plasticity of the plastic regions decreases under the action 
of thermal agitation and increases under the action of the plastic deforma- 
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tion itself. This, however, is exactly what is observed in the preliminary 
stage. 

That plastic gliding in iron (soft steel) is a self-promoting process is 
manifested, above all, by the well-known drop of the stress at the yield 
point. A detailed study of this phenomenon was published recently in an 
important paper of Elam (1938). This phenomenon was formerly ascribed 
to the polycrystalline structure of steel; its most striking manifestation, 
however, was observed on zinc single crystals (Orowan 1934). The presence 
of such self-promoting action of plastic gliding is one of the fundamentals 
of the theory of plasticity of crystals. 

13. The number of cycles necessary for developing 

THE ENDURANCE LIMIT 

Too little emphasis is laid in the literature upon the remarkable fact 
that the number 2^* of cycles necessary for “developing the endurance 
limit”, that is, the number of cycles that corresponds to the bend of the 
log S-log N curve, has nearly the same order of magnitude for different 
metals. In the majority of cases N* lies between 0-5 x 10 6 and 10 x 10 6 . 
Materials for which i\ 7 * is considerably greater than 10 7 are, as a rule, 
very unstable and probably subjected to structural or chemical changes 
in the course of the test (cp. the following section). 

The theory given in the previous sections leads to a physical interpreta¬ 
tion of N* and to the understanding of its relatively constant order of 
magnitude. 

Figs. 12 and 14 show that, for A = 1, the bend of the logcr m -log^ 
curve occurs, roughly speaking, near n = 1. Thus the value n* that corre¬ 
sponds to the bend of the curve is approximately 1 [A in the case when 
the coefficient of strain hardening is constant, with A = 4 tan 56 tan a. If 
the coefficient is a function of the strain amplitude, (3), (5), and ( 5 a) show 
that the same result applies with the addition that tana here signifies the 
coefficient of strain hardening for the initial (lowest) part of the zigzag 
curve. Now tan <j) is the maximum possible plastic strain OB (fig. 6) in 
the plastic region, divided by the stress defect that produces it. From § 4 it 
follows that this quotient is of the order of magnitude of the reciprocal 
modulus of shear (or, more generally, of a reciprocal modulus of elasticity), 
unless the plastic region is of a rather singular shape. The other factor, 
tana, is the coefficient of strain hardening. 

For different technically used metals the coefficients of strain hardening 
as well as the moduli of elasticity are of similar orders of magnitude. Thus 
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and, according to § 8, N* also should be of approximately constant 
orders of magnitude for similar specimens of these metals. 

In the case of iron, for example, It an 6 has the order of magnitude of 
10 12 dyne/cm. 2 , and the coefficient of strain hardening probably the order 
of 10 9 dyne/cm. 2 for static straining, f Consequently, n* would have with 
this static coefficient the order of 10 2 ~10 3 cycles. On the other hand, N* 
is of the order of 10®. Assuming that N/n is between 1 and 10, it follows 
that the coefficient of strain hardening is, for the small strain amplitudes 
that occur in a plastic region, by two to four powers of ten smaller than 
the static coefficient. 


14 . Metals having no safe range 

While the majority of industrial metals have a typical log S-log N curve 
like fig. 2, there are some metals whose logfS'-logA curve either shows no 
bend at all up to the highest number of cycles applied (that is, to about 
5 x 10 8 cycles), or the straight part after the bend is not horizontal. Thus 
these metals have either no safe range at all, or (what is more probable) 
they develop their endurance limit at a considerably higW number of 
cycles than other metals. 

The cause of this phenomenon cannot be derived with certainty from 
the scarce data available. But it seems that the metals with this behaviour 
are highly unstable materials; either unstable alloys, like dural umin , or 
intensely worked metals the thermal softening of which begins at relatively 
low temperatures. 

Thus, for example, cold drawn copper shows hardly any trace of the 
bend up to about 5 x 10 7 cycles; annealed copper, on the other hand, shows 
a sharply defined bend below 10 6 cycles, although the second part of the 
log jS-log N curve is not quite horizontal (Moore and Kommers 1927, curves 
2 and 1, fig. 52 , upper plate, p. 125 ). Cold rolled duralumin has no bend 
whatever up to 5 x 10 8 cycles; the same material, if tempered, exhibits 
a well-defined bend below 10 7 cycles (Moore and Kommers 1927, curves 
2 and 3 , lower plate, fig. 52 ). 

Thus these anomalies are probably caused by the transition of the 
material during the test into a more stable state, either by the gradual 
removal of internal stresses, by thermal softening, by recrystallization, 
or (e.g. in the case of duralumin) by the precipitation of stable components! 

t Some information about the order of magnitude of the coefficient of strain 
hardening in iron crystals can be obtained from a paper by Fahrenhorst and Schmid 
(1932). 
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These transitions are probably more or less localized at places where the 
stress is concentrated or where large plastic movements take place, i.e. 
above all at the plastic inhomogeneities. That stresses may give rise to 
allotropic transitions in metastable alloys, is known (e.g. Greninger and 
Mooradian 1937). 

In conclusion, I wish to thank Professor Oliphant for the hospitality 
of his department. I am also most grateful to him, to Professor R. Peierls, 
and to Dr P. B. Moon for valuable discussions. 

Summary 

The present theory of fatigue is based upon the fact that plastic deforma¬ 
tion is not homogeneous. The stress acting upon a plastic inhomogeneity 
that is embedded in elastic surroundings is a function of its plastic strain, 
diminishing with increasing strain. This fact, with the assumption that 
the plastic spot is subject to strain hardening of the usual kind, leads to 
the existence of safe and unsafe ranges. The derived dependence of the 
safe range upon the mean stress of the cycle is the same as that deduced 
by McAdam from empirical data. The relation between the stress range and 
the number of cycles after which a crack is formed, as calculated from the 
theory, is in accord with the typical logS-log A T curves given by experi¬ 
ments. Conclusions from the theory about fatigue endurance at elevated 
temperatures, about the correlation between fatigue endurance and 
strength, about mechanical hysteresis, etc., are confirmed by experience. 
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Introduction 

The occurrence of band spectra in the chemically monatomic gases leads 
to the belief that molecules are formed in the gas by the electrons or photons 
producing the spectra. Arnot and Milligan (1936) and Arnot and M’Ewen 
(1938a) have shown that in mercury vapour diatomic molecular ions are 
formed by the attachment of excited atoms in P-states to each other and 
to normal mercury atoms. 

Using a balanced space-charge apparatus we obtained results (19386) 
which led to the conclusion that diatomic helium molecular ions are formed 
by attachment of metastable atoms of 19 - 77 eV energy to normal atoms. 
Although the results given in this first paper on helium appear to admit of 
no other conclusion, it was desirable to check this conclusion by the far more 
definite evidence that can be obtained with a mass spectrograph. 

Using the mass spectrograph which was employed in the work on the 
formation of mercury molecules we obtained the results presented in this 
paper which completely confirm the conclusion reached in our first paper 
on helium. This work fixes a lower limit of 4-7 eV for the work of dissociation 
of the ionized helium molecule, which is 1-7 eV higher than the usually 
accepted value. 
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Apparatus 

The apparatus used in this work was the same as that employed in the 
investigation of the formation of mercury molecules. It will be sufficient 
to repeat here that it consists essentially of an ionization chamber and 
magnetic analyser (Arnot and Milligan 1936, fig. 1). In this work we 
used a quartz ionization chamber similar to that shown in the inset 
with the figure quoted. This contained two nickel gauze electrodes and 
a tun g sten filament of about 1 cm. in length which could be withdrawn 
for renewal by means of a ground-joint. The upper gauze electrode will 
be denoted by E 1 and the lower one by E 2 . The difference of potential 
between the filament and the anode E x used to accelerate the electrons 
will be denoted by V Q . The positive ions formed between E x and E 2 were 
drawn through E 2 by a difference of potential of 10 V between E 1 and 
E 2 , and were then accelerated by a further 190 V between E 2 and the first 
slit of the analyser in the iron cylinder T. 

The helium, which was supplied by the British Oxygen Company in glass 
cylinders as spectroscopically pure, was stored in a large glass bulb of about 
1 J 1 . capacity at a pressure of a few centimetres of mercury. The gas from 
this bulb passed through a fine glass capillary, then through a liquid-air 
trap, and entered the ionization chamber through a side-tube sealed on in 
place of that containing mercury in the original apparatus. After passing 
through the apparatus the helium was pumped off into the atmosphere. For 
all results, except those showing variation of ion current as a function of 
the pressure, the helium pressure in the ionization chamber was 3 x 10 ~ 3 mm. 
Hg. The pressure of gas in the analyser was found to be about 5 % less than 
that in the ionization chamber (Arnot and Beckett 1938). Apiezon grease 
of negligible vapour pressure was used on all joints and taps in the vacuum 
system. The calibration curve of the magnet was found to be linear except 
for a short range near the origin. Owing to this a molecular peak will not 
occur at precisely a/ 2 times the magnet current for the atomic peak. 

A filament emission of 1 mA was used for all results except, of course, 
those showing the variation of ion current as a function of the emission. 
The electron accelerating potential V 0 was applied to the centre of the 1 cm. 
filament by the usual potentiometer device. The total potential drop across 
filament and leads was 1*3 V, and that across the effective emitting portion 
of the filament was probably less than 0*5 V. The electrometer was worked 
at a voltage sensitivity of about 1000 mm./V, the capacity of the insulated 
system being 122 cm. 
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Results 

( 1 ) Analysis of the ions 

In fig. 1 is shown a set of four ion-analysis curves for various values of 
the electron accelerating potential V 0 . The bottom curve is a run taken in 
vacuum, the residual gas pressure being less than 10 -5 mm. of Hg. 



magnet current in amp. 

Fro. 1. Ion-analysis curves showing presence of HeJ for various 
electron energies. The bottom curve is a run in vacuum. 


For an electron energy of 32 eV two well-marked peaks appear at magnet 
currents representing mass numbers of 4 and 8. These are due respectively 
to He + and Hef ions, the atomic ions being about 400 times as numerous as 
the molecular ions. Decreasing the electron energy to 24 eV reduces the 
height of the atomic peak to that of the molecular peak. This electron energy 
is just about the atomic ionization energy which is 24-5 eV. On further 
decreasing the electron energy to 22 eV the atomic peak practically dis¬ 
appears, whereas the molecular peak is still quite definite. The origin of the 
slight atomic ionization below the atomic ionization potential will be 
explained later (see p. 111). 

The origin of the two peaks at magnet currents of about 0-4 and 0-58 amp. 
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has not been investigated. Their mass numbers are 5 and 10. They may be 
due to some multiply-ionized impurity.* 

The first ion-analysis curves that were taken showed a strong continuous 
background which was uniform in height over the range of magnet currents 
used. This background was probably due to metastable helium atoms 
diffusing to the Faraday cylinder where they set free electrons, so giving rise 
to an apparent positive ion current to the Faraday cylinder. The background 
was considerably reduced by applying a potential of 40 V between the 
Faraday cylinder and the analyser so as to keep electrons from leaving the 
Faraday cylinder. This potential -was kept on for all the results given in 
this paper. 



pressure in units of 10 -3 mm. of Hg at 0° C 

Fig. 2. Showing the number of atomic and molecular ions 
recorded as a function of the pressure of helium. 

(2) Variation of peaks with pressure 

Fig. 2 shows the variation in the heights of the atomic and molecular 
peaks with pressure. The electron energy used for the molecular peak was 
32 eV, and for the atomic peak 28 eV, the filament emission being 1 mA for 
both peaks. 

We see that the number of atomic ions received by the Faraday cylinder 

* [Note added in proof . A detailed investigation of the peak at mass number 5 
has shown this to be due to HeH + ions resulting from the collision process 
H+ + He^HeH+ + H.] 
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increases linearly with increase of pressure until scattering of the electrons 
in the ionization chamber and scattering and neutralization of the ions in 
the io niz ation chamber and analyser causes the height of the atomic peak 
to decrease as the pressure is further increased. The fact that the molecular 
peak is increasing with rise of pressure over the pressure range where the 
atomic peak is decreasing shows that the number of molecular ions formed is 
proportional to a higher power of the pressure than that which governs the 
formation of the atomic ions, and consequently that the molecular ions are 
formed by a secondary attachment process. 

( 3 ) Variation of peaks with filament emission 

Fig. 3 a shows the variation in the height of the molecular peak with 
filament emission for two values of the electron energy, 28 and 22 eV. 
Fig. 3 b shows similar curves for the atomic peak for three values of the 
electron energy, 26 , 23 and 22 eV. 



filament emission in milliamperes 

Fig. 3. (a) Variation of the molecular peak with filament emission for electron 
energies of 28 and 22 eV. (b) Variation of the atomic peak with filament emission 
for electron energies of 26, 23 and 22 eV. 

The linear dependence on filament emission of the curves of fig. 3 a shows 
that the number of molecular ions formed is proportional to the first power 
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of the emission, and hence that, in the attachment process leading to the 
formation of the molecular ion, only one of the atoms is excited or ionized, 
the other atom being in the normal state. 

It will be noticed that two of the atomic ion curves of fig. 36 are for 
electron energies below the atomic ionization energy, 24*5 eV. The reason 
why we observe atomic ions below the ionization potential will be explained 
later. Above the ionization potential we obtain the expected linear depend¬ 
ence on filament emission, as shown by the curve for an electron energy of 
26 eV. 

( 4 ) Variation of peaks with electron energy 

Fig. 4 shows the variation in the heights of the atomic and molecular 
peaks with electron energy, from which it will be seen that both the ato mi c 
and the molecular ionization sets in when the electrons reach an energy 
between 19 and 20 eV. 



electron energy in electron-volts 

Fig. 4. Variation of the atomic and molecular peaks with electron energy. 

Inset is He + curve with ordinates reduced by a factor of 100. 

Ionization of the helium atoms by electrons from the filament should not 
occur until the energy of the electrons reaches the atomic ionization energy 
of 24-5 eV. Investigation shows that the atomic ionization occurring below 
the ionization potential is due to electrons set free from the iron cylinder T 
by metastable atoms. These electrons acquire an energy of 190 eV in the 
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field between the iron cylinder T and the gauze E 2 , and so are able to ionize 
atoms between E 2 and E v The evidence leading to this conclusion is as 
follows. We see from the two lower curves of fig. 3 b for V 0 = 22 and 23 Y that 
the atomic ionization occurring below the ionization potential is a linear 
function of the filament emission. This rules out the only other possible 
means of forming these ions, namely ionization of metastable or other ex¬ 
cited atoms by a second collision with an electron from the filament or by 
a co llisi on of the second kind with another excited atom, since such ioniza¬ 
tion in two steps should vary as the square of the filament emission. 



!. ....... _I 

0 12 3 4 

pressure in. units of 10~ 3 mm. of Hg at 0° C 


Pig. 5. Showing the number of atomic and molecular ions recorded as a function of 
the pressure of helium when the electron energy was 22 eV, i.e. less than the atomic 
ionization potential. 

Fig. 5 shows the variation with pressure of the atomic and molecular 
peaks for an electron energy of 22 eV. Comparing this figure with fig. 2, 
which is for an electron energy above the atomic ionization potential, we 
see that, while the Hef curves are similar in both figures, the He+ curves are 
radically different. Above the ionization potential the He + curve decreases 
for pressures above 4 x 10~ 4 mm., while below the ionization potential the 
He+ curve is still increasing at a pressure ten times this value. This shows 
very clearly that the atomic ionization produced below the ionization 
potential is due to a process which is fundamentally different from that which 
gives the normal ionization above the ionization potential. 

The atomic and molecular curves of fig. 5 are similar functions of the 
pressure because the molecular ionization is proportional to the number of 
collisions between normal atoms and metastable atoms, and the atomic 
ionization below the ionization potential is proportional to the number of 
collisions between normal atoms and the electrons set free from T by meta¬ 
stable atoms. 
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Atomic ions produced in this way, when the primary electrons from the 
filament have an energy less than the ionization energy, could not have been 
produced in the work described in our first paper on this subject (Arnot and 
M’Ewen 19386) because there did not exist any potential drop as great as 
the ionization potential in that apparatus. 


The process of formation of the molecule 

The magnetic analysis curves of fig. 1 together with the curves of fig. 2, 
showing the variation in height of the two peaks with pressure, show quite 
definitely that ionized helium molecules are formed by an attachment 
process. The fact that the molecular ionization varies with the first power 
of the filament emission, as shown in fig. 3 a, proves that in the attachment 
process only one of the atoms is excited or ionized, the other atom being 
in the normal state. Wetherefore have the two following processes, depending 
upon whether the atom is excited or ionized 

He'-fHe-*He++e, (1) 

He + + He->He+, ( 2 ) 

where He' represents an excited helium atom. 

Several independent pieces of evidence show that it is an excited atom 
which forms the molecule, and therefore that the effective process is (>1). 
The evidence for this is as follows: 

(a) We have seen that below the atomic ionization potential He 4- ions 
are formed by the impact on normal atoms of electrons set free from T by 
metastable atoms, these electrons acquiring an energy of 190 eV in the field 
between T and E 2 . The number of Hef molecules formed by attachment of 
these He 4- ions to normal atoms will therefore be proportional to np 3 where 
n is the number of He 4 * ions and p is the pressure. If, however, the molecules 
are formed by attachment of the metastable atoms to normal atoms the 
number formed will be proportional to n . Thus, below the atomic ionization 
potential, the number of Hef ions will be proportional to p times the number 
of He 4 * ions if the molecules are formed by process (2). But if they are 
formed by process (1) then the Hef and He + curves should be similar func¬ 
tions of the pressure. Big. 5 shows that the molecular and atomic curves 
are indeed similar functions of the pressure, and therefore that the mole¬ 
cular ions are formed by process (1). 

( b ) As pointed out above, atomic ions could not have been produced 
below the ionization potential in the apparatus used in the work described 
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in our first paper on this subject (Arnot and M’Ewen 19386). Therefore the 
molecular ions detected in that work below the atomic ionization potential 
could only have been formed by process (1). 

(c) If the molecular ions were formed from He + ions according to process 
(2) we should expect to observe a sharp increase in their number when the 
electron energy V 0 exceeded the atomic ionization potential of 24*5 V. 
Fig. 5 shows no such break in the He^ curve. 

(d) The efficiency of ionization curve for helium (Bleakney 1930) shows 
that the number of He + ions rises very steeply with increase of electron 
energy to a flat maximum at about 105 eV. If the molecules were formed 
from He + ions according to process (2) we should thus expect their number 
to increase steeply to a flat maximum at 150 eV as the electron energy was 
increased. In other words, we would expect the curve of efficiency of 
molecular ionization to follow the curve of efficiency of atomic ionization. 
Fig. 5 shows that the molecular efficiency curve bears no resemblance 
whatever to the atomic curve. The molecular curve reaches its maximum 
at about 28*5 eV, and remains fairly flat out to beyond 40 eV; over this 
energy range the atomic curve is rising almost vertically. On the other 
hand, the molecular curve bears a striking resemblance to the excitation 
function of the Is 2 s, 3 S metastable state of the helium atom given by 
Massey and Mohr (1931). This evidence, given under (d), is alone sufficient 
to show quite definitely that the molecular ions are formed by process (1). 

(e) Theoretical evidence in favour of the process (1) is afforded by the 
fact that in the alternative process (2) the excess energy must be radiated, 
and it is known that radiative processes are very inefficient compared to 
those in which the excess energy can be carried away by a material particle 
such as the electron in process (1). 

The evidence presented above shows conclusively that helium molecular 
ions are formed by the attachment of excited helium atoms to normal 
atoms by the process 

He'-f He-^Hef -he. 

We see from fig. 4 that the molecular ionization sets in when the electrons 
reach an energy of between 19 and 20 eV which confirms the value 19*8 eV 
found in Paper I. The balanced space-charge apparatus used in the work 
described in our first paper is far more sensitive than the mass spectrograph 
used here, and it enabled the appearance potential of the molecular ions to 
be obtained more precisely. 

In view of the importance of knowing the precise value of this appearance 
potential it will be as well to review the evidence put forward in Paper I 
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to show that the value 19*8 eV obtained there represents the onset of a true 
molecular ionization. Since the ions could not be analysed magnetically in 
the apparatus of Paper I we have to show that the ionization setting in at 
19*8 eV is not due to atomic ions formed by some secondary process. 

The balanced space-charge apparatus showed that no trace of ionization 
was detected in neon and in argon, even at pressures as high as 0*13 mm. in 
neon, until the energy of the electrons reached the atomic ionization poten¬ 
tial. But, in helium, a strong ionization set in at pressures from 0*056 to 
0*15 mm. at an electron energy of 19*8 eV, which is 4*7 V below the atomic 
ionization potential. 

Atomic ions of helium could be formed below the ionization potential by 
a double electron collision, the second collision ionizing a metastable (or 
otherwise excited) atom; they can be produced also by a collision of the 
second kind between two metastable atoms. However, if atomic ions were 
formed by either of these processes in helium, then they should occur also 
in neon and argon which both possess metastable states of long life. Since 
no trace of any ionization was detected below the ionization potential in 
neon and argon we concluded that the probability of atomic ions being 
formed by such double collision processes was too small for the ions to be 
detected. 

This conclusion is confirmed by the work described in this paper; for, 
although atomic ions are found by the mass spectrograph to be present 
below the ionization potential, these ions have been shown to be due to a 
process which could not possibly have occurred in the balanced space-charge 
apparatus, because in that apparatus there was no field in which the 
electrons liberated by metastable atoms could attain the ionization energy. 

These two quite independent pieces of experimental evidence, which 
show that the ionization occurring below the ionization potential in the 
apparatus of Paper I is not due to atomic ions, are given further support 
by a consideration of collision probabilities. At the pressure of 0*15 mm. the 
helium gas density is 5 x 10 15 atoms/c.c., while the electron density in the 
region where the ions are formed is only about 10 7 electrons/c.c. for electron 
energies of about 20 eV. Therefore the probability of a metastable atom 
colliding with an electron and being ionized to He + is negligibly small 
compared to the probability of its colliding with a normal atom to form He} 
by attachment. Also the probability of two metastable atoms colliding to 
form He + will be very small compared to the probability of collision between 
one metastable atom and a normal atom leading to the formation of Hef. 

That the ionization observed in helium in the space-charge apparatus at 
19*8 eV was due to ionization of an impurity, such as H 2 , N 2 , 0 2 or CO, by 

S-2 
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collisions of the second kind with metastable helium atoms does not appear 
to be at all likely since such an effect should also show up in the neon results, 
for the metastable states of neon, as w r ell as helium, have energies greater 
than the ionization potentials of these impurities. There is no reason to 
suppose that the helium was any less pure than the neon or argon. All 
three gases were freshly supplied in glass containers and were guaranteed 
by the British Oxygen Company to be spectroscopically pure. Further, this 
ionization of helium at 19-8 eV is confirmed by the HeJ curve of fig. 4 
obtained with the mass spectrograph and which therefore is definitely due 
to He^“ and not to any impurity. 

The evidence thus seems to be quite conclusive, and it shows that mole¬ 
cular ionization sets in at an electron energy of 19*8 eV. Therefore helium 
molecular ions are formed by the attachment of Is 2s, 3 S metastable atoms 
of 19*77 eV energy to normal atoms. The process may now be written as 

He(ls 2 ,*S 0 ) + He'(l s2s, 3 S)->He^(lsa- 2 2pcr, + (3) 

in which the first term represents the normal atom in its ground state 
1 1 S 0 and the second term represents the excited atom in the metastable 
state 2 3 S of 19*77 eV energy. This confirms the conclusion reached in Paper I 
from less definite evidence. 

The energy of dissociation of the ionized molecule is given by 

A “ la “ Im + A)> ( 4 ) 

where I a = 24*47 V is the ionization potential of the atom, I m that .of the 
molecule and D 0 the energy of dissociation of the normal molecule in its 
ground state. Since the ground state of He 2 is known to be unstable D 0 is 
zero. Therefore from the formation process (3) the ionization potential of 
the molecule must be equal to or less than 19*77 V, and hence from (4) its 
dissociation energy D i is equal to or greater than 4*7 eV, 

The lowest stable state of He 2 is the Iscr 2 2per 2 scr, state which on 

dissociation yields a normal atom and a metastable atom of 19*77 eV energy. 
The ionization potential of this molecular state is 34,302 cm.- 1 which is 
equivalent to 4*23 V (Jevons 1932). 

From the above data we can now obtain approximate potential energy 
curves for the ground state, the lowest stable state and the ionized state of 
the helium molecule. These are shown in fig. 6. The abscissa scale repre¬ 
senting the distance between the two nuclei of the molecule has been taken 
from the similar potential energy diagram, fig. 49, given in Mulliken’s report 
on band spectra (1932). The value of I m in the figure represents only an 
upper limit to the molecular ionization potential, and consequently the 
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values of D and T> i represent lower limits to the dissociation energy of these 
states. We see from the diagram that the collision of a metastable Is 2s , 3 S 
atom with a normal atom may lead to an ionized molecule or to a neutral 
molecule in any of the various states lying between the He} state and the 
lowest stable state Isa 2 2per 2scr, by radiation of the excess energy. 



r in angstrom units 

Fig. 6. Approximate potential energy curves for the ionized state, the lowest 
stable state and the ground state of the helium molecule. 

The process of attachment can be pictured as follows. As the normal and 
metastable atoms approach each other the nuclear separation r decreases, 
the total energy of the system remaining constant as shown by the hori¬ 
zontal line ABC. The potential energy of the system is given by the curve 
AEC, and the kinetic energy by the differences between AEG and ABC for 
each value of r. At A the energy is all potential. As r decreases to E the 
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potential energy decreases while the kinetic energy of the approaching 
particles increases. As r becomes less than E the potential energy increases 
until when r = C the energy is again all potential, and C represents the 
closest distance of approach of the two nuclei. If the collision is elastic the 
two atoms separate, the total energy remaining constant and equal to the 
height of the horizontal line CBA . 

But suppose the collision is inelastic, an electron being liberated from the 
quasi-molecule when r = (say) E. The whole of the kinetic energy of the 
system, which is EB = 4*23 eV, is used in raising this electron to the outside 
of the atom where it then drifts away. Since the electron carries away no 
energy the total energy of the system remains unaltered, but the loss of the 
electron profoundly alters its potential energy which is increased by the 
amount EB and is now represented by the point B on the potential energy 
curve of the ion. The energy of the system is now all potential and the 
resulting molecular ion is stable. 

The upper limit set to the molecular ionization potential is 19*77 V. In 
Paper I we quoted the ionization potential of the molecule obtained from 
the band spectrum limit given by Jevons ( 1932 ) as 18*58 V. Dr G. Herzberg 
has kindly drawn our attention in a private communication to a letter by 
M ullik en ( 1934 ) in which it is stated that the series of adsorption bands 
from which this value of 18*58 V was obtained has since been attributed to 
nitrogen. 

The dissociation energy of the lowest stable state of He 2 is given by 
Weizel ( 1931 ) as about 20,000 cm . -1 which is equivalent to D~ 2*46 eV 
instead of our value of 4*23 eV. From Weizel’s value for D, together with the 
ionization potential of the lowest stable state, 4*23 eV, and the ionization 
potential from the metastable Is 2 s, 3 S state, 4*70 eV, we obtain D^~3 eV 
and I m ~ 21*5 eV, instead of our values of D i ^ 4*7 eV and I m ^19*77 eV. Our 
lower limit for D i is thus 1*7 eV higher than the spectroscopic value, and 
our upper limit for I m is 1*7 eV lower than the spectroscopic value. 

Two quantum theoretical determinations have recently been made for D^ 
Pauling ( 1933 ) obtains the value 2*47 eV and Weinbaum ( 1935 ) finds 
D<~ 2*22 eV. 

McCallum and Wills ( 1938 ) find that when helium at a pressure of about 
25 mm. is excited in such a way as to produce the line spectrum and the 
band spectrum in comparable intensity the band spectrum persists much 
longer than the line spectrum after the excitation is removed. They show 
a spectrogram of the discharge taken sec. after the discharge had been 
interrupted in which the line spectrum has disappeared while the band 
spectrum is still of approximately the same intensity as that from the dis- 
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charge before interruption. Since the rate of decrease in intensity of the 
band spectrum with time after the interruption of the discharge is of the 
same order as the rate of decrease in the number of metastable atoms it 
appears, as they point out, that the helium molecules are formed by attach¬ 
ment of metastable atoms to normal atoms. It has been pointed out (Arnot 
1938 ) that this conclusion is in full accord with our results first reported in 
Paper I and confirmed in this paper. 

Since the bands observed by McCallum and Wills are in the visible part 
of the spectrum the attachment of a metastable atom to a normal atom can 
not in general lead to the formation of a molecule in the lowest stable state 
Iscr 2 2pcr 2scr, 3 27* (see fig. 7), but must form a molecule in a highly excited 
state. Our work shows that the molecule formed by this attachment may 
be excited even to the limit of ionization. 

It is therefore not essential to assume, as has been done by Emeleus and 
Duffendack ( 1935 ), that the molecules formed by attachment of metastable 
atoms to normal atoms are in the lowest stable state, and that the visible 
spectrum is due to these molecules being excited to higher states by sub¬ 
sequent electron collision. 

We have shown in our work on the formation of mercury molecules 
(1938 a) that excited atoms in states other than P-states do not apparently 
form ionized molecules of mercury even though they have more than 
sufficient energy to do so. We see from this work, however, that helium 
molecules are formed from excited atoms in S-states. 

We are indebted to Professor K. G. Emeleus and to Dr G. Herzberg for 
discussions on the results of this investigation. 

SUMIUARY 

An investigation of the formation of ionized helium molecules has been 
made by means of a mass spectrograph. The results obtained confirm the 
conclusion reached in our first paper on this subject from less definite 
evidence. It is shown that helium molecular ions are formed by the attach¬ 
ment of atoms in the Is 2s, 3 S metastable state of 19-77 eV energy to normal 
atoms in the ground state Is 2 , a S 0 according to the process 

He(ls 2 , 1 S 0 ) + He'(ls 2 s, 3 S)^Hef (lscr 2 2 pcr, 2 Z£) + e. 

Since the ground state of the neutral molecule is unstable this process 
fixes an upper limit of 19-77 V for the ionization potential of the molecule. 
The lower limits for the work of dissociation of the neutral molecule in its 
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lowest stable state Isa 2 2 pa 2sa, S U+ and of the ionized molecule are found 
to be respectively 4-23 and 4-70 eV, which are both 1-7 eV higher than the 
usually accepted values. 

Attention is drawn to the fact that these molecular ions are formed from 
excited atoms in S-states, whereas we have shown that mercury molecular 
ions are apparently formed only by excited atoms in P-states. 
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Two-phase equilibrium in binary and ternary systems 
I. The system methane-ethane 

By M. Ruhemann 

{Communicated by A, C. Egerton , F.R.S.—Received 23 January 1939) 

1 . Introduction 

The conditions of pressure, temperature and composition under which 
liquid and vapour mixtures are in equilibrium must generally be determined 
by direct experiment. The thermodynamical relationships connecting them 
are applicable only when an accurate equation of state is known for the 
mixture in both phases, or when special circumstances permit the equations 
to be simplified, such as when the vapour phase may be considered as a 
perfect gas, or when the laws of perfect solutions may be expected to hold. 
At sufficiently low pressures and temperatures some such simplification 
may frequently be made, but at higher pressures and temperatures, more 
especially near or above the critical point of one of the components, the data 
needed to calculate the equilibrium conditions are usually unknown and 
difficult to ascertain. This can be made clear by deriving, as shortly as 
possible, the principal thermodynamical relationships for a two-phase 
binary system. 

The equilibrium of a liquid mixture with its vapour may best be repre¬ 
sented with the help of the thermodynamic potential G. If 

Z = (m a -bm 6 +...)(?, (1) 

where m a , m bi ... are the number of mols of the components a, b, ... and 

G = U-TS+pv , (2) 

the conditions of equilibrium are that T and p be the same in both phases 
and that, at constant T and p, for m a + m b +... = const., 

8Z = 0. (3) 

For a binary system this gives 



where 1 and 2 denote the two phases. 

[ 121 ] 
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Introducing the concentration of one of the components 




x = 


m a +m b 


(4) and (1) give = { Q ~ x ^ 

and for a change from one equilibrium state to another such state 


which, in accordance with (2), may be written 


,dG 


But 


K - v x ) dp - (#2 - SJ dT - (z 2 ~ x i) d fa =0 - 

, 9 (? d 2 G J d*G , d 2 G Jm 
d dx~ dx* dx + dxdp dp + dxdT dT 


(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 


and 



(8) may therefore be written 



= -S. 


Jv 2 - % - (<r a - Xl ) d ^dp- Js 2 -S^fa-xJ^dT- (* 8 - xj - 1 dx r = 0. 

( 10 ) 

A similar equation will hold for the other phase. 

Equation (10) is a perfectly general thermodynamical formula and con¬ 
tains no simplifying assumptions. Particular cases may be obtained by 
putting one of the differentials equal to zero. Thus, for an isothermal change, 


or 


V 2-Vl-( X 2- X l) 


dv 1 

dx x 


dp = (x 2 -x 1 )^dx 1 



i) 


dx\ 


^2 (^2 X-jJ 


dv x 

dx x 


( 11 ) 


( 12 ) 


(dp/dx^ signifies that the differentiation is to be carried out along the 
equilibrium curve for a constant temperature. 

d 2 GJdxl may be calculated by considering that, on the one hand 

G = U —TS+pv, (2) 


and, on the other, 


G= + T ), 


(13) 
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where the function <f> is independent of pressure and therefore valid also at 
such low pressures at which the vapour may be considered as a perfect gas. 
By equating the expressions on the right of (2) and (13), it follows that 


0 — ^vdp + RT{(1 — x)]n(l — x) J rxhix}- s rPx + Q i (14) 


where P and Q are arbitrary constants. Hence 


and 


3 G fdv x n 

a* - \te d P +RT]n T^c +p 

\J%AJ J \J%AJ X tAJ 

d*G r&v, RT 

dx 2 J ox 2 ^ + a;(l — x)' 


Inserting (16) in (12) 




RT \ 

ffl(l — X X )J 


v 2 -v 1 -(x 2 -x 1 ) 


dv x 

dx 1 


(15) 

(16) 


(17) 


Therefore, to calculate the slope of the vapour (liquid) curve for a given value 
of x v the composition of the vapour (liquid) phase, it is necessary to know 

(1) the corresponding value of x 2 , 

(2) the specific volumes of both phases, 

(3) the partial volumes dvjdx 1 of the vapour (liquid) phase as an explicit 

function of pressure, 

while to determine the position of the curve 

(4) the pressure p at which x x is a saturated vapour (liquid) must be 

known, and the vapour (liquid) curve can be constructed if the 
other curve is known. 

But in most practical cases, even if one of the equilibrium curves is known, 
the specific and partial volumes are not. The only case in which equation 
(17) can be applied is when the vapour is a perfect gas and the volume of 
the liquid can be neglected as compared with that of the vapour. Then 
dvjdx 1 = 0 and v x = RTjp. Equation (17) then reduces to 


'dp\ _ (gi 
dx x J T 0 ^( 1 — a^) * 


(18) 


This is identical with the so-called Duhem-Margules equation and can be 
integrated by various methods. 

In all other cases the equilibrium curves themselves are easier to deter¬ 
mine by experiment than are the data needed to apply the formulae, unless 
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the mixtures can be expected to obey the laws of perfect solutions. In this 
case, if 1 refers to the vapour and 2 to the liquid phase, p 1 signifies the 
partial pressure of the component whose concentration is x , and tt its 
saturated vapour pressure at the temperature considered, 

Pi = x 2™> ( 19 ) 

or, if the vapour is a perfect gas, 

x iP = x 2 7r - ( 20 ) 

A better and more logical definition of a perfect solution is obtained if the 
fugacity is substituted in ( 19 ) for the partial pressure. This equation then 
represents the behaviour of a good many binary mixtures as long as the 
pressure is well below the critical pressure of both components. But at 
higher pressures it is no longer possible to deduce the fugacity of a gas in a 
mixture from that of the pure components. 

Comparatively little work has been done hitherto even on binary systems 
at elevated pressures, and very few ternary systems have been examined. 
It has therefore been thought advisable to supplement the existing data by 
a systematic study of certain binary and ternary systems of related com¬ 
pounds, and the present paper, the first of a series, contains the results for 
the two paraffin hydrocarbons methane and ethane. 


2. Methods and apparatus 

Before commencing the work a review was made of the various methods 
available for measuring liquid-vapour equilibrium. These can be allocated 
to the following groups: 

( 1 ) Dew- and boiling-point method . A gas of known composition is intro¬ 
duced into an equikbrium vessel at a given temperature. The pressure is 
observed at which condensation commences and is completed. 

This method was developed by Kuenen at Leiden and has been employed 
by Kuenen and Clark (1917) and Kuenen, Verschoyle and van Urk (1922) 
in conjunction with volumetric measurements, and by L. Meyer (1936) on 
the nitrogen-oxygen system, by Steckel (1935) on mixtures of nitrogen and 
carbon monoxide, by Holst and Hamburger (1919) on argon-nitrogen mix¬ 
tures, by Bourbo and Ischkin (1936) on mixtures of oxygen and argon, and 
by Sage and Lacey (1934) on propane and methane. It has the advantage 
that the phases need not be analysed, since the mixtures may be composed 
arbitrarily, but it is not very accurate, as under certain conditions the dew 
points and boiling points may not be sharply defined. 
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( 2 ) Statical method . A mixture is confined in the equilibrium vessel at 
constant temperature and pressure. The composition of liquid and vapour 
phases is determined. 

The statical method was used by Verschoyle ( 1931 ) on nitrogen- 
hydrogen, carbon monoxide-hydrogen and the ternary system nitrogen- 
carbon monoxide-hydrogen, by Freeth and Verschoyle ( 1931 ) for hydrogen- 
methane mixtures and by Ruhemann and Fedoritenko ( 1937 ) for mixtures 
of nitrogen and helium. It is a useful and fairly accurate method for high 
and moderate pressures. Its chief disadvantage is that equilibrium is apt 
to be destroyed when analysis samples are taken. It is this that renders the 
method inaccurate at low pressures, since here the amount of gas needed 
for the analysis is of the order of magnitude of the total amount of gaseous 
phase present in the equilibrium vessel. 

(3) Flow method . The mixture is passed slowly and continuously at 
constant pressure and temperature through an apparatus that is so con¬ 
structed as to ensure good thermal contact with the liquid in the thermostat. 
The vapour phase flows into a gas-holder, the liquid collecting in a receptacle 
at the bottom of the apparatus. The gas in the holder is analysed at the 
end of each run, as well as a portion of the liquid phase. 

The method has been used by Steckel and Zinn ( 1939 ) with the system 
hydrogen-methane-nitrogen, by Ruhemann and Zinn ( 1937 ) with hydrogen- 
nitrogen-carbon monoxide, and by Ruhemann and Fedoritenko ( 1937 ) 
with nitrogen and helium. It is suitable for high and low pressures and, if 
properly handled, gives accurate results. 

(4) Circulation method. A gaseous mixture is circulated through the 
liquid in the equilibrium vessel by a small pump at constant pressure and 
temperature. In course of time, liquid and gas assume equilibrium. Both 
phases are analysed at intervals -until the tests give constant results. 

This method was developed by Dodge and Dunbar ( 1927 ) in their classical 
work on oxygen-nitrogen mixtures. It has recently been employed by 
Torocheshnikov ( 1937 a and b) in studying the equilibrium of the carbon 
monoxide-nitrogen system. It is probably the most accurate and reliable of 
all existing methods, but requires a rather elaborate and complicated equip¬ 
ment. 

For the experiments here to be described, the flow method (3) has been 
used, as this appears the simplest for a long series of measurements, and is 
at the same time sufficiently accurate. The apparatus used was essentially 
the same as that constructed by Steckel and Zinn, but the method was 
varied in one important point. Whereas in the work of Steckel and Zinn, 
the liquid and vapour phases were allowed to collect and were analysed 
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after each run by chemical means, in these experiments the phases were 
analysed continuously with a “ catharometer ”, an apparatus based on the 
different thermal conductivities of the components. This was possible as 
only a binary system was involved, while the mixtures studied by Steckel 
and Zinn were ternary and thus difficult to analyse with a catharometer. 
Whereas the analysis tests of these authors gave average compositions for 
a whole experiment, momentary compositions of the liquid and vapour 
phases were obtained in the present experiments. 



The general set-up is shown in fig. 1. The mixtures were made up in the 
copper cylinder M of about 100 c.c. capacity, by condensing each com¬ 
ponent separately, while M was cooled with liquid air. On removing the 
liquid air, the pressure of the mixture rose and could be read off on the 
Bourdon gauge J\. Since the critical temperature of ethane is 32° 0, M was 
kept in hot water before and during a run, to prevent partial condensation 
and separation of the components in the vessel. M was usually filled with 
sufficient gas to bring the pressure to about 100 atm. before the experiment 
began. It was not necessary to know accurately the composition of the 
mixtures in M. 

The Hofer valve R permitted gas to be introduced to the equilibrium 
vessel E 9 which will be described later. This vessel was immersed in a Dewar 
vessel containing a liquid of known temperature. In E the mixture separated 
into a liquid and a vapour phase. The vapour was removed continuously 
from the top of the vessel through the valve V* and the liquid was drained 
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from the bottom through V 3 . The two mixtures, which emerged as gases at 


room temperature and atmospheric pressure, 
could, by manipulating the stopcocks C ± and 
C 2> be passed either to the storage vessels S 1 and 
$ 2 , or through the catharometer E, in which 
their composition could be determined. 

S x and S 2 were connected through the bottles 
B x and B 2 to the flowmeters F 1 and F 2 , which 
enabled the rate of flow of both phases to be as¬ 
certained while the gases were being collected in 
the storage vessels. Since the pressure head on 
the flow-meter is an unique function of the 
velocity of the gas only when the viscosity of 
the latter is constant, the flow-meters could not 
be traversed by the mixtures themselves, whose 
viscosity depended on their variable composi¬ 
tion. To obviate this difficulty, S x and S 2 were 
filled with water and connected with B ± and B 2 
as indicated, the latter containing air. When the 
gases entered S 1 and S 2 , the water was displaced 
and driven into B 1 and B 2 , the air escaping 
through the flow-meters and thus indicating 
the velocity of the mixtures. When desired, the 
gases could be disposed of through the stopcocks 
T x and T 2 . In this case the water flowed back into 
S x and S 2 , drawing the air after it through the 
flow-meters. 

The valves V v V 2 and 1^ were so adjusted that 
the pressure in E , as read on the Bourdon gauge 
P 2 , remained constant within 0-1 atm. for periods 
of about 20 min., during which the catharometer 
was read every minute. WTien the readings re¬ 
mained constant, it was assumed that equili¬ 
brium had been reached. 

The equilibrium vessel is shown separately on 
fig. 2. It consists of a thick-walled copper vessel 
E of about 10 c.c. capacity, conical at the bot¬ 
tom, with a copper lid screwed on and soft- 
soldered. The incoming gas is distributed in 



Fig. 2. Equilibrium vessel. 


the manifold D into eight narrow copper capillaries, 0-5 mm. inner 
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diameter, of which only four are shown on the figure. The capillaries are 
wound in a spiral of four turns and are soldered through the lid of the 
equilibrium vessel. Within the vessel their open ends were turned to face 
the walls. A tube 2\ is attached to the conical base of E to emit the liquid, 
and another T % in the centre of the lid to pass out the vapour. The inlet and 
the two outlet tubes are soldered through a spun brass cap L , which is 
attached with a section of the inner tube of a motor cycle tyre to a glass 
Dewar vessel U , filled with the cooling liquid. A tube R, which is connected 
to a gasholder, allows the vapour from the cooling liquid to be collected. 

When the mixture passes slowly through this apparatus, a liquid-vapour 
eq uili brium is brought about in the copper capillaries. The two phases 
spurt against the wall of E , the liquid falling to the conical base and the 
vapour rising to the top. To prevent droplets being carried up with the 
vapour, two layers of fine copper gauze are inserted below the lid at G . The 
velocity of the phases is generally kept between 1 and 2 l./hr. 

The catharometer, which, like all other parts of the apparatus, was made 
in the laboratory workshop, is of the usual four-wire type. Four sym¬ 
metrical holes, 3 mm. in diameter, are drilled parallel to the axis of a brass 
cylinder, 4 in. long and 2 in. wide. Two are connected by means of horizontal 
channels near the top and bottom to a central bore, through which the gas 
to be analysed is passed. This makes the two tubes “self-ventilating”. 
Platinum wires 0*001 in. in diameter are supported on thin copper springs 
in each tube, insulated with ebonite plugs and fixed with brass nuts, that 
press ebonite tubes on the copper leads. The two tubes through which the 
gas to be analysed does not pass are filled with air. 

The four platinum filaments form a Wheatstone bridge, and are fed 
from a 2 V storage battery with a small sliding resistance in series. The 
potential at the ends of the bridge is 1*6 V and is maintained accurately 
constant and read on an accurate voltmeter. To compensate for small 
inequalities in the four filaments, a small resistance, consisting of 6 in. of 
straight 32-gauge constantan wire, is inserted in the bridge circuit and fitted 
with a sliding clamp connected to one terminal of the sensitive millivolt- 
meter that serves as a galvanometer. This also enables us to adjust the zero 
reading, which is obtained by filling all four chambers with air and is slightly 
dependent on the temperature of the environment. The analysis test is 
made by reading the deflexion of the millivoltmeter. 

The thermal conductivity of air, slightly above room temperature, is almost 
exactly midway between that of ethane and methane. The bridge was so 
adjusted that the deflexion was zero when all four chambers were filled with 
air. This makes it possible to work with a sensitivity corresponding to a 
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deflexion or throw of twice the scale, as between pure methane and pure 
ethane. Actually full use was not made of the sensitivity, as it was not 
necessary to take readings more accurately than to 0*2 %. The difference 
in throw between pure methane and pure ethane amounted to 95 scale 
divisions, and could be read off without effort to 0*2 of a division. The 
sensitivity could easily have been increased by slightly raising the current 
in the filaments, but this was unnecessary. 

The catharometer was calibrated with a number of mixtures of known 
composition, specially made up for the purpose. The line showing the throw 
of the instrument as a function of the percentage of methane in the mixture 
was very nearly straight. 


3 . Experiments and results 

As it is easier to vary the pressure than the temperature, various con¬ 
stant temperatures were obtained with cooling agents and the pressure was 
varied within wide limits. This procedure naturally furnished pressure- 
composition curves. The temperatures chosen w r ere as follows: 

0 ° C: crushed ice and water, 

— 42° C: propane boiling at atmospheric pressure, 

— 78° C: solid carbon dioxide with toluene, 

— 88° C: ethane boiling at atmospheric pressure, 

—104° C: ethylene boiling at atmospheric pressure. 

From occasional tests taken with a resistance thermometer it followed that 
the temperatures of the various baths wure accurate to within ±0*3° 
(probably rather better), except in the case of liquid propane, with which 
difficulties were experienced, as will be mentioned later. 

The methane and ethane from which the mixtures were prepared had 
both been synthesized previously in the laboratory on a nickel catalyst. 
The methane was made from CO and H 2 , the ethane from C 2 H 4 and H 2 . 
Both were twice distilled. The ethane for the cooling bath and part of that 
used for the mixtures were made in the same way during the experiments. 
The gas formed in the reaction w r as passed through three consecutive bottles 
filled with a solution of bromine in potassium bromide, to scrub out the 
remnants of ethylene, and then through a strong solution of caustic potash. 
The bromine was replaced as soon as discoloration became noticeable. The 
gas was then condensed in liquid air and allowed to evaporate into the atmo¬ 
sphere until the thermal conductivity of the escaping vapour, as read on 
the catharometer, became constant. This was"generally the case when about 
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one-quarter liad evaporated. The remainder was then collected in a gas 
holder. The ethane used for the mixtures was distilled again, and agah 
passed through bromine solution. 

The propane, ethane and ethylene were condensed into 
the Dewar vessel by means of a simple device, shown on fig. 3. 

A copper tube, 1 in. in diameter, closed at the bottom, was 
soldered through a spun brass cap, fitted with an inlet and 
an outlet tube. The former reached down below the 1 in. 
copper tube, as shown. The cap was attached to the Dewar 
vessel by a rubber collar. The central tube was kept filled 
with liquid air and the gases were condensed on its outer 
wall and collected in the Dewar vessel. The latter was then 
removed from the cap and attached to the equilibrium 
vessel. During the subsequent run, gas could be condensed 
in a second Dewar vessel, so that liquid could be added to 
the bath when necessary. 

While the mixture was passing through the apparatus, 
the catharometer was read every minute for the liquid or 
for the vapour phase. At the same time the potential on the 
catharometer was checked and the pressure in the equili¬ 
brium vessel was read on the Bourdon gauge. Table I shows 
a typical set of readings, t gives the time in minutes from 
the beginning of the experiment, p the pressure in the 
equilibrium vessel, V the potential on the catharometer 
in arbitrary units and Th the throw of the millivoltmeter 
which determines the composition. 

Table I. 20 June 1938. Exp. 15. T = - 104° C 


Vapour phase_ Liquid phase 


t 

P 

V 

Th 

t 

V 

V 

Th 

34 

11*4 

8-00 

1*31 

27 

10*1 

8*00 

+ 0*01 

35 

11-4 

8*00 

1*38 

28 

10*1 

8*00 

-0*37 

36 

11-3 

8*00 

1*39 

29 

10*1 

8*00 

— 0*50 

37 

11-3 

8*00 

1*40 

30 

10-1 

8*00 

-0*51 

38 

11-3 

8*00 

1*40 

31 

10*1 

8*00 

-0*52 

39 

11-3 

8*00 

1-41 

32 

10*1 

8*00 

-0*51 

40 

11*3 

8*00 

1*40 





41 

11*3 

8*00 

1*40 







Most of the runs were satisfactory, but difficulties sometimes arose s 
high pressures, where the equilibrium vessel occasionally became swampe 
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with liquid. This is due to the short distance between dew and boiling curves 
at these pressures (see fig. 4). Occasionally, moreover, concentration heads 
developed in the liquid phase, especially when the equilibrium vessel was 
almost full of liquid. The best readings were obtained when there was not 
much liquid in the vessel, just enough to prevent vapour from being sucked 
out along with the liquid phase. In the experiments made in liquid propane, 
the readings were sometimes irreproducible, and some runs had to be dis¬ 
carded. This was later found to be due to supercooling of the propane 
during condensation and the consequent development of a temperature 
head in the liquid. The propane could be brought back to its boiling point 
by passing a current of propane gas through the liquid. As this effect was 
not discovered until after the experiments had been terminated, the curves 
obtained at — 42° C are of a lower order of accuracy than the others and have 
not been included in the figures. 

The p-x curves, obtained directly from the experiments, are shown on 
fig. 4. The points referring to different readings are marked distinctively. 
The most characteristic feature is the point of inflexion on the liquid branch, 
which is apparent at all the temperatures except the lowest and determines 
the shape of the diagrams. It is interesting to observe the change in shape 
as the critical point of methane is approached and passed, which is at — 82° C. 
At — 88° the vapour branch at high pressures becomes nearly parallel to 
the ordinate axis and, owing to the point of inflexion, the liquid branch 
becomes steeper. At — 78°, just above the critical temperature of methane, 
the vapour branch has broken away from the methane axis and has become 
practically vertical, while the liquid branch has become very steep indeed. 
Even at 100 atm. above the highest points in fig. 4, there is no sign of the 
curves closing up and no retrograde condensation. Between —81° and —78°, 
the critical pressure has risen from 46 atm., the critical pressure of pure 
methane, to a value well above 100 atm. Only at 0° C could a closed curve 
with retrograde condensation be observed, and here the critical pressure is 
about 82 atm., as compared with 50*3 atm. for pure ethane at -f 32°. Un¬ 
fortunately, the curves for — 42°, owing to the difficulties encountered with 
propane, were not considered to be sufficiently reliable to extend them to 
higher pressures, and so there are not enough points to trace the critical 
curve. 

By reading off corresponding points on the p-x diagrams, the T-x curves 
were drawn, as shown on fig. 5. Since the intervals between points are very 
different at different pressures, the accuracy of these curves is not the same 
in all cases. The spacing is most even in the case of the curves for 15 atm. 
For this reason it was not justifiable to compute interpolation formulae for 
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Fig. 4 


100XCH4’ 
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the T-% diagrams, nor could the curves be extended to higher pressures 
without greatly reducing the accuracy. 

The T-x curves may be compared with the theoretical curves, obtained 
under the assumption that methane and ethane behave like perfect solutions. 
In this case the particular solutions of the Duhem equation known as 
Raoult’s Law can be used, which may be written in the form 


Pi = 






- 7T-i ~ X-, 77 




P* = 


Tin 


Tl ^ + 72-2 


77 2 = (1 —a5i)7T a 


where p x and p 2 are the partial pressures of the two components and tt 1 
and it 2 their vapour pressures at the particular temperature. n x and n 2 
are the number of gram-molecules of each component in the liquid phase 
and is the concentration of the first component. 

For the total pressure p the following two equations then hold: 


p = -j- ( 7 r 1 — n 2 ) x 1 and p 


7 T, 77, 


1"2 


77i-(771-772)% 5 


where z 1 is the concentration of the first component in the vapour. By 
solving these two equations for x 1 and z v we obtain 


x 1 = 


PzJL 2 

7T-t 7T 9 _ 


Z, = 


7 h 

p 


Table II. Composition op liquid and vapour in equilibrium 

AT VARIOUS PRESSURES AND TEMPERATURES. COMPOSITIONS IN 


/JQ 

PERCENTAGE METHANE BY VOLUME 

5 atm. 10 atm. 15 atm. 

20 atm. 

_A_ 

Jr 




... 


-> 



t° 0 

Liq. 

Vap. 

Liq. 

Vap. 

Liq. 

Vap. 

Liq. 

Vap. 

- 10 

— 

— 

— 

— 

— 

— 

1*1 

6*6 

- 20 

— 

— 

— 

— 

0-9 

4*2 

5*8 

33*0 

- 30 

— 

— 

— 

— 

4-6 

26*4 

10*7 

51*4 

- 40 

— 

— 

2*5 

19*5 

9-0 

45*2 

16*1 

65*0 

- 50 

— 

— 

6-0 

40*9 

13*5 

60*1 

22*0 

75*0 

- 60 

1*7 

25*8 

9-6 

57*4 

18*3 

72*0 

28*2 

82*3 

- 70 

4*0 

50*0 

13*6 

70*1 

23*7 

81*6 

35*0 

88*1 

- 80 

7*0 

65*7 

18-2 

81*0 

29*8 

88*6 

43*3 

92*5 

- 90 

10*5 

77*0 

23*9 

89*0 

37*2 

93*9 

54*5 

96*3 

-100 

14*6 

85*6 

30*9 

95*1 

48*6 

97*3 

71*5 

98*9 

-110 

21*3 

91*4 

43*8 

97*5 

68*5 

99*5 

_ 

_ 

-120 

32*9 

95*7 

69*5 

99*4 

— 

_ 

_ 

_ 

-130 

56*0 

98*7 

— 

— 

_ 

_ 

_ 

.. . 
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The curves obtained from these equations have been included on fig. 9. 
They show that, up to 15 atm., ethane and' methane mixtures do not 
deviate very markedly from perfect solutions. The theoretical curves for 
20 atm. would have been too inaccurate, as the temperature interval covered 
is mainly above the critical temperature of methane. 

From the point of view of separating ethane-methane mix tures, it may be 
noted that, as was to be expected, the distance between boiling and dew 
curves becomes smaller as the pressure increases. It is therefore easier to 
separate these mixtures at low pressures. This is the same as in the*case of 
oxygen-nitrogen mixtures, and will always be the case when the mixtures 
behave similarly to perfect solutions. Table II contains the compositions of 
liquid and vapour in equilibrium at various pressures and temperatures, 
obtained from the smooth curves of fig. 5. 

The thanks of the author are due to Professor A. C. Egerton, E.R.S., and 
Professor D. M. Newitt for much helpful advice and for kindly placing the 
resources of the Department at his disposal. Part of the expenses of the 
investigation have been defrayed by the Anglo-Iranian Oil Co. and the 
Institution of Gas Engineers. 


Summary 

1. Thermodynamical formulae are derived for the equilibrium of a 
binary liquid with its vapour. 

2 . An apparatus is described for determining dew and boiling curves of 
mixtures at low temperatures. 

3. Pressure-composition curves of methane-ethane mixtures have been 
determined at —104, — 88, — 78, — 42 and 0° C at pressures up to 100 atm. 

4. On the basis of these measurements temperature-composition curves 
have been computed for 5, 10, 15 and 20 atm. 

5. The critical pressure of methane-ethane mixtures rises between the 
critical point of methane (— 82° C) and — 78° C from 45*8 atm. to well over 
100 atm. 

6 . Up to 15 atm. methane-ethane mixtures show only slight deviations 
from perfect solutions. 
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Determination of the adiabatic piezo-optic 
coefficient of liquids 

By Sir Venkata Raman, P.R.S., and K. S. Venkataraman- 
(Received 16 January 1939 ) 

1. IXTKODUCTIOX 

The variations in the refractive index of a liquid under external force 
may be expressed either in terms of the applied pressure or of the resulting 
change of density, in other words as proportional to the piezo-optic co¬ 
efficient (< dfijdp ) or to the elasto-optic coefficient p(d/i/dp). The ratio of the two 
coefficients is the compressibility /? of the liquid; according as the pressure 
is applied adiabatically or isothermally, we have 

(djujdp)$ = pid/i/cp)^.^ (Entropy $ constant) 

(dpjdp) t — p(dpjdp) t ./ 3 i (Temperature t constant). 

In some important optical problems, e.g. the diffraction of light by ultra¬ 
sonic waves, or the diffusion of light resulting from the Debye waves in 
a liquid, we are concerned with compressions and rarefactions occurring 
under adiabatic conditions and with the resulting changes of refractive 
index. As a rough approximation, the two elasto-optic coefficients may be 
taken to be equal and the two piezo-optic coefficients to be therefore in the 
ratio of the adiabatic and isothermal compressibilities. More exactly, how¬ 
ever, these relations would not subsist, as a consequence of the refractive 
index of a dense fluid being in general a function of both density and 
temperature, and not of the density alone. 

The piezo-optic coefficients under isothermal conditions for several liquids 
■are known from the work of Rontgen and Zehnder (1891), Himstedt and 
Wertheimer (1922) and Eisele (1925), and the corresponding elasto-optic 
coefficients can be calculated from a knowledge of the isothermal compressi¬ 
bilities. No attempt appears, however, so far to have been made to deter¬ 
mine the piezo-optic coefficient under adiabatic conditions directly by 
experiment. As the adiabatic coefficients and not the isothermal ones enter 
in some important applications of the subject, a knowledge of the former is 
clearly necessary. Further, as remarked above, the adiabatic and isothermal 
elasto-optic coefficients are not identical, and hence, the experimental deter¬ 
mination of the adiabatic coefficient must be regarded as necessary even when 
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the isothermal coefficient is known with all desirable precision. It should be 
remarked in this connexion that the precise determination of the isothermal 
coefficient is not quite an easy matter. Any compression or expansion of 
the liquid necessarily produces a change of temperature, altering the refrac¬ 
tive index, and unless the observations are made under conditions ensuring 
complete constancy of temperature, the determinations would not ac¬ 
curately give the effect of an isothermal compression. Experimentally, the 
situation is parallel to that arising in the determination of the compressibility 
of a liquid for small changes of pressure under isothermal conditions. As 
has been shown very clearly by Tyrer ( 1914 ), it is easier to make accurate 
determinations of the adiabatic compressibility than of the isothermal one. 
For the same reason, it should be easier with suitable technique to make 
precise determinations of the adiabatic piezo-optic coefficient and to cal¬ 
culate therefrom the adiabatic elasto-optic coefficient, than to measure and 
evaluate the corresponding isothermal coefficients. 

Apart from the applications in ultra-sonic research and in the study 
of light scattering, precise determinations of the piezo-optic and elasto- 
optic coefficients for liquids have a special importance in relation to 
optical theory. It is well known that the Lorentz refraction formula does 
not accurately give the refractive index of a liquid in terms of the index for 
the vapour; the deviations from the formula are even more striking when 
we consider the changes in the refractive index of a liquid produced by 
changes of temperature or pressure. The explanation of these failures is 
a matter of considerable interest, and various attempts have been made 
(e.g. Raman and Krishnan 1928 ) to formulate theories giving better results. 
It is obvious that reliable experimental data regarding variations of refrac¬ 
tive index under precisely defined physical conditions would be of value in 
testing such theories, and especially in determining the extent to which the 
refractivity of a dense fluid is a function of temperature independently 
of any changes in volume. 

2 . Experimental arrangements 

In the work of Rontgen and Zehnder, as also of those who followed them, 
two parallel tubes of metal provided with optically worked end-windows 
of glass and immersed in a water-bath were employed to contain the liquid 
under study, and an interference method was employed to determine the 
changes in refraction. The optical paths through the two tubes were initially 
balanced against each other, and the interference fringes which moved past 
a fiduciary mark were counted one by one, as the pressure in one of the 
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tubes was slowly altered with reference to the pressure in the other. To 
enable the fringes to be kept in view without distortion and correctly 
counted, the rate of change of pressure had to be kept sufficiently small to 
allow temperature equalization to proceed simultaneously with the change 
of pressure; the final count was made after the fringes had settled down to 
a fixed position, indicating complete constancy of temperature. In the 
present investigation, on the other hand, the method has been employed 
of applying instantaneously to the liquid in one of the tubes, a pressure of 
the magnitude found necessary to make a known integral number of fringes 
shift past the reference mark, and then to release the pressure immediately 
afterwards, so that the observations could be repeated as often as desired 
without the fringes becoming distorted by irregular changes of temperature. 
Using tubes each 1 m. long, the pressure changes employed are of the order 
of 10 cm. of mercury or less, and the number of fringes that shift is also small 
(usually less than a dozen). As the observations are made under adiabatic 
conditions, the use of metal tubes and of a water-bath is not essential, and 
an interferential refractometer of the standard Rayleigh type with glass 
tubes has been successfully employed for the work. 

The actual apparatus used in the work is the well-known laboratory 
interferometer made by the firm of Zeiss with the 1 m. glass tubes ordinarily 
provided for working with gases. In the instrument as employed, the upper 
half of a parallel beam of light proceeding from the collimator passes through, 
a pair of apertures and then traverses the interferometer tubes containing 
the liquid under study, then through a pair of compensators and finally 
enters the observing telescope. The lower half of the beam from the colli¬ 
mator similarly passes below the interferometer tubes and through a single 
compensating plate into the observing telescope. Two sets of interference 
fringes are then seen, one below the other, through the eye-piece of the 
telescope, and these can be brought into coincidence by turning the drum 
attached to one of the compensators. On applying pressure to the liquid 
in one of the interferometer tubes, the upper system of fringes shifts, and 
if n be the number of fringes that shift on the application of a pressure p, 
measured in atmospheres, the change dp in the refractive index is given by 
Id/i = nX y where l is the length of the tube, and A is the wave-length of the 
light used. The change in refractive index for 1 atm. pressure will be 

= n\.76jlp 0 , 

where p 0 is the pressure in cm. of mercury reduced to 0° C, sea-level and 45° 
latitude. 


IO-2 
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[Added 5 th April 1939 . It has been assumed above that the lengths of 
the two interferometer tubes remain identical in spite of the application of 
internal pressure in one of the tubes only. As the two tubes are rigidly 
attached to each other by hard wax along the whole of their length and the 
end-windows are fused on to both tubes jointly, any differential expansion 
is likely to be small. Its effect can obviously be completely eliminated if 
the two tubes are immersed in a bath of the same liquid as is contained in 
them. By a comparison of the values obtained for water with and without 
immersion in a water-bath, the differential expansion can be determined. 
This has been done and the small correction necessary thus evaluated. It 
has been found that on the introduction of the water-bath, there is a 
considerable improvement in the appearance and steadiness of the fringes 
and consequently also in the accuracy of measurement.] 

The application of pressure to the liquid in one of the interferometer 
tubes is effected with the aid of a mercury manometer, one limb of which 
can be finely adjusted to any height above the other, by a winding drum 
and cog-wheel arrangement. The communication between the liquid in the 
interferometer and the mercury in the manometer is made through a tube 
containing water, the latter being prevented from mixing with the liquid 
under study by the attachment of a short U-shaped bend containing 
mercury to the interferometer tube. A large-bore three-way tap is inter¬ 
posed in the water column which transmits the pressure to the interferometer 
tube. The movable part of the manometer carries over the mercury a column 
of water of the height necessary to balance the weight of the connecting 
column of water on the other side. A cathetometer is used to read the levels 
of mercury in the manometer. After taking the initial reading and adjusting 
for the coincidence of one of the upper system of fringes with a reference 
fringe of the lower system by means of the interferometer drum, the mano¬ 
meter is cut off by turning the three-way tap, and its movable limb is raised 
to any convenient height. The pressure is then applied suddenly by opening 
the tap; there is then an instantaneous shift of the upper system of fringes. 
Generally, in the new position, no fringe coincides with the reference fringe. 
The pressure is then immediately released by turning the three-way tap 
so that the interferometer tube is connected to the atmosphere while the 
manometer is cut off. The movable limb of the manometer is raised or 
lowered as required and the experiment is repeated till an exact integral 
number of fringes shifts on the application of the pressure. The manometer 
being then cut off, the levels of mercury are read with the cathetometer. 
An auxiliary two-way tap between the manometer and the other tap serves 
to ensure that there is no leak from the manometer before the readings are 
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taken. A small correction for the change in the level of water in the fixed 
limb of the manometer on the application of pressure, has to be added to 
the difference in the levels of mercury. It is, of course, impossible to count 
the number of fringes that shift on the instant aneous application of pressure. 
But by a few trials with successively increasing pressures so that there is 
an increase of one fringe at a time in the shift, the exact number of fringes 
shifting at each pressure is easily ascertained. 

The apparatus is set up in an underground cellar, where thermal disturb¬ 
ances are absent, and steady and straight fringes can therefore be observed 
in the interferometer. The latter is enclosed in a thick asbestos box and 
packed around with cotton, only two small openings being left for the 
passage of light. The interferometer tube, after being cleaned thoroughly, 
is completely filled with the liquid without leaving any air-bubble inside 
and is connected to the apparatus. The other end of the interferometer tube 
is tightly closed with a ground glass stopper which is then firmly fastened 
to it. The apparatus after being set up, is left undisturbed overnight to 
reach a constant temperature. A complete set of readings can then be taken 
in a few hours next morning. A Zeiss sodium lamp is used as the source 
of light, a large glass cell containing alum solution being placed in the path 
of the light to absorb the heat rays before they enter the interferometer. 
The temperature of the liquid is measured by a Centigrade thermometer 
reading up to 0*1°, inserted in the middle of the interferometer. 

The liquids used were those supplied by Kahlbaum as purest and they 
were distilled again just before filling up the tube. The purity of the liquids 
was tested by determining their refractive indices with a Pulfrich refract o- 
meter and comparing them with the values taken from the standard tables. 
The agreement in every case was satisfactory. 

3. Results of the experiments 

Half a dozen familiar liquids were chosen for the study and the method 
of observation was found to give satisfactory results in each case. Inde¬ 
pendent settings of the manometer pressure for a shift of a specified number 
of fringes in the interferometer agreed with themselves within less than 
1 %. Pour or five such independent settings were made for each integral 
number of fringes shifting, and the mean of the same utilized for evaluating 
the piezo-optic coefficient. The results are recorded in Table I, and the 
final mean for each liquid is probably reliable to about 0*1 %. 

For the purpose of discussion, the final results for the liquids studied 
together with various other relevant physical constants taken from the 
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Table I. Adiabatic piezo-optic coefficients 



Pressure re¬ 



Pressure re¬ 



duced to 0° C, 



duced to 0° C, 


No. of 

sea-level and 


No. of sea-level and 


fringes 

45° latitude (dji/dp)^ x 10 6 

fringes 45° latitude {Bfi/dp)^ x 10 6 


Benzene at 24*0° C 


Ethyl ether at 23*4° 

C 

3 

3*726 

36*06 

3 

2-624 

51-19 

4 

4*979 

35-97 

4 

3-482 

51-44 

5 

6*212 

36-04 

5 

4-348 

51-50 

6 

7-437 

36-13 

6 

5-216 

51-52 

7 

8-682 

36-11 

7 

6-074 

51-60 




8 

6-965 

51*44 




9 

7*823 

51-51 


Mean 

36-06 ±0-03 


Mean 

51*46 ±0-05 

Carbon disulphide at 22*6° C 


Methyl alcohol at 22-8° C 

4 

4*048 

44-25 

3 

3*939 

34-10 

5 

5-072 

44-15 

4 

5-189 

34-52 

6 

6*064 

44-31 

5 

6-545 

34-22 

7 

7-086 

44-24 

6 

7-834 

34-30 

8 

8*137 

44-02 

7 

9-107 

34-43 

9 

9-133 

44-13 

8 

10-368 

34*56 

10 

10*143 

44-16 

9 

11-689 

34-46 

11 

11-091 

44-43 




12 

12-149 

44-24 





Mean 

44-21 ± 0-04 


Mean 

34-37 ± 0-06 

Chloroform at 23-2° 

C 


Water at 23-1° C 


2 

2*673 

33-51 

1 

3-021 

14*83 

3 

4-064 

33-06 

2 

6*059 

14-78 

4 

5*375 

33-33 

3 

9-082 

14-79 

5 

6-756 

33-14 

4 

12-017 

14-90 

6 

8-065 

33-32 




7 

9-410 

33-32 




8 

10-699 

33-48 





Mean 

33-31 ±0-06 


Mean 

14-83 ±0-03 


reference tables have been gathered together in Table II. The columns in 
this table, give respectively the liquid studied, its temperature, the refrac¬ 
tive index as recorded and as observed by the authors, the coefficient of 
cubical expansion, the temperature coefficient of refractive index, the 
specific heat at constant pressure, the isothermal and adiabatic compressi¬ 
bilities and the isothermal and adiabatic piezo-optic coefficients. 

[Added 5th April 1939. The values of the adiabatic piezo-optic coefficients 
have been corrected for the differential expansion of the tubes mentioned 
above. The correction amounts to 1*16% for water and varies between 
0*35% and 0*88% for other liquids.] 
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Table II. Data for liquids studied 


Liquid 

Temp. 

°C 

P 

(I.C.T.) 

P 

(authors) a x 10 s 

(dp/dt), 

x 10 5 

Q* 

fit x 10® fi$ x 10 s 

(dft/8p) t 

x 10 6 

(g/i/dp)^ 
x 10® 

Benzene 

24-0 

1-4988 

1-4988 

122-3 

-65-0 

0-4076 

98-7 

68-6 

51-94 

35-80 

Carbon di- 

22*6 

1-6258 

1-6261 

119-8 

-80-5 

0*2389 

95-6 

61-6 

66*81 

43-89 

sulphide 

Chloroform 

23*2 

1-4434 

1-4430 

127-7 

-58-8 

0-2333 

104-0 

70-2 

— 

33-02 

Chloroform 

15*0 

— 

— 

125-3 

— 

— 

97-0 

65-6 

47*31 

— 

Ethyl ether 

23-4 

1-3506 

1-3506 

165-1 

-58-6 

0-5431 

196-7 

146-9 

71-22 

51-28 

Methyl 

22-8 

1-3280 

1-3281 

119-7 

-36-0 

0-612 

125-0 

104-0 

42-25 

34-21 

alcohol 

Water 

23*1 

1*3327 

1-3326 

23-84 

- 9-65 

1-000 

46-06 

45-6 

14-98 

14-66 

Sources 

OF DATA. 

International Critical Tables (Ij 

C.T.) and 

Landolt-Bomstein 


Tabellen ( L.B.T. ). For the coefficient of cubical expansion, ax 10 5 : for all liquids 
except water— I.C.T. density-temperature relations. The values agree well with the 
available experimental data. For water— I.C.T, from the volume of 1 g. of water 
at different temperatures. 

For the temperature coefficient of refractive index ( dfi/dt ) v x 10 5 —from L.B.T . 
and I.C.T. as nearly as possible at the temperatures required. 

For the specific heat at constant volume, C P : for water and ethyl ether from I.C.T . 
and for other liquids, mean of the available values given in Shiba (1931). 

For the isothermal compressibility, j 8 t x 10 6 : the values were calculated thermo¬ 
dynamically from (Tyrer 1914). They agree fairly well with the values determined 
experimentally, but are more reliable than the latter. The experimental data tend 
to be slightly too small, owing to the compression not being quite isothermal. 

For the adiabatic compressibility, x 10 6 —Tyrer (1914). 

For the isothermal piezo-optic coefficient (8fi/dp) t x 10 6 : for chloroform—Himstedt 
and Wertheimer (1922); for all other liquids—Rontgen and Zehnder (1891). 


4 . Discussion of besults 

(a) Deviations from the Lorentz refraction formula . Differentiating the 
Lorentz formula, we find 

p{d/ildp) Lor = {p 2 - 1) {p 2 + 2)/6 i ce. 

The formula presupposes that the refractive index is a function of the 
density alone; in other words, it is assumed that p(dpjdp) should be the 
same in all cases, e.g. for a change in density due to alteration of temperature 
under constant pressure, or due to alteration of pressure under constant 
entropy or at constant temperature. We should thus find that 

_1/9M = _1 /3M = I/?M _ (/* 2 ~ 
tJp faWNi A\3p/i 
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How far these relations are in agreement with reality will be evident on 
a comparison of the last four columns of Table III in which the quantities 
concerned have been tabulated. It is seen that the variation of refractive 
index indicated by the Lorentz formula is invariably larger than that 
actually observed for pressure changes, while there are similar large dif¬ 
ferences, between the theoretical and observed values for temperature 
changes which except in the case of water are in the same general direction. 
Comparing the values amongst themselves, it is noteworthy that in the 
case of benzene, which is a typical non-associated liquid, the variations of 
refractive index for equivalent pressure and temperature changes differ 
very little, while for methyl alcohol and water, which are strongly associated 
liquids, they differ notably, though remarkably enough, in opposite direc¬ 
tions for these two liquids. Chloroform and ether which are polar but not 
highly associated liquids, show less striking differences. The deviations 
from the Lorentz formula are very pronounced for carbon disulphide which 
has the highest refractive index as well as the highest degree of optical 
anisotropy for its molecules amongst the six liquids studied. 


Table III. Deviations from Lorentz refraction formula 


Liquid 

Temp. 

°C 

oc(dt) P 

1 (¥\ 
fit W4 

1 (dfi\ 

PiSteU 

0*-l)(p» + 8) 

6/i 

Benzene 

24*0 

0*5315 

0*5262 

0*5219 

0*5887 

Carbon disulphide 

22*6 

0-6719 

0*6988 

0*7125 

0*7818 

Chloroform 

23*2 

0*4605 

0*4877 

0*4704 

0*5106 

Ethyl ether 

23*4 

0*3549 

(at 15° C) 
0*3620 

0*3490 

0*3889 

Methyl alcohol 

22*8 

0*3007 

0*3380 

0*3290 

0*3609 

Water 

23*1 

0*4048 

0*3253 

0*3215 

0*3664 


(6) Temperature variation of refraction at constant density . The coefficient 
of temperature variation of refractive index (d/ijdt) p at constant density 
can be calculated by comparing the change of refractive index with rise of 
temperature at constant pressure with that produced by compression, 
isothermal or adiabatic, as the case may be. The necessary formulae which 
are very readily derived are 

(d/ildt) p = {oc(dp/dp) t +^ t {d/i/dt) p }/^, 

and (dj*ldt) p = {a(d/i/dp)^ + ^{dnldt) p }l{cc{dtjdp )^+ 

The first formula involves the piezo-optic coefficient at constant temperature 
and the second the piezo-optic coefficient at constant entropy. Table IV 
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shows in its third and fourth columns the results calculated respectively 
from these two formulae. It will be seen that these are in fair agreement, 
except in the case of chloroform and of ether where the isothermal data are 
probably not reliable. The figures leave little doubt as to the reality of the 
variation of the refractive index of a liquid with temperature at constant 
density. The magnitude of this variation, in relation to the ordinary tem¬ 
perature coefficient of the refractive index at constant pressure (shown in 
the fifth column for comparison) is largest in the case of the highly associated 
liquids, water and methyl alcohol, but has the opposite sign in these two 
liquids. It is small but quite definite and has the same sign for benzene 
as the ordinary temperature coefficient, while in carbon disulphide, it is 
both relatively and absolutely much larger than for benzene but of the 
opposite sign. The significance of these results awaits fuller elucidation. 


Table IY. Variation of refraction with temperature 

AT CONSTANT VOLUME 


Liquid 

Temp. 

°C 

(dfi/dt) p x io 5 

calculated 

from 

isothermal 

coefficients 

(8{i/8t) p x 10 5 
calculated 
from 
adiabatic 
coefficients 

{8fi/dt) v x 10 5 
observed 

Benzene 

24-0 

— 0-64 

-0*85 

-65*0 

Carbon disulphide 

22-6 

+ 3-23 

+ 2*86 

-80*5 

Chloroform 

23-2 

+ 2-30 

+ 0*74 

-58*8 

Ethyl ether 

23-4 

fat 15° C) 

+1*17 

-0*78 

-58*6 

Methyl alcohol 

22-8 

+ 4*5 

+ 2*91 

-36*0 

Water 

23-1 

-1*90 

-1*97 

- 9*65 


(c) Relation between adiabatic and isothermal piezo-optic coefficients . Owing 
to the existence of a pure temperature effect on refractive index evaluated 
and shown in Table IV, the ratio of the adiabatic and the isothermal 
piezo-optic coefficients is not exactly the same as the ratio of the corre¬ 
sponding compressibilities. The correction necessary appears as the second 
term in the following formula: 

(dfi/dp)^ = (d/i-ldp) t ^l^ t + (d/i/dt) p (dt/cp)^ 

The first term on the right-hand side is the approximate value of the 
adiabatic coefficient in terms of the isothermal one, while the second term 
which is the correction can be evaluated from the values of (d/ijdt) p shown 
in the fourth column of Table IV. 
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Table V shows the quantities involved. It is seen that in all eases except 
methyl alcohol, the correction term improves the agreement between the 
observed and calculated values of (S/^/Sp)^, though evidently the accuracy 
of determination of the isothermal coefficients on which the calculations 
are based is insuffi cient to make such improvement at all impressive. 


Table V. Relation oe adiabatic to isothermal 

PIEZO-OPTIC COEFFICIENTS 


Liquid 

Temp. 

°C 

/ dtl \ ( 8t\ 

— ) It- x 10 e 


(00/0p)*x 106 
(calculated) 
sum of cols. 

3 and 4 

(dp/dp)# x 10 6 
(observed) 

Benzene 

24-0 

-0*18 

36*10 

35*92 

35*80 

Carbon disulphide 

22-6 

+ 1*03 

43*05 

44*08 

43*89 

Chloroform 

23*2 

+ 0*29 

32*00 

32*29 

33*02 

Ethyl ether 

23*4 

-0*17 

(at 15° C) 
53*19 

53*02 

51*28 

Methyl alcohol 

22*8 

+ 0*41 

35*15 

35*56 

34*21 

Water 

23*1 

-0*03 

14*84 

14*81 

14*66 


Summary 

The piezo-optic coefficient defining the change of refractive index of 
liquids with pressure has till now been measured only for the case of iso¬ 
thermal compression. In such important applications, however, as the 
theory of the diffraction of light in ultra-sonic fields and of the scattering 
of light in liquids by the Debye waves, it is the effect of adiabatically applied 
pressure on the refractive index which requires to be known. In the present 
paper, an experimental technique is described which enables the adiabatic 
piezo-optic coefficients of liquids to be measured with standard laboratory 
equipment and actually with greater ease and precision than the corre¬ 
sponding isothermal coefficient. The resulting data for six common liquids 
are discussed with reference to (1) the deviations from the Lorentz refraction 
formula, (2) the variation of refractive index with change of temperature 
when the density is maintained constant, (3) the relation between the 
adiabatic and isothermal piezo-optic coefficients. These three matters are 
shown to be closely connected. The data and the discussion based thereupon 
show clearly that the present technique opens up a field of research which 
is of considerable interest in relation to the optical properties of liquids 
and their molecular structure. 
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The mechanism of polymerization reactions 

I. The polymerization of styrene and 
methyl methacrylate 

By R. G. W. Nourish, F.R.S. and E. F. Brookman 
{Received 16 January 1939) 

In the polymerization of styrene, methyl methacrylate, the acrylates 
including acrylic acid, vinyl acetate, methylvinyl-ketone, vinyl halides, 
indene and coumarone, the mono vinyl compound of the formula CH 2 : CH.P 
is capable of growing into long saturated molecules through the reaction of 
the olefinic link: 

n CH 9 : CHP -> /—CH 2 . CH—\ 

\ R )« 

The type of polymerization which is manifested by all these compounds is 
of a very simple character because only one reactant is involved and one, 
moreover, whose functionality is limited to two. This means that only 
straight chains can be produced, and with the simple monovinyl compounds 
no cross-linking is possible. 

It has been established that the rate of polymerization depends upon two 
important factors: {a) the presence of catalyst, and ( 6 ) the temperature of 
reaction. Even in the case of the “pure 55 substances it is probable that 
reaction is dependent upon traces of catalyst. At least in one case, that of 
vinyl acetate (Cuthbertson, Gee and Rideal 1937 ), it has been shown that 
complete exclusion of active catalyst confers a high degree of stability on 
the monomeric substance. The nature of catalysts is varied, but perhaps the 
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most important class of substance is the peroxides and ozonides of which 
benzoyl peroxide is the best known example. It is found in general by 
numerous workers (for references see Staudinger (1932)) that, other things 
being equal, the molecular weight is smaller the greater the speed of poly¬ 
merization, no matter if this increased velocity is achieved by increased 
concentration of catalyst or by rise in temperature. 

It has been widely supposed that the rate of polymerization of vinyl 
compounds is conditioned by the rate at which the catalyst first reacts with 
the monomer to give rise to active centres, and it has been considered that 
the subsequent process involving the building up of the polymer from the 
monomer takes place extremely rapidly and does not constitute a limiting 
factor. The basis for this viewpoint has largely been founded upon the 
experiments of Staudinger and Frost (1935) and of Schulz and Husemann 
(1936), who determined the molecular weight of the polystyrene formed at 
different stages in the process of polymerization and found that it was 
independent of the percentage polymerization. (See also Stobbe and 
Posnjak 1909; Stobbe andLippold 1914; Lebedev and Mereshkowski 1913.) 
Thus, the chains once started were supposed to grow to a constant length 
which is conditioned only by the catalyst and the temperature. The evidence 
on which this important conclusion is based is limited. Few measurements 
of molecular weights have been made during the process of polymerization 
of other vinyl compounds which form high polymers, nor does it appear 
that any such experiments have been carried out in which the quantity of 
catalyst was controlled. 

Staudinger (1920 and subsequent papers) suggests that the activation 
of the monomer consists in the opening of the double bond by the catalyst 
to form a free valence which is thereafter preserved in the growing poly¬ 
meric molecule and only finally removed by reaction with some inhi bitor, 
the intermolecular migration of hydrogen or by mutual neutralization, e.g.: 

CH 2 : CH + X = XCH 2 .CH— (a) 

R R 

XCH 2 .CH—f CH 2 :CH = ZCH 2 .CH.CH 2 .CH— (b) 

R JR R JR 

X { CH 2 .CH\ + CH 2 : CH = X/CH 2 .CH\— 

1 k )„ k ( it L (c) 

Gee and Rideal, on the other hand, have regarded the rate of polymerization 
as being limited by the thermal activation of the monomer, the chains 
being propagated by the union of successive monomers with the active 
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molecule of the growing polymer which is supposed to retain the original 
energy of activation. This hypothesis differs from that of Staudinger in 
apparently depending on thermal activation rather than the presence of 
a permanent free valence. 

It has been argued that the general characteristics outlined above must 
be retained in any theory of polymerization, for, if the rate of propagation 
of the chain were the factor limiting the velocity, low polymers should be 
observable in the early stages of the reaction and high polymers at the end. 
This is the viewpoint adopted by Dostal and Mark (1936) in their theoretical 
investigation of the mechanism of polymerization (see also Dostal, Mark 
and Raff 1937). It has been urged independently by Staudinger, Chalmers 
(1934) and other writers. 

Against this viewpoint however, the conceptions of Whitby and Katz 
(Whitby and Katz 1928, 1931; Whitby 1936) involve a stepwise addition 
mechanism in which the limiting factor is the rate of chain growth: 
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Burk (1938) has supposed that the function of the catalyst is to activate 
the double bond, continuously migrating with it as the molecule increases 
in length; such a migration of catalyst is extremely difficult to visualize. 
It is undoubtedly the weak point of the theory. 

The object of the experiments described in the present paper was to 
obtain further evidence as to the mechanism of polymerization of typical 
vinyl compounds, and to resolve if possible the doubt as to the nature of 
the limiting factor in governing the speed of such reactions. 

It occurred to us that controlled measurements of the velocity of co¬ 
polymerization* of two monovinyl substances afforded a means of achieving 

* That true co-polymerization occurs in such cases is shown by the cross-linking 
of monovinyl polymers by the addition of small amounts of divinyl substance. For 
example divinyl benzene (Staudinger, 1936 ), divinyl acetylene, hexatrene, etc. 
(Norrish and Brookman, 1937 ) render the resulting polystyrene insoluble in benzene. 
The cross- link ed polymer however still shows its affinity for the potential solvent by 
its strong swelling capacity. Similar results were obtained with methyl methacrylate 
and the same cross-linking agents, using acetone as potential solvent (Norrish and 
Brookman, 1937 ). Such observations have shown beyond doubt that no two mono¬ 
meric vinyl compounds enter jointly into the same polyvinyl chain. 
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this object; for if the rate of activation of the monomer were the limiting 
factor, the speed of polymerization should be determined in the main by 
the more rea d ily polymerizable substance, the two substances entering 
indiscriminately into the growing chain; if, on the other hand, the rate of 
chain growth were the limi ting factor, the rate-of co-polymerization should 
be markedly reduced by the less easily polymerizable substance which 
having entered the chain would tend to hold up further growth. In the 
former case the velocity of co-polymerization should vary in a linear manner 
with the composition of the binary monomeric mixture, in the latter it should 
be sharply depressed by comparatively small additions of the less easily 
polymerizable substance. 

In the experimental section which follows it is shown that under corre¬ 
sponding conditions of temperature and catalysis the velocity of poly¬ 
merization of pure methyl methacrylate is three to four times as great as 
that of pure styrene, while in binary mixtures of the two the velocity falls 
rapidly from the value for methyl-methacrylate toward that of styrene, as 
the proportion of the latter is increased. A detailed analysis of these results 
shows that without doubt the rate of chain propagation is the limiting 
factor. This has been fully confirmed by a study of the growth of the mole¬ 
cular weight of methyl-methacrylate and styrene during polymerization 
catalysed by benzoyl peroxide. In the discussion following the experi¬ 
mental part of this paper a theory of the mechanism of reaction is developed 
which reconciles the earlier experimental data with the new, and appears 
to afford a basis on which a general theory of the polymerization of vinyl 
compounds may be built up. 


Experimental 

Procedure 

The experimental investigations consisted of the following: 

(1) The measurement of the velocity of the polymerization of methyl 
methacrylate and styrene in the pure state and in the presence of benzoyl 
peroxide and methyl methacrylate ozonide as catalysts; the measurement 
of the velocity of the co-polymerization of methyl methacrylate and 
styrene. The results were expressed as percentage polymerization against 
time. 

(2) The determination of dependence of the velocity of polymerization 
on temperature and concentration of catalyst. The average energies of 
activation were calculated. 
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(3) The measurement of the change of molecular weight during the course 
of the polymerization of pure styrene and of methyl methacrylate, the 
Staudinger viscosity method and equation being used. 

Preparation and purification of materials 

The preparation of styrene and methyl methacrylate has been described 
in an earlier paper on the cross-linking of vinyl polymers (Noirish and 
Brookman 1937)- These two compounds were purified by distillation in 
vacuo into liquid air, the middle fraction alone being used. 

The benzoyl peroxide used was a commercial product which was sub¬ 
jected to no further treatment except drying by evacuating on the Hyvac 
pump. 

Methyl methacrylate ozonide. This substance, which was used as a catalyst 
in various of the polymerizations with methyl methacrylate, was prepared 
by passing ozone through a 25-30 % solution of methyl methacrylate in 
carbon tetrachloride, both methyl methacrylate and carbon tetrachloride 
having been previously purified by fractional distillation in vacuo. This 
method of preparation was found to be more efficient than that of passing 
ozone directly into pure methyl methacrylate, since in the latter case a 
considerable amount of polymerization took place. When the solution 
would absorb no more ozone (as indicated by starch-iodide paper held in 
the issuing vapours) the carbon tetrachloride and any excess methyl 
methacrylate present were removed by distillation in vacuo at room tem¬ 
perature. A clear colourless oil remained which was purified no further 
because of its instability at higher temperatures. The ozonide appeared to 
be appreciably stable at room temperature, a sample decomposing only to 
a small extent over a period of 3 months. When heated, however, the 
ozonide explodes violently. 

The polymerization reactions 

The tubes in which the polymerizations were carried out were of soda 
glass, 7 mm. in diameter and of about 3 c.c. capacity, being constricted at 
one end to facilitate sealing off after evacuation. 

They were subjected to the following method of cleaning in order to 
eliminate traces of oxidizing agents or other adventitious catalyst which 
would have a profound effect on the course of the polymerizations (Schulz 
and Husemann 1936). They were cleaned with chromic acid mixture, 
washed with distilled water several times and then left in a saturated solu¬ 
tion of sulphur dioxide for 2 or 3 days. They were then repeatedly washed 
with distilled water, being left in frequent changes of distilled water for 
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some days. After a final washing they were dried by evacuating on a Hyvac 
pump. 

The polymerizing mixtures . Where pure styrene or methyl methacrylate 
were used, portions of 2 c.c. were placed in the polymerizing tubes and the 
exact weight of the monomer added was determined. 

For the catalytic polymerizations mixtures were made up containing the 
req uis ite amount of catalyst and portions of 2 c.c. again measured into the 
tubes. Where small percentages of benzoyl peroxide were used a solution 
of known concentration of benzoyl peroxide in cyclohexane was made and 
the cyclohexane evaporated from a known weight of this solution before 
adding the monomer. In this way very small amounts of benzoyl peroxide 
could be weighed accurately. 

For the co-polymerization of methyl methacrylate and styrene the same 
procedure of adding catalyst was adopted and the mixtures made up by 
successive dilution of methyl methacrylate containing 0-0114 mol. % of 
benzoyl peroxide with styrene containing the same molar concentration 
of the catalyst. 2 c.c. of each mixture was again used. The reaction was 
carried out at 90° C. 

After introducing about 2 c.c. of substance into tubes of known weight 
the contents were frozen in liquid air and the tubes evacuated on the Hyvac 
before sealing off. On weighing the tube together with the mixture, the 
exact weight of mixture used in each case was determined. 

In finding the variation of percentage polymerization with time, tubes 
for a whole run were introduced at the same time into an oil thermostat at 
the required temperature, which could be regulated within ± 0*2° C. At 
definite time intervals a tube was taken out and immediately cooled by 
immersing in ice water. This prevented any further polymerization of the 
mixture. 

For the co-polymerizations all tubes were both introduced and removed 
at the same time, it being required to determine the variation in the rate of 
polymerization with the composition of the mixture. 

After freezing out, each tube was cracked open and the contents dissolved 
in the minimum amount of acetone or benzene according to whether the 
substance polymerized was methyl methacrylate or styrene. The polymer 
was precipitated from this solution by pouring into 300 c.c. of methyl alcohol. 
After being allowed to settle the polymer was filtered into a weighed Jena 
fritted glass crucible of porosity 3 washed with methyl alcohol and dried 
to constant weight by evacuating in a desiccator on a Hyvac pump. 

During the polymerization of methyl methacrylate it was found that 
after about 10-20 % polymerization there was a rapid increase in the rate 
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of reaction. It was thought that this might be due to an increase in tem¬ 
perature within the system, and an experiment was therefore devised to 
test this. A tube of the same dimensions as the polymerizing tubes used in 
all the polymerization experiments was used, but a ££ vactite 55 -copper 
thermocouple was sealed in, the junction being in the centre of the metha¬ 
crylate to be polymerized. This may be regarded as the ££ hot 55 junction. The 
££ cold 55 junction was of the same two metals and was immersed in the ther¬ 
mostat at 90 ° C in which the polymerization was to take place. In this 
manner variations in temperature between the centre of the polymerizing 
medium and the thermostat could be followed by observing the scale 
reading at various times during the reaction. The thermocouple had pre¬ 
viously been calibrated so that temperature difference could be read off 
directly in ° C. 

Variation of molecular weight throughout reaction 

The molecular weights of various of the polymers were determined using 
the viscosimetrie method. An Ubbelohde viscometer was used, each bulb 
being of about 10 c.c. capacity, and the time of flow through the capillary 
under constant pressure was determined for solutions of the polymers at 
varying concentrations. This gave a direct relationship between specific 
viscosity and concentration. The viscosities of polystyrenes were deter¬ 
mined in toluene solution, while acetone was used as the solvent for the 
methyl methacrylate polymers, the solutions of lower concentration being 
made by successive dilution of the more concentrated solutions. 


Experimental results 

Polymerization of pure methyl methacrylate 

The polymerization of pure methyl methacrylate was followed at 80 and 
120 ° C. The results with pure methyl methacrylate were found to be non- 
reproducible, as may be seen from Table I. Although the tubes had been 
subjected to the rigorous cleaning described earlier, and great care was 
taken to purify the samples of methyl methacrylate used, the percentage 
polymerized after any given time was not constant with different runs. 
This was thought to be due to the presence of some small amount of adven¬ 
titious catalyst such as peroxide, and accordingly a sample of purified 
methyl methacrylate was distilled with tri-phenyl methyl to remove any 
peroxide which might have been present. This sample was polymerized for 
6 hr. at 80 ° C alongside a sample of the ££ purified 55 methyl methacrylate 
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and the respective percentage polymerizations determined. The sample 
which had not been distilled with triphenyl methyl polymerized 6-55 %, 
while that which had been treated with triphenyl methyl polymerized 
1-50 % in the 6 hr. 

Table I 

Percentage polymerization 


80° C 120° C 


Time 
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Catalytic polymerization of methyl methacrylate 
The difficulty experienced in the reproduction of the rates of poly¬ 
merization of methyl methacrylate was overcome by introduc in g a known 
concentration of catalyst. The catalysts used were benzoyl peroxide and 
the ozonide of methyl methacrylate and the effect of temperature and the 
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catalyst concentration on the rate of polymerization was followed. Mgs. I 
and 2 show the course of the reaction in various cases and Tables II, III 
and IV give other experimental results. It will he seen that up to about 20 % 
polymerization the reaction is of zero order, after which there is a steady 
rise in the rate of reaction until about 95 % polymerization when the rate 
falls off rapidly. 



Time % poly- 
min. merization 
51 12*23 

80 25*14 

100 27*62 

120 41*72 

140 90*48 

160 93*33 


Time % poly- 
min. merization 
60 9*09 

100 15*11 

130 21*51 

160 35*80 

180 54*74 

200 88*20 


Time % poly- 
min. merization 
SO 7*73 

140 14*55 

190 27*15 

240 50*88 

290 92*72 

340 95*63 


/■--^ 

Time % poly- 
min. merization 
100 7*97 

171 14*20 

240 24*60 

300 3S-22 

350 64*24 

400 93*83 
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This rapid rise in the rate of reaction was correlated with an increase in 
the temperature of the reacting medium when the polymerizing metha¬ 
crylate becomes a thick jelly and the heat of reaction cannot be carried 
away by convection. Conduction alone will not remove the heat of reaction 
at a sufficient rate to maintain the temperature constant since the con¬ 
ductivity of the polymer is very low. The method of determining this rise 
in temperature has been described above, and fig. 3 shows the temperature 
changes throughout the reaction, with the thermostat at 90 ° C using methyl 



Tig. 2 . Polymerization of methyl methacrylate with benzoyl 
peroxide as catalyst at 90° C. 


Table III. Polymerization of methyl methacrylate with methyl 

METHACRYLATE OZONIDE AT 80 ° C, USING VARIOUS CONCENTRATIONS 
OF CATAXYST AS SHOWN 


0-0673 mol. % 

Time % poly- 
min. merization 

60 10-16 

100 17-08 

130 24-56 

161 36-85 

192 59-26 


0-0296 mol. % 

Time % poly- 
min. merization 

80 9-13 

120 14-33 

160 19-33 

190 25-39 

220 30-05 

260 46-61 


0-0132 mol. % 

Time % poly- 
min. merization 

100 7-76 

150 11-19 

210 17-00 

260 22-69 

300 26-80 

351 35-67 


0-0065 mol. % 

Time % poly- 
min. merization 

180 9-51 

280 15-50 

380 22-73 

480 31-42 

540 37-79 

600 44-31 
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Table IV. Polymerization of methyl methacrylate with methyl 

METHACRYLATE OZONTDE AT 90 ° C, USING VARIOUS CONCENTRATIONS 
OF CATALYST AS SHOWN 

0-0672 mol. % 0-0296 mol. % 0-0131 mol. % 0-0066 mol. % 


Time 

% poly- 

Time 

% poly- 

Time 

% poly- 

Time 

% poly- 

min. 

merization 

min. 

merization 

min. 

merization 

min. 

merization 

30 

12*34 

64 

16*69 

60 

10*91 

70 

8*81 

50 

19*74 

95 

26*32 

101 

17*64 

120 

14*21 

70 

29*81 

125 

42*51 

132 

23*42 

160 

19*28 

86 

45*90 

145 

64*66 

170 

33-35 

200 

23-00 

101 

77-50 

165 

74*33 

200 

39*94 

254 

31*41 

140 

96*81 

185 

90*86 

245 

59*89 

300 

37*94 



Time in Minutes 


Fig. 3 . Temperature rise throughout reaction. 

methacrylate containing 0-025 mol. % benzoyl peroxide. It will be seen that 
over the first 50 min. or so the system remains nearly isothermal, but that 
after about 60 min. there is a rapid rise in the temperature. This may be 
correlated with the curve of reaction shown in fig. 2 for 0-020 mol. % of 
catalyst and the same temperature, and though the amounts of catalyst 
are not quite the same it will be seen that the increase in velocity occurs at 
very nearly the same point in time as the increase in temperature, viz. 
after about 10-20 % of the monomer has been polymerized. 
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The dependence of the rate of reaction on the temperature and concen¬ 
tration of catalyst is shown in fig. 4 where the rate is measured as the per¬ 
centage polymerization occurring in 1 hr. It is seen that for small amounts 
of catalyst of concentration less than 0*005 mol. % the rate is nearly 
directly proportional to the concentration of catalyst. For large amounts 
of catalyst, on the other hand, this proportionality is not maintained and 
there is a change in slope of all the curves. It is believed that this is partly 
due to the fact that the measurement is vitiated by the above mentioned 



departure from isothermal conditions which sets in after some 10 % poly¬ 
merization has been passed, and partly to a partial self-decomposition of 
the catalyst (probably more marked with the ozonide) which sets in as its 
concentration reaches high values. 

If, however, the initial slopes of the curves in fig. 4 be taken we can 
compare the velocities for a given catalyst at two temperatures undisturbed 
by such complications. When this is done, we find that the temperature 
coefficient is close to 3*3 in each case, and therefore that within experimental 
error—which in this case is large owing to the difficulty of measuring the 
slopes accurately—the energy of activation is independent of the catalyst 
used, and of the order 30*5 kcal. 

This result, however, must only be regarded as a general indication; 
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before it can be finally established more extensive measurements for low 
concentrations of other catalysts are required. 

The co-polymerization of styrene and methyl methacrylate 
The preparation of mixtures and the experimental method used are 
described above. Fig. 5 shows the variation in the rate of polymerization in 
mol. % per hour, throughout the whole range of concentrations of the two 
compounds, using 0*0114 mol. % of benzoyl peroxide as catalyst at 90 ° C. 



Fig. 5. Rate of co-polymerization of methyl methacrylate and styrene in the 
presence of 0*0114 mol. % of benzoyl peroxide at 90° C. 

Variations in molecular weight throughout course of polymerization 

Results obtained by the viscosimetric method of determination of mole¬ 
cular weights are shown in figs. 6, 7 and 8. Absolute values for the molecular 
weights (M) are not recorded since the constants for the solvents acetone 
and toluene are not known. The quantity tj^/c as defined by Staudinger’s 
equation 

TcM = 7 ] sp /c 

was determined and plotted instead.* From figs. 6 and 7 it will be seen that 

* rj sv lc is the specific viscosity of the polymer and is given by the relation 

Vsp ~ Vr 1 » 

where 7j r is the viscosity of the polymer in a given solvent compared to the viscosity 
of the pure solvent, and c is the molecular concentration of the solute reckoned as 
monomer. 
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there is a rapid increase in the value rj sp jc as the concentration increases, 
and that the limiting value of ?/ sp /c as c tends to zero increases as the per¬ 
centage polymerization of the original mixture increases. Fig. 8 shows the 
variation of lim ?/ sp) /c with the percentage polymerization. 

c-»0 



Fig. 6. - Viscosities of polymethyl methacrylates in acetone solution. The figures on 
the curves represent the percentage polymerization and temperatures at which the 
polymer was extracted from the polymerizing medium. 

Discussion 

Polymerization of simple monomers 

The data of Schulz and Husemann (1936) show that the polymerization 
of styrene is a reaction of apparent zero order, and the results of Williams 
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(1938) with catalyst are in agreement on this point. Our own results with 
methyl methacrylate establish the fact that the same is true for methyl 
methacrylate up to about 10-20 % polymerization. In the absence of 
catalyst, however, the individual curves obtained were found to be irre- 
producible (see Table I). With benzoyl peroxide or methyl methacrylate 
ozonide as catalyst the velocity was considerably increased and the curves 
became closely reproducible (figs. 1 , 2 , Tables II-IV). With methyl metha¬ 
crylate the velocities measured are greater than those with styrene and the 
reaction shows a remarkable acceleration towards the end of its course, 
both in presence and absence of catalyst. This, as we have seen, is accounted 
for by the failure to maintain isothermal conditions as the system becomes 
viscous and convection is suppressed, with the resultant self heating of the 
reaction. The rate of polymerization of styrene as hitherto measured is 
considerably less than that of methyl methacrylate and is consistent with 
the fact that no acceleration in the rate of polymerization of the former 
has been observed. It is true that Mark and Raff (1936) obtained induction 
periods in their polymerizations of styrene, but with very pure styrene 
Schulz and Husemann (1936) found a reaction of zero order, and with no 
trace of an induction period. It seems probable that the induction periods 
found by Mark and Raff and others are due to the presence of very small 
quantities of inhibitors which must first react before the chains can start. 
In the case of styrene, since the rate of production of heat is much less, the 
reaction is maintained isothermal in spite of the increase in viscosity. It is 
therefore clear that, in comparing the polymerization of styrene with that 
of methyl methacrylate, we must take the velocity of the latter over that 
part of the reaction where isothermal conditions are maintained. 

This limitation applies also to the determination of the energy of activa¬ 
tion of the polymerization process. Here also, as is shown above, other 
precautions must be taken since the proportionality of velocity to con¬ 
centration of catalyst only holds good for very small values of the latter, 
but when this is done the energy of activation of the polymerization of methyl 
methacrylate appears to be the same for the two catalysts used. If it is 
confirmed that for other catalysts the energy of activation is also unchanged 
we have here a further indication that the reaction of propagation is the 
limiting factor, rather than the reaction of initiation, for it is the latter 
which is generally believed to be dependent on the catalyst. 

Co-polymerization of methyl methacrylate and styrene 

The co-polymerization of methyl methacrylate with styrene using 
0 * 0114 moL % of benzoyl peroxide as catalyst (fig. 5 ) is seen to vary regularly 



The mechanism of polymerization reactions 163 

with the composition of the mixture, being at all times intermediate between 
the velocities of polymerization of the pure substances. This observation 
led us to the view that the velocity of polymerization is a function of the 
nature of the active end of the polymerizing chain, and is not limited by the 
initial reaction of the catalyst. If the rate of formation of the active centres 
were to condition the speed of reaction the rate should rather be dependent 
upon one or other of the components over a wide range of composition, 
namely, that which more readily forms the active centres. On the other 
hand, if the rate of polymerization were dependent upon the rate of pro¬ 
pagation of the chain, then the velocity should be a non-linear function of the 
composition of the mixture of monomers. This follows from the fact that 
the active end of the growing chain will be of two kinds depending upon the 
nature of the molecule last added, and that the average reaction velocity will 
be strongly depressed, as is shown formally below, in favour of the less easily 
polymerizable substance. This conclusion is also borne out by the qualitative 
observation that the rate of polymerization of a monovinvl compound is 
strongly reduced by polymerization with divinyl compounds in which a 
cross-linked polymer is formed (Norrish and Brookman 1937), a matter 
which we shall elaborate quantitatively in a succeeding paper. When we 
came to test this conclusion as to the importance of propagation by measure¬ 
ment of molecular weight it was found to be fully confirmed, for in fig. 8 
it is seen that the molecular weight as measured by the quantity i] sp jc 
increases with percentage polymerization. With styrene, on the other hand, 
there is an initial increase in molecular weight with the percentage poly¬ 
merization in the presence of catalyst which slackens off as the polymeriza¬ 
tion approaches completion. It is only in the absence of catalyst that the 
molecular weight remains virtually constant throughout the process of 
polymerization. All these facts are explained by the following simple theory 
of the kinetics of the reaction. 

Mechanism of polymerization process 

In the following discussion the concentrations of the monomeric sub¬ 
stances will be expressed in mol. per 100 mol. of the mixture of the two 
monomers, the concentration of catalyst in mol. per 100 mol. of the mixture, 
while the total amount of polymerization is represented in mol. of monomer 
polymerized per hundred mols of mixture originally taken. 

It is assumed that the function of the catalyst is to provide a certain 
number of reactive centres per 100 mol. of mixture ( n ). The number of 
these centres is proportional to the concentration of catalyst and is assumed 
to remain constant throughout the reaction so long as isothermal conditions 
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prevail. In the case of methyl methacrylate these centres grow into long 
polymeric chains by the zero order reaction, whose velocity dpjdt is repre¬ 
sented by the equation 

dpjdt = kne~ ElBT , 


where E is the energy of activation of the propagating reaction. 

If two reactants instead of one are present, as in the co-polymerization 
reaction, the rate of polymerization will be expressed by an equation of 
the form 

dpjdt = +Jc 2 n 2 M + k 2 n 2 S, (1) 

where M and S are the concentrations of the two types of monomer and 
% and n 2 are the corresponding concentrations of active centres. The rate 
of increase in the number of active centres n 2 is 

dn 2 jdt — — lc 2 n 2 M. (2) 

This rate of increase is zero in the stationary state. Hence 

h^n-^S = h 2 n 2 M. (3) 

Also for the stationary state 


n-L+n 2 = const. = n. ( 4 ) 

Substituting the values of n x and n 2 derived from the two equations (3) 
and ( 4 ), in equation (1), and putting M — 100— S, then the following rela¬ 
tionship may be derived 


dp 

dt 


[l00* 1 + 2^-^) + ^(- 

k[Jc 2 ) 

~jr - 2fc i+^ 

| 

, S i 

1 + 100< 

! K , 
[h 



which may be expressed in the simple form 


dp _ a + bS + cS 2 

dt 1 +dS ’ (5) 

where a, b, c and d are constants. 

Assigning suitable values to a, b, c and d we obtain the curve shown in 
fig. 5 for the co-polymerization of methyl methacrylate and styrene. This 
equation has the form 


dp _ 17-2 + 0 - 25 $ + 6-7 x 10 ~ 5 8 2 
dt ~ 1 + 0-079 8 

in which the rate of polymerization is expressed in mol. % of mixture 
polymerized per hour; it will be seen to agree accurately with the experi- 
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mental data. The agreement obtained affords good evidence that the 
propagation of the chain is indeed the limiting factor, for if the speed of 
co-polymerization depended upon the velocity at which the catalyst formed 
reactive centres with the monomer, the velocity should not be greatly 
affected over a fairly wide range of concentration, since that centre involving 
the lower energy of activation would be preferentially produced. 

Molecular weight as a function of the fraction polymerized 

If each initial centre continued to grow steadily without interruption, 
the molecular weight of the polymer at any time would clearly be proportional 
to the fraction of the substance which had polymerized. That this is nearly 
the case with methyl methacrylate can be seen by the steady increase of 
molecular weight as the reaction proceeds (fig. 8). It is possible however 
that after the chains have grown to a great length they will stop and fresh 
reaction centres take their place. If this latter process occurred frequently 
we should expect chains to grow to a constant average length and then to 
be replaced by new active centres, so that, though the velocity of poly¬ 
merization remained constant, the molecular weight would not change 
throughout the reaction. These two cases represent extreme possibilities of 
this mechanism, methyl methacrylate approximating to the former and 
styrene to the latter. The problem can be treated quantitatively in the 
following manner: 

Let the number of reaction centres in 100 mol. of the polymerizing medium 
be n . Then the rate of polymerization of monomer is given by 

dpjdt = kne~ ElRT } (6) 

so that the number of mol. % of monomer polymerized at the end of time t is 

a = kne~ E!RT t. ( 7 ) 

We shall suppose that a centre once started continues to grow under the 
influence of the catalyst, unless for some reason it stops, in which case it 
will be replaced immediately by a new centre which will continue to grow. 
Thus there are always n reacting centres in the medium. Let q be a coefficient 
representing the occasional reaction which terminates the polymerizing 
chains, the nature of which reaction will be considered later. The number of 
completed polymerized molecules produced per second is then given by 
qne~ E ' IRT and the total number of molecules v present at any time t allowing 
for the n molecules with which w r e started is 


v = n + qne~ E ' }RT t. 


(8) 
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Thus the average number of unit s of monomer to each polymerized molecule, 
i.e. the average degree of polymerization P is 


p _ a. _ ke~ EIST t 
~ v ~ 1 + qe~ E ' IRT t ' 


( 9 ) 


We gha.H now assume that the number of active centres, n, other things 
being eq ual, is proportional to the number of mols of catalyst present. Thus, 
if c is the number of mol. of catalyst present per 100 mol. of monomer* 


n = yc. (10) 

Substitu ting n in equation (7) and introducing the value of t into equation 
(9) there results a relation between the degree of polymerization P and the 
percentage polymerization of the following form 


— a 

P = - ± - 

qa r E'-BT\ 

This may be written in the form 


Ac + Baex p 



( 11 ) 


We have here a relation which summarizes all the results so far obtained 
with reference to molecular weight determinations. The following cases 
arise: 

(1) If the second term of the denominator be small compared with the 
first, i.e. if q be nearly zero and the chains once started continue to grow 
without stopping, then 


P = 


a 

Ac 


Thus the molecular weight measured by P will be proportional to the 
percentage polymerization and will be the smaller the greater the amount 
of catalyst present, as is well known to be the case. This is approximately 
the case in the polymerization of methyl methacrylate as is seen from fig. 8. 

(2) If the first term of the denominator be negligible in comparison with 
the second, i.e. when the quantity of catalyst is practically zero, then 



* Jin depends on some other power of c the qualitative conclusions are unchanged, 
but there will be a modified dependence of molecular weight on catalyst concentration. 
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and the molecular weight will be constant throughout the polymerization 
at any given temperature, as indeed is found to be the case with styrene in 
the absence of any added catalyst. It will also be noticed that if W > E, the 
molecular weight will decrease with increase in temperature, as is in general 
found to be the case. That E' must be greater than E is indeed highly 
probable, for the reaction of propagation takes place more readily than the 
reaction of termination, a fact which points to a lower energy of activation 
for the former. 

(3) If both terms of the denominator are of comparable magnitude the 
molecular weight will first rise as the reaction proceeds and will finally 
approximate to a steady value towards the end of the reaction as is shown 
in fig. 9 where the sample function 



has been plotted. This curve is of the form obtained for the change in the 
molecular weight of polystyrene when styrene is polymerized in the presence 
of catalyst. 
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Fig. 9 

Thus we see that all the varied facts observed in relation to the molecular 
w r eights of polystyrene and polymethyl methacrylates are comprised in this 
simple formula, which further reconciles the apparently discordant obser¬ 
vations of Staudinger and of the present authors in the case of the molecular 
weights of polystyrene. 

Possible mechanism of polymerization 

Staudinger has assumed that, once the polymerizing chain has started, 
it is propagated by a free valency at its growing end. The simplicity and 
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directness of this idea greatly recommend it, and by a slight modification 
it is capable of explaining all the facts to which we have drawn attention 
above. 

Let it be supposed that the catalyst by its decomposition generates free 
radicals within the medium of the monomer. This is well known to be the 
case for benzoyl peroxide which has been shown, in common with other 
diacyl peroxides, to be capable of breaking down when heated in solution 
to give free radicals, e.g. C 6 H 5 (see Hey and Waters 1937). Let it be further 
supposed that these free radicals, by reaction with the monomeric substance, 
generate complexes of the type, 


K—CH 2 —CH— 

R 

these complexes now forming the active centres of reaction. Alternatively 
it may be supposed that the catalyst reacts directly with the monomeric 
substance to provide a complex of similar properties. In any case these 
reactions generating the active centres are to be regarded as fast in com¬ 
parison with the rate at which the chain is propagated. 

It is now supposed that there follows a series of reactions of these active 
centres with the monomeric substance in the manner postulated by 
Staudinger, the only difference being that this propagating reaction is 
regarded as slow and as forming the limiting factor governing the velocity 
of polymerization: 


K—CH 2 . CH.CH 2 . CH— + CH 2 : CH 

ERR 

-> K—CH 2 . CH—.CH 2 . CH. CH 2 . CH— etc. 

R R JR 

These chains may be supposed to continue indefinitely but ultimately to 
be brought to an end by a different type of reaction with the monomer, in 
-which the growing chain becomes hydrogenated at the expense of the 
monomer. That such reactions are possible between free radicals and hydro¬ 
carbon molecules in paraffinoid solution has been fully demonstrated by one 
of us in connexion with the photochemical decomposition of ketones in 
solution (Bamford and Norrish 1938): e.g. 

C 2 H 5 + cJS 2n+2 -> C 2 H 6 + C w H 2b+1 . 
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It is but a small extension to suppose that a similar reaction can occur in 
the present case: e.g. 

K—CH 2 . CH.CH 2 . CH— + CH 2 : CH 

R R R 

K—CH 2 . CH.CH 2 . CH 2 i?+—CH: CH R 

R 

Thus every chain which stops generates a new free radical from which the 
polymerization may be carried on, and. we see that, as is required by the 
kinetic mechanism, the number of active centres remains constant through¬ 
out the reaction, and that consequently the reaction is approximately of zero 
order. Further, since the rate of polymerization is controlled only by the 
rate of growth of the chains the energy of activation for the polymerization 
of a given monovinyl compound will be independent of the nature of the 
catalyst used, and dependent only on the nature of the monomer. The 
data recorded for methyl methacrylate above are in agreement with this 
point, though further evidence for other monovinyl compounds is desirable 
in view of the experimental difficulties with methyl methacrylate. It is 
further obvious that, in view of the nature of the reactants concerned, the 
reaction of termination, which involves hydrogenation, will be enormously 
less frequent than the reaction of propagation which involves the simple 
addition of a free valency to a double bond. Thus of necessity the chains 
must grow to great lengths. 

This mechanism as outlined above comprises all the factors implied by 
the kinetics which we have developed, and which we have shown to be in 
agreement with experiment. It is indeed an advantage that the great 
simplicity of Staudinger’s original idea can be maintained in spite of the 
fundamental change necessitated by our conception of the reaction kinetics. 

We wish to express our thanks to the Department of Scientific and 
Industrial Research for an Assistantship granted to one of us (E.F.B.), 
which made this work possible, to Imperial Chemical Industries, Ltd., for 
a supply of methyl methacrylate and to the Chemical Society for aid in 
purchasing materials. 


SmiMAEY 

A study of the kinetics of the polymerization of methyl methacrylate and 
the co-polymerization of methyl methacrylate and styrene as typical vinyl 
compounds has been made at various temperatures between 80 and 130° C. 
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In the absence of a catalyst the reaction is slow and irreproducible, but with 
benzoyl peroxide or the ozonide of methyl methacrylate as catalyst the 
reaction is fast and of zero order. It is concluded that in the absence of 
added catalyst the reaction is dependent on the presence of adventitious 
catalysts. After between 10 and 20 % of the methyl methacrylate has poly¬ 
merized the reaction becomes self heating with a corresponding increase of 
velocity. This is correlated with the suppression of convection currents as 
the medium loses its fluidity and the consequent loss of isothermal con¬ 
ditions due to the poor conductivity and high heat of reaction. The velocity 
of co-polymerization is always between the velocities of polymerization of 
the two pure substances and follows a simple law. 

Measurements of molecular weight have been made throughout the course 
of polymerization of methyl methacrylate and styrene in the presence of 
catalysts. With the former the molecular weight of the polymer grows 
steadily with the percentage polymerization. With the latter, it first grows 
and then remains constant. In the case of styrene without catalyst however, 
the molecular weight remains constant throughout the whole of the reaction. 

These facts are correlated by a theory of the kinetics of polymerization 
in which the rate of reaction is limited by the rate of chain propagation 
rather than by the rate of initiation of chains. The theory is supported by 
the fact that the energy of activation in the case of methyl methacrylate 
is apparently independent of the nature of the two catalysts used. It explains 
adequately the varied observations on the molecular weight during poly¬ 
merization. A mechanism of polymerization based on an earlier theory of 
Staudinger is proposed. The polymerization is supposed to be started by 
free radicals or other reactive centres derived from the catalyst and to be 
propagated by way of a free valence at the end of the growing chain. 
From time to time the growing chain may be terminated by hydrogenation 
at the expense of the monomer, but this results in the starting of a new 
chain by the monomeric free radical produced. In this way the number of 
reaction centres is maintained constant and proportional to the concen¬ 
tration of catalyst and the reaction is consequently of zero order. 
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On lunar tides in the upper atmosphere 


By E. Y. Appleton, E.R.S., and K. We ekes,* B.A. 

Cavendish Laboratory , Cambridge 

(.Received 1 March 1939) 

Although the earliest radio investigations of the ionosphere consisted of 
systematic measurements of the equivalent heights of reflexion, the ten¬ 
dency in recent years has been to concentrate on measurements of equi¬ 
valent height as a function of electric wave frequency, since, from such 
information, maximum ionization concentrations may be estimated. Thus 
we may say that, in the early measurements, the relation between equivalent 
height hi and time t was sought, while, more recently, attention has been 
chiefly focused on the relation between hi and the frequency /. Now it 
happens that the determination of the critical penetration frequency f c of 
any ionospheric region, which proceeds by way of (h' 3 f) data, does not 
demand great accuracy in the determination of h' } so that it is easy to under¬ 
stand why little attention has been given to improving the technique of 
equivalent height measurements. 

* Charles Kingsley Bye-Fellow, Magdalene College, Cambridge. 
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There are, however, a number of interesting ionospheric problems which 
may be attacked by way of accurate (h\ t) determinations. It is, for example, 
clear from simple theory that the actual height at which any ionospheric 
region is produced should depend on solar altitude, the region being the 
lower the higher the sun. The variation of the height with the solar zenith 
distance x depends, moreover, on the local scale height i/, so that the study 
of the variation of region height with the diurnal and seasonal variations 
of x permits a comparison with theory, and thus a determination of H. 

The experiments to be described were initiated primarily with a view to 
providing such a comparison. But it was realized that they might also yield 
information concerning upper-atmospheric oscillations, if such effects were 
appreciable. The known regularity of the diurnal and seasonal behaviour of 
Region E prompted its choice for examination first. 


1. The expected relation between equivalent 

HEIGHT AND SOLAR ALTITUDE 


There is now available a considerable body of evidence which suggests 
that Region E behaves approximately as a “simple region”, that is to say, 
that the relation between electron concentration N, height z and solar 
zenith distance x may be expressed as 

N = (1) 

where N 0 is the electron concentration at the layer maximum when x = 0 
and where the scale and sign of z are defined by 


z = 


Ti—Tiq 
H • 


( 2 ) 


In (2), A is the actual height above ground-level and h Q is the height of the 
layer maximum (corresponding to N 0 ) when x = 0. A convenient level for 
identification is that corresponding to the point of inflexion on the lower 
boundary of the (A 7 , z) distribution. This is given by 

e~ z seex = ( 2 +^/ 3 ), ( 3 ) 

or, by way of (2), by h = h 0 -H log cosx(2 + ^3). (4) 

Since, however, we are interested in the changes of height of a particular 
part of the layer, we more conveniently write 

h ~ h' 0 -H log cosx, 


( 5 ) 
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where h' 0 is a constant. A consequence of (5), useful to remember, is that in 
south-east England h falls by 1*23# in the change from winter noon to 
summer noon conditions. 


2 . Possible tidal and thermal influences 

The main features of atmospheric tides, as expressed by variations of 
pressure at ground level, are now well known. The gravitational and thermal 
influences of the sun cause the solar semi-diurnal barometric oscillation 
which, according to Simpson ( 1918 ), can be represented by a pressure change 
p s (mm. of Hg) given by 

p 8 = 0*937 cos 3 A sin (2t +154°) + 0*137 (sin 2 A - J) sin ( 2 t -2/3+ 105°), ( 6 ) 

where A is the latitude, t local time and (3 the longitude. The first expression 
in the right-hand side of ( 6 ) represents a westward travelling wave which 
causes the familiar semi-diurnal pressure maxima at 10 a.m. and 10 p.m. 
local time. Since for observations made over Cambridge we can regard 
j3 as approximately zero, we have 

p s = 0*215 sin (2t+ 154°) + 0*04 sin (2t+ 105°) 

= 0*244 sin (2t +147°). (7) 

The corresponding lunar barometric oscillation, which is considered to be 
of purely gravitational origin, is for Greenwich, according to Chapman 
( 1918 ), given by p t (mm.) in 

p t = 0*0088 sin (2 1' + 114°), ( 8 ) 

where t' denotes lunar time reckoned from the lower transit at the rate of 
360° per lunar day. The semi-diurnal solar oscillation in south England is 
thus about 28 times that of the corresponding lunar tide in spite of the fact 
that the gravitational effect of the moon is 2*17 times that of the sun. 

That the gravitational and thermal effects we are now considering are also 
significantly operative in the upper atmosphere is shown by the existence 
of the solar and lunar semi-diurnal quiet-day magnetic variations (which 
we may term G% and G{ respectively) which are due, according to Balfour 
Stewart, to horizontal convective motion of the electrically conducting 
regions of the upper atmosphere across the earth’s magnetic field, such 
motion arising from the atmospheric oscillations. It is found in this con¬ 
nexion that GHG l 2 is about 7*5 at sunspot minimum, and about 10 at sunspot 
maximum, whereas the ground-level values of p s jp l is about 28 for south-east 
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England and about 16 for the world as a whole. These and other differences 
hare been interpreted as indicating that the currents giving rise to <7| and 
C{ flow at different levels, and also, consequently, that the relative pressure 
oscillations at high levels are not the same as those occurring at the ground. 

It is easy to show that if the relative pressure oscillation dp/p at high 
levels is of the same order as that experienced at the ground the rise and fall 
of the levels of constant pressure would be of the order of 160 and 10 cm. 
for the solar and lunar semi-diurnal oscillations respectively. The detection 
of equivalent height changes of such small orders of magnitude is not pos¬ 
sible by radio methods. 

There are, however, certain indications from the study of terrestrial 
magnetism which suggest that the values of dp/p at high levels may be 
considerably greater than at ground level. It has been found, for example 
(Appleton 1937 ), that the most recent estimate of upper-atmospheric direct 
current conductivity, even allowing for the presence of such considerable 
quantities of negative ions as Massey ( 1937 ) has shown to be probable, is 
inadequate to account for the magnetic changes, if dp/p is assumed to be the 
same at all levels in the atmosphere; and the difficulty is usually resolved 
by assuming that dp/p is enhanced at high levels. In a recent paper Pekeris 
( 1937 ) has produced very substantial evidence in favour of such an explana¬ 
tion by showing that, if the atmosphere contains a warm layer of air of mean 
height 60 km., the relative pressure oscillation at a level of 100 km. is, for 
the solar semi-diurnal oscillation, larger by a factor of about 200 , than at 
the ground. 

But the strongest encouragement to make the attempt to detect the 
ionospheric lunar tide by radio methods was found in the work of Egedal 
( 1930 ), who, from an examination of auroral height data, concluded that 
such base heights were about 6 km. higher at atmospheric flood-tide than at 
ebb-tide. A similar study of the heights of appearance of large meteors led 
the same author to suspect a correlation with the moon’s hour angle, the 
heights being 20 km. greater at atmospheric flood-tide than at ebb-tide. 
No corresponding effect was found for smaller meteors. In a later paper, 
however, Egedal ( 1934 ) states that, as a result of an examination of a greater 
mass of auroral observations, the existence of a lunar tide, of the magnitude 
previously suspected, could not be regarded as established. 

3. Methods op investigating ionospheric oscillations 

Let us now consider the case of a simple ionospheric region and imagine 
that it is subject to oscillations such as might be expected to arise from solar 
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and lunar influences. The right-hand side of (5) must therefore be extended 
as follows: 

h = Ti'q— fi'logcos^-fm 2 sin(2^-f-^) -f72 2 sin(2^~5-f-jp + ^') + o 1 sin(^ — s-f* * * § £) 

V 

Lunar terms 

+$ 2 sin (2t + d) sin (t—y -f- v) 

Solar terms 

+ir i sm(r+/4) + iT2 si:a2 (' 7 ' + £)> (9) 

y - _ J 

Sidereal terms 

where t' and t are respectively the lunar and solar hour angles, r is the sidereal. 
time, y and s are the longitudes of the sun and moon, p is the longitude of 
the moon’s perigee and $3, £, 6, v, p and 8 are unknown phase angles. 

As we are interested specially in the lunar terms it is worth remembering 
that, in the absence of atmospheric resonance the relative amplitudes of 
m 2i n 2 , and o t for south England would be expected to be as 1: 0*194: 1*08. 
It should also be noted that, since the o 1 oscillation regresses with respect 
to solar time at about the same rate as the m 2 oscillation, it is not eliminated 
in the method we have adopted for isolating the lunar terms. 

In attempting to detect the lunar tides we can proceed in two ways, 
using either the diurnal variation of h' or the seasonal variation of the noon 
values. We consider these two possible courses in order: 

(a) Diurnal variation of h' 

If a series of values of h r are measured throughout the day-time during a 
period of about 12-14 days and h' is plotted as a function of solar time, a 
curve drawn through the mean hourly values illustrates the solar control. 
This control will be sensibly uniform during such a period since, except at 
the equinoxes, cos x for the same solar hour angle varies very little, and y 
is practically constant.* If we now plot the departures of individual points 
from the smooth curve as a function of the lunar hour angle t' we can find 
the influence of m 2 and n 2 . We neglect o 1 because although a diurnal lunar 
tide has been sought it has, so far, not been found at ground level. 

* Since y varies at the rate of 1° per day the semi-diurnal term K 2 changes phase 

by 24° in a period of 12 days. This change is considerable under the conditions when 

cos 2(r-f S) is zero. It may be shown, however, that using the method described in 

§ 3 (a), the maxi mum error which can be caused is the error introduced by a tide of 
amplitude 0Ti £ 2 added in some arbitrary phase to the main term ?n 2 . 
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(b) Seasonal variation of noon h' 

If a series of noon values of h f are measured throughout the year and the 
running 15-day mean values plotted, the curve again illustrates the solar 
control and thus the influence of both % an( l V- If we again plot the depar¬ 
tures of the individual points from the smooth curve as a function of the 
lunar hour angle t' 9 we can find the influence of m 2 and n z * It is important 
to note that the lunar term in (9) will, in the seasonal variation, add to the 
semi-diurnal tide a component of slowly varying phase (360° per year). 


4. Experimental observations 

The bulk of the experimental observations were made at the Cavendish 
Field Laboratory, Cambridge, about 200 m. to the south of the radio sending 
station, which is situated in the grounds of the Solar Physics Observatory. *j* 
The Breit and Tuve method of measuring equivalent heights of reflexion 
was used, the time scale being provided by the Cambridge town electric 
mains which are 4 'controlled 55 . An all-wave antenna was employed at the 
sending station and a horizontal dipole aerial at the receiving station, thus 
minimizing the influence of the ground pulses on the receiver. 

The great majority of the Cambridge measurements were made using a 
frequency of 1*8 Mc./sec. which is well below the critical Region E frequency 
during the greater part of the day. An independent series of experiments 
showed that the equivalent height of Region E is sensibly independent of 
frequency, up to a frequency which is 0*75 of the critical value. In our 
experiments, therefore, group retardation phenomena are not experienced 
so long as the critical frequency does not fall below 2*4 Mc./sec., a condition 
which obtains from about an hour after sunrise to an hour before sunset. 
Our measurements were restricted to this day-time period, and we may 
therefore be sure that the equivalent heights measured corresponded very 
closely to the real heights of the lower layer boundary. Such equivalent 
heights generally fell within the range 104-118 km. 

An electric differentiator circuit, an account of which will be published 
elsewhere by Mr W. R. Piggott and one of the authors, was used to delineate 
the ground ray and echo pulses. Using this circuit it has been found possible 
to measure the equivalent height of Region E to a nominal accuracy of 

* 131 flfis case % changes by about 60° in one month, so that, again, K 2 is not 
properly eliminated. It is, however, eliminated to the same extent as in the diurnal 
case if departures from 15-day running means are employed. 

t We are much indebted to the Director of the Observatory, Professor F. J. M. 
Stratton, for hospitality in this co nn exion. 
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0*5 km. As an example of the consistency of the results obtained, we may 
quote the following typical values for the equivalent heights (km.) of a 
series (single and multiple) of Region E reflexions; 118, 237, 355 and 474. 
In an examination of fourteen cases of first and second reflexions the mean 
difference in the measured heights was 0*5 km. no difference being greater 
than 1 km. With this accuracy of measurement, the observed values of the 
height of the layer were found to vary by 1-2 km. in a quarter of an hour, 
and we are inclined to believe that these represent real changes of height. 

In the employment of method 3 (a), measurements of height were made 
quarter-hourly, usually from a continuous record. A smooth curve was then 
drawn through the hourly mean heights, which showed that the solar control 
provoked a change of about 12 km. in the course of the day. This change 
would in itself introduce a large random error in the lunar tide deter¬ 
mination, but, by taking mean deviations from the smooth curve, it can be 
eli min ated. (It was found that the smooth curve drawn freehand through 
the hourly means agrees well with one accurately fitted to the points by 
Aitken’s method ( 1933 ).*) The deviations were then grouped according to 
lunar hour,f all points in the hour (r — J) to (r + \) being classed as relating 
to the hour r. The mean deviation at each lunar hour was then computed 
and the harmonic components of the resulting means determined. This 
method is found to give substantially the same result as the more accurate 
method of fitting a regression curve of the form (A cos 2 1* 4 * B sin 2 t f ) to the 
deviations.* In this way it was found that there was no lunar diurnal term 
greater than 0*20 km. which is below the level of significance. J It was there¬ 
fore considered permissible to arrange the data according to a period of 12 
lunar hours, thus giving better sampling, and to estimate therefrom the 
semi-diurnal component, which was found to be of significant amplitude. 

In accordance with the procedure usually adopted in representing geo¬ 
physical periodicities the semi-diurnal components for different sets of days, 
evaluated in this way, are represented in amplitude and phase on the 
harmonic dial shown in fig. 1 . With the exception of the point ($), all points 
refer to Cambridge observations reduced according to method 3 (a). 

The point (S) in fig. 1 refers to the value obtained for an analysis of a 
year’s series of daily measurements of the minimum equivalent height of 

* We are indebted to Dr L. J. Comrie’s Scientific Computing Service for assistance 
in this connexion. 

f As a matter of convenience in computation, the hour angle of the true moon 
was used. This must be borne in mind when comparing the results with the expression 
of the harmonic theory (9). 

J The same cannot, however, be said of the o 1 term in (9) which changes phase 
rapidly. 
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Region E at noon, made during 1937, at the Radio Research Station, 
Slough.* In this case method 3 ( b ) was adopted. It will be seen that the 
magnitude and phase of the lunar tide deduced from the seasonal data 
agrees well with the determinations from the Cambridge hourly measure¬ 
ments. 


1200 



Fig. 1. Harmonic dial illustrating lunar semi-diurnal oscillation 
of Region E of the ionosphere. 

In fig. 2 is shown the curve of mean deviation against lunar hour for the 
semi-diurnal curve, using all data, the points being the observed means and 
the full line the semi-diurnal component calculated from the formula 

m 2 sin(2£'-f0) = 0-91 sin (2t r + 109°) km. (10) 

A further word should be added concerning the rejection of data. The 
method adopted is clearly valid only if the data are strictly comparable. 
The extensive series of Region E height measurements we have made has 
shown that the layer cannot always be regarded as a simple one and that 
reflexion is sometimes appreciable from different layers below the main one. 
Anomalous values of height are, however, easily recognized, and have been 
rejected in this analysis. In a 12-day series of the Cambridge measurements, 
involving about 350 independent determinations, it has been found that 
there are, on the average, about five such anomalous values. 

The centre of gravity of the points in fig. 1 , excluding ( 8 ), lies at the point 


* We are indebted to Mr R. Naismith for his kind assistance in this connexion. 
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0*85-0*35. Making the allowance of 1 % for the grouping of the data at the 
hours this corresponds to 

m 2 sin(2£' + {5) — 0*93sin(2f + 112°)km. (11) 

We may take this as the best estimate of the tide from these data. 



lunar hour 

Fig. 2. Lunar semi-diurnal oscillation for period 3 Aug. 1937- 
11 July 1938 at Cambridge. 


5. Tests of sigistficastce 

The process of harmonic analysis which we have so far applied to the data 
is purely mathematical and will give harmonic terms for any set of points. 
It remains now to apply tests to determine whether the harmonic terms so 
deduced may be regarded as statistically significant. Two such tests have 
been chosen and applied to test the significance of the lunar semi-diurnal 
oscillation and also to test for the presence of components of other fre¬ 
quencies. These two tests are, in order, 

(A) The analysis of variance (Fisher 1936 ). 

(B) The harmonic dial test (Bartels 1932 ). 

(A) It would, of course, be possible to apply this test to each group of 
data represented by a point in fig. 1 but this plan did not recommend itself, 
since it might be invalidated, as Bartels ( 1935 ) has shown, by the effects of 
quasi-persistence. Instead, therefore, the test has been applied to the whole 
of the Cambridge data for the period 3 August 1937 to 11 July 1938, which 
involves about 330 lunations. We believe that such a period is long enough 
to render negligible the effects of quasi-persistence. 
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Let y denote the individual deviation from the smooth curve which 
expresses the solar influence, y p the deviation at lunar hour p , y p the mean 
deviation at hour p and n p the number of observations at hour p. We may 
assume that the deviation (y p — y p ) gives us an estimate of the scatter due 
to all causes other than the lunar atmospheric oscillation. We then calculate 
the variance of this population and assume that it is a good estimate of the 
experimental errors introduced by the method of measurement. Now, if 
there is no effect dependent on lunar hour, the array means y p should be 
distributed in the same population. 

To test the sig nifi cance of the results obtained we estimate the pro¬ 
bability P that the difference in variance could have been due to chance. 
We may also test whether this difference can be adequately accounted for 
by a single semi-diurnal wave (ordinates Y p ) by computing the variance of 

w-n 

The usual type of table is given below, based on the following data: 


Zn p = 3730, 

y 

= 0-07, 

Zy 2 = 19352-59, 

zz(y-yp)' 2 

= 17761-77, 

Zn p y 2 = 1590-82, 

ZZn p (y p -Y p ) 2 

= 57-48, 


Z(y-y) 2 

= 19331-31, 


Zn p {y p -y) 2 

= 1572-54. 

Deviation at each hour 
Deviation of y s from y 
Deviation of y v from Y v 

Sum of 

squares n r 

17761-77 3718 

1572-54 11 

57-48 10 

Mean 

square Z 

4- 777 — 

142-96 1-699 

5- 748 0-092 


Now the probability of getting a value of Z = 1*699 by chance is about 
2 x 10~ 15 . We see also that the difference in variance between the error and 
(y p — Y p ) is so small as to be insignificant. From this we may conclude that 
while the semi-diurnal tide is significant there is no evidence for any other 
harmonics. 

The test described above refers, of course, to the probability of getting the 
given variance of y p . It does not give us the probability that the points 
would lie so near to the harmonic curve by change as they do. A stricter 
test in this connexion is therefore to calculate the correlation coefficient r 
of the points with the curve. The value of this quantity is given by 

R 


(12) 
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where R is the amplitude of the component derived by harmonic analysis, 
and £ is the standard deviation of the points considered as a normally dis¬ 
tributed population. 

We have i? = 0-91km., 


19334-31 

3729 


5-185, 


£ = 2-277, 

so that r = 0-282. 

If now, following Fisher ( 1936 ) we write 

Z = |{log e (l + r)-log e (l-r)}, (13) 

the standard deviation of Z, cr z , is given by 

<r.-l/V(»-3), (14) 

n being the sample number. 

We thus have Z = 0-283, and cr, = —J—, so that 

~ 01*1 

Z 

— = 17-3. 

<x z 

It is most unlikely that so high a value could ever arise by chance. 

(B) From the data exhibited in fig. 1 we can test whether the tidal 
amplitude is physically significant using a method due to Bartels ( 1932 )* 
as follows. Consider the cloud of N points on the harmonic dial, and suppose 
the centre of them is found to have the co-ordinates x 0 and y 0 where 


Sx v , Sy v 

* 0 --r and y 0 = ~w- 


Then the probable error circle which has been drawn in fig. 1 has a radius 
P where 

P = 0-833 (16) 


In the case of a perfect Gaussian distribution there would be as many points 
inside as outside the probable error circle. 

Let now the ratio of the mean amplitude to the probable error radius 
be K. Then (represents the probability that the effect studied is due to 
chance. In fig. 1 P is 0*16 km. and the mean amplitude is 0-93 km., so that 
K is 5-8 and the probability is 1*2 in 10 10 that the effect is due to chance. 


* Bartels ( 1932 , p. 295). 
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In view of our inexperience in dealing with problems of this character, 
however, we felt it was desirable to seek the assistance of workers more 
familiar with this type of analysis. A set of the Cambridge measurements 
was therefore supplied to Dr L. J. Connie’s Scientific Computing Service 
with a request that it should be examined independently for the existence 
of a lunar tide. On this set of data the following report was received: 


Analysis of a series of observations of the height of Region E 

A series of observations of the height of Region E was examined with a 
view to ascertaining if any appreciable lunar tide existed. 

The observations were made at intervals of 15 m. on each of eight days 
between February 17 and March 1, to a nominal accuracy of 0-5 km. Owing 
to the rapid change in the height of the region in the morning and evening, 
only observations from 8*45 to 16* 15 were used (Apparent Noon = 12h. 13m. 
approximately). A certain number of observations were missing or had to 
be rejected as obviously anomalous, so that the actual number of observa¬ 
tions used was 229. 

Means of the 31 quarter-hourly heights for the eight (or fewer) days were 
formed, and fitted by a polynomial for smoothing purposes. Although a 
polynomial of the sixth order was fitted, a subsequent test of the significance 
of the coefficients showed that a parabola would have been equally effective. 
At two points this curve differed by 1*5 km. from the mean; at all other 
points the difference was 1 km. or less. 

The difference R (in the sense O — C) between each individual observation 
and the value from the above curve for the corresponding time was deter¬ 
mined. Then, on the assumption that the tide sought had a period of half 
a lunar day, the residuals were equated as follows: 

a sin 2ttM -f b cos 2ttM + c = R 

where M is the fraction of the lunar half-day since the previous transit. 

A solution by least squares yielded 


a = -0-7 

S.D. = 0-3, 

b = +1-1 

s.d. = 0-3, 

c = + 0-2 

s.d. = 0 -2. 


Hence the amplitude or *J(a 2 + b 2 ) is 1*3 km. with s.d. not greater than 
0*4 km. The maximum occurs at tan -1 a/6 or 


0*67 

1*12 


— 31°. 


Taking the average lunar half-day as 12 h. 25 m., this is equivalent to 
1 h. 04 m. before meridian passage. 

The significance of the fitting of R by the given equation was tested by 
the analysis of variance method of Fisher; the probability of a derived fit at 
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least as good occurring by chance is less than 1 per cent; hence we conclude 
that the lunar tide is real. 

Perhaps the most convincing evidence of the reality of the tide would be 
analyses of several series of observations, from which the internal agreement 
of the amplitudes and phase angles could be studied. 

(Signed) L. J. Comrie. 

1938 April 1 

It will be seen that fig. 1 provides the extra evidence stated, in Dr Connie's 
last paragraph, as being desirable in that there is substantial agreement 
between the amplitude and phases of a number of series of observations. 


6 . Discussion oe results 

We may summarize the results described above by saying that it has been 
found that the height of Region E is subject to a lunar tide of amplitude 
1 km., the maximum heights being attained approximately f hr. before the 
upper and lower lunar transits. The height variation curve runs thus in 
phase with the lunar pressure oscillation at the ground, as determined by 
Chapman ( 1918 ). It remains now for us to discuss the significance of this 
agreement, and, in doing so, it is first necessary for us to consider more 
precisely the nature of the upper-atmospheric oscillation which could cause 
the changes in Region E height which have been found. A first step in such 
a connexion is to attempt to ascertain the factors which normally determine 
the level at which Region E is formed. 

In two fundamental papers of ionospheric theory Chapman ( 1931 ) has 
considered the effect of monochromatic radiation incident on a rotating 
atmosphere and absorbed according to amass absorption law. The equations 
deduced in these papers give the distribution of ion-production with height, 
and also, if recombination of ions independent of gas pressure is assumed, 
the variation of ionization with height and with time. Tukada ( 1937 ) has 
modified this theory by taking additional account of the attachment of 
electrons to neutral molecules and the photo-detachment of electrons from 
negative ions by low energy solar quanta. Such electrons must originally, 
however, have been liberated by photo-ionization, so that their production 
will be governed by Chapman’s equations. 

According to the theory of Chapman, which we consider first, the ioniza¬ 
tion in Region E is produced photoelectrically by a radiation which suffers 
absorption in the process, so that the lower boundary of the region represents 
the level where the absorption of the radiation is practically complete. It is 
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easy to show that the height of some representative level in such a region is 
associated with a definite partial pressure of the particular gaseous con¬ 
stituent which absorbs the radiation and is thereby ionized. Let us con¬ 
sider in this connexion, for example, the level of maximum ion-production 
which, according to Chapman’s theory, as applied to Region E, is the same 
as the level of ma ximum ionization. If the radiation is assumed incident 
vertically, we find that the maximum ionization is situated at height h 
where 



where p is the partial pressure of the gaseous component, which is ionized, 
and A the mass absorption coefficient. 

In an isothermal atmosphere it may be shown in this way that the 
maximum ionization occurs when 

P={, (18) 


that is, the level is identified with a certain pressure which is independent 
of the temperature or pressure at ground level. 

More generally, if the variation of pressure with height is determined by 
the relation 


dp _ dh 

J~~Wr 


(19) 


we find, from (17) and (19) that the level of maximum ionization occurs when 


P-Ja+zm 


( 20 ) 


so that even if the ionized layer is produced in a region where the tem¬ 
perature is varying linearly with height, the maximum ionization is pro¬ 
duced at a certain pressure level which is independent of ground conditions. 

The considerations stated above lead us to conclude therefore that, if 
Chapman’s theory is applicable to the formation of Region E, the tidal 
variations of region height we have observed indicate the variation in 
height of a certain partial pressure level for the ionized component. If such 
a level of constant partial pressure rises and falls under the lunar gravita¬ 
tional influence, it follows that the partial pressure at a constant level must 
rise and fall in the same phase. The magnitude of the relative partial pressure 
oscillations at this constant level may be estimated in the following way. 
We have, for example, 

p = p 0 e-W, 


(21) 
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where H Is the local scale height for the io niz ed atmospheric component; 
or, if h/H is small relative to unity, 




( 22 ) 

or 

1 

II 

0 

^ 0 

1 ^ 

II 

(23) 


Now, as shown above, we may take h as 0*93 km. and another series of 
experiments conducted by one of us indicates that the relevant value of H 
is 11*5 km. We therefore find Spp to be 8-1 x 10~ 2 for the ionized atmo¬ 
spheric component. Now it is unlikely that the mean scale height for the 
atmosphere at this level differs seriously from the value for the ionized 
component, so that if our results are interpreted according to the simple 
theory of Region E formation, we see that they indicate that the relative 
air-pressure oscillation Sp/p must also be of the order of 8*1 x 10 ” 2 . This 
quantity is 7000 times the measured relative pressure oscillation at the 
ground level. 

If, however, we attempt to correlate the above considerations with what 
has previously been deduced concerning the upper-atmospheric lunar tide, 
we meet with a very grave difficulty. It has been shown by Chapman ( 1919 ), 
for example, that to account for the phase of the lunar semi-diurnal magnetic 
variation it is necessary to assume that the pressure oscillations in the 
relevant part of the ionosphere are out of phase with the tide-producing 
forces, whereas we have seen that, according to one interpretation, our 
results indicate just the reverse. Moreover, Pekeris ( 1937 ) has shown that, 
assuming a certain likely distribution of temperature in the lower atmo¬ 
sphere, the pressure oscillations at a level of 100 km. are exactly out of phase 
with those at the ground for the solar semi-diurnal oscillation. It should, 
however, be remarked that the characteristics of a semi-diurnal solar 
oscillation do not necessarily apply to the corresponding lunar oscillation 
which is of a substantially different period. 

We now turn to consider the influence of the additional atomic processes, 
neglected in Chapman’s theory, which Tukada claims are of major influence 
in Region E formation. As we understand it, the theory of Tukada postu¬ 
lates the existence of a reservoir of negative ions, which is not seriously 
depleted at night, the recombination of positive and negative ions being 
small. During the day-time, however, electrons are detached from these 
negative ions by low energy solar photons, which presumably are in excess, 
so that the maximum of electron detachment will be determined by the 
maximum of negative ion concentration. The maximum of electron con- 
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centration will, however, be determined by the opposing influences of photo¬ 
detachment and attachment which, in turn, depend on the distribution of 
negative ions and of the molecular density of the atmospheric component 
or components to which electrons become attached. Now the stratum of 
negative ions would be expected to move up and down bodily, under the 
influence of the lunar tidal forces, so that, in considering the influence of its 
situation in determining the level of Region E formation, we are concerned 
with the actual displacements of the air particles, and not the variations 
of air pressure at a constant level. Now Pekeris in the work previously 
quoted, has shown that, for the particular distribution of air temperature 
assumed, there is an atmospheric resonance near 12 hr., and that for the 
relevant mode of oscillation the motion of the individual air particles is 
in phase* at all levels with the relative pressure oscillations at the ground, 
although the relative pressure oscillation at the 100 km. level is in opposite 
phase. Thus, the adoption of Tukada’s theory would secure agreement with 
the theory of Pekeris (and not introduce discord with the magnetic evidence) 
as regards the sense of the oscillation, but it should be noted that the magni¬ 
tudes in question are quite different. The upper air displacement value of 
1 km. estimated by Pekeris refers to the solar semi-diurnal oscillation at 
the equator, where the ground level amplitude of the pressure oscillation is 
1 mm. We should expect the corresponding lunar displacements in temperate 
latitudes to be much smaller, since the ground lunar pressure oscillation at 
Greenwich is only 0-0088 mm., while the lunar period of 12 h. 25 m. is further 
removed from the deduced resonance period of 11 h. 56 m. than is the solar 
period of 12 h. It will thus be seen that, according to neither theory of 
Region E formation can our experimental results be reconciled with existing 
views, concerning the magnitude and phase of upper-atmospheric oscilla¬ 
tions. 

The work described arose out of certain experiments conducted at 
Cambridge as part of the programme of the Radio Research Board of the 
Department of Scientific and Industrial Research. One of us (K.W.) has 
been in receipt of a maintenance grant from the Department. 

We wish to acknowledge our indebtedness to Mr W. R. Piggott for his 
generous experimental assistance throughout the whole course of the 
experiments, and to Professor S. Chapman and to Dr A. J. Harris for helpful 
theoretical discussion. 

* We are greatly indebted to Dr Pekeris for informing us that at 125 km. the 
maximum vertical displacement of an air particle during the solar semi-diurnal 
oscillation should, according to his theory, be of the order of 1*45 km. at the equator. 
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7. SmiARY 

Using the well-known radio methods of upper-atmospheric exploration, 
a lunar tide has been detected in the Kennelly-Heaviside layer (Region E) 
of the ionosphere. The magnitude and phase of the tide may be specified by 
the statement that the experimentally determined expression for the 
equivalent height of the lower boundary of the layer is found to contain a 
term of the form 

0*93 sin (2f' -{-112°) km., 

where t' is the lunar hour angle. The tide is thus semi-diurnal, of the order 
of 1 km. and attains its maxima about f hr. before the lunar transits. To 
the accuracy of the experimental results, it is thus in phase with the lunar 
barometric pressure oscillations, as determined by Chapman for ground 
level at Greenwich. 

Difficulties are encountered in reconciling the new results with what has 
previously been deduced from other geophysical evidence concerning the 
magnitude and phase of upper-atmospheric oscillations. 
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Further investigations of very long waves reflected 
from the ionosphere 
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and M. V. Wilkes, M.A. 

(Communicated by E. V. Appleton^ F.R.S.—Received 5 October 1938— 
Revised 13 February 1939) 

1. Introduction 

In a previous paper* Best, RatclifFe and Wilkes ( 1936 ) described two 
kinds of measurement made on waves of length. 18*8 km. (frequency 
16 kc./sec.) emitted from the British Post Office sender GBR situated at 
Rugby. In the first kind of measurement the interference pattern produced 
at the ground by the superposition of the ground wave and the downcoming 
wave was investigated over a range of distances from 65 to 145 km. from the 
sender in a line running east from Rugby. Prom the observed positions of 
the maxima and minima of this ground interference pattern it was concluded 
that the waves were probably reflected from a height of about 74 km. on 
a September day, although, because of uncertainties in assigning the order 
of interference to the different maxima, the possible reflexion heights of 
approximately 62 and 85 km. could not be definitely excluded. The results 
were interpreted on the assumption that reflexion took place at a horizontal 
surface without change of phase. 

In § 2 of the present paper we describe an extension of these measure¬ 
ments to greater distances. At first the measurements were extended to 
the sea along the line running east from Rugby, and later were continued 
to greater distances on a line running north from Rugby. These measure¬ 
ments enabled us to take a further step in resolving the ambiguity in the 
determination of the reflexion height, and to compare the propagation 
characteristics in a northerly and an easterly direction. 

In the second kind of experiment described in Paper I observations were 
made at a fixed point (Cambridge) using a special aerial system by means 
of which the diurnal changes in the phases and amplitudes of the two 
components of the downcoming wave could be determined. We shall call 
this apparatus the “phase apparatus”. 

* In future we shall refer to this as Paper I. 

[ 188 ] 
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Useful measurements of the interference pattern require that conditions 
should not be changing, and they involve travelling considerable distances, 
whereas measurements with the phase apparatus do not suffer from these 
disadvantages. In planning an extended series of experiments to determine 
the diurnal and seasonal variations of amplitude and reflexion height of 
the downcoming wave we therefore considered it desirable to use the phase 
apparatus. From the point of view of simplicity of apparatus and of 
interpretation of results, however, the experiment involving the phase 
apparatus is not so satisfactory as that in which the ground interference 
pattern is investigated. We therefore conducted a series of experiments to 
test the deductions made from experiments with the phase, apparatus and 
we found satisfactory agreement between the deductions drawn from three 
different types of experiment, viz. (a) that in which the phase apparatus 
was used, ( b ) that in which the ground interference pattern was measured, 
and (c) that in which s uns et-fading curves were observed on a loop aerial 
and on a vertical aerial. These check experiments are discussed in § 3. 

Since the deductions made from observations using the phase apparatus 
are substantiated by the experiments mentioned above we have relied on 
this apparatus to provide us with a series of measurements of amplitude, 
phase, and polarization extending over nearly three years. In §4 our 
deductions with regard to diurnal and seasonal variations are described, 
with particular reference to the possible occurrence of very sudden changes 
in November such as have previously been suggested (Eekersley, Round, 
Tremellen and Lunnon 1925 ; Hollingworth 1926 ). In §0 we discuss 
anomalous effects which we have observed on certain occasions and we 
attempt to relate them to other ionospheric disturbances. 

2. Extension of ground interference pattern 

The measurements on the ground interference pattern shown in fig. 1 
of Paper I were made in 1934 at distances between 65 and 145 km. on a line 
running east from Rugby. Observations were made at greater distances 
along this line in July and August 1936, but could not be extended beyond 
the coast, 180 km. from Rugby. One further maximum was located at 
a distance of about 170 km., but this did not enable any more precise 
determination of the reflexion height to be made. In 1937 a series of 
observations was therefore made on a line running north from Rugby, 
between points distant 140 and 380 km. from the sender. These observa¬ 
tions were made on 13, 14, 15 and 16 September, and, for comparison pur¬ 
poses, observations were made in the easterly direction at distances between 
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90 and 165 km. on 23 September. The results of this series of measurements 
are shown in curve (a) of fig. 1 - in which the product of distance and signal 
strength (on an arbitrary scale) is plotted against distance. Observations 
made on lines r unning respectively north and east from the sender are 
represented by dots and crosses. 

We first notice that the shorter-distance portion of the curve (a) of fig. 1 
agrees well with that shown in fig. 1 of Paper I for 3 and 4 September 1934. 




Fig. 1. Ground interference patterns produced by the Rugby sender GBR (A = 
18*8 km.), (a) Product of signal strength and distance, with receiving loop at position 
of maximum signal. ( b ) Signal strength with receiving loop at position of minimum 
signal. Crosses represent observations made on a line running east from Rugby; 
dots represent observations made on a line running north. 

It also agrees with the curves observed in 1936, so that there does not 
appear to have been any noticeable change in conditions between 1934 
and 1937, such as has been observed, for example, with short waves reflected 
from Region F of the ionosphere. 

We next notice that the two portions of the curve which were observed 
in the two different directions appear to fit together quite well, indicating 
that the reflexion height and the reflected amplitude are the same for 
easterly and northerly transmissions. This observation does not support 
the suggestion of Naismith ( 1931 ) who supposed that transmission con¬ 
ditions for these frequencies were different in these two directions. 
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(a) Height of reflexion 

In this paragraph we shall attempt to make deductions, from the curves 
of fig. 1 5 about the height of reflexion of the waves. We shall express the 
results in terms of a fictitious “sharp boundary 59 of such a nature that 
any phase change at reflexion does not vary with angle of incidence. On 
this assumption we have plotted, in fig. 2, a series of curves relating distance, 
height of reflexion, and path difference between the ground wave and the 
reflected wave. A given curve represents a constant path difference, and 
the number written against it represents this path difference measured in 
terms of the wave-length as a unit. In the same figure we have marked the 
turning points estimated from the experimental curve (a) of fig. 1, denoting 
a maximum by X and a minimum by A 7 . If reflexion took place without 



Fig. 2. Lines of constant order of interference for different distances and reflexion 
heights for a wave-length of 18-S km. The broken curves represent different possible 
reflexion heights for the interference system of fig. 1 a. Reflexion height measured 
in km. 

change of phase then a line drawn through the points where the X-lines 
cut integer path-difference curves and the A 7 -lines cut half-integer curves 
would give a possible curve showing reflexion height as a function of dis¬ 
tance. Two such curves are shown as the dashed curves (a) and (b) in the 
figure. These curves show that the experimental facts can be explained by 
assuming that reflexion takes place without change of phase, from an 
“effective 55 height which varies with angle of incidence; in curve (a) the 
height is greater for more grazing incidence, in curve (6) it is less. If we 
assume that a constant phase change takes place at reflexion it is possible 
to find conditions which would represent reflexion from the same height 
for all angles. The dashed curve (c) represents such a state of affairs, and 
since it passes through points where the X-lines cut half-integral curves 
and the X-lines cut integral curves, it corresponds to a phase change of 
180° at reflexion. Without continuing the investigation of the ground inter- 
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ference pattern to distances greater than are at present convenient, we are 
not able to decide between the possible reflexion heights suggested by the 
curves (a), (6) and (c). On theoretical grounds we consider it very unlikely 
that curve (a) represents the true state of affairs, since it indicates an increase 
of reflexion height at more grazing incidence. We consider that curve (c), 
representing reflexion effectively from a constant height with a constant 
phase change of 180°, is the most likely, but we cannot yet exclude the 
possibility of conditions represented by curve (6). 

(b) Polarization and reflexion coefficient 

The above-mentioned measurements on the ground interference pattern 
were all made with the loop in the position of maximum signal, so that, 
since the downcoming wave was never greater than 20 % of the ground 
wave, the loop was very nearly in the plane of propagation, and the normal* 
component of the downcoming wave was alone effective. In order to 
investigate the abnormal component by observations on the ground inter¬ 
ference pattern the loop was set at each observing point to give a minimum 
signal, and the magnitude of this signal was measured on the same arbitrary 
scale as was used for the other measurements. It is shown in the appendix 
that the signal e.m.f. E m at the loop minimum position is given in terms 
of the abnormal component ( E 2 ) of the downcoming wave, the angle of 
incidence (i), and the phase difference (0) between the ground wave and E 2 , 
by the expression 

E m = 2cjE 2 cosisin0, (1) 

where c is a constant of the loop aerial. The results of these measurements 
are shown in curve (b) of fig. 1, in which the magnitude of E m is plotted 
against distance. The maxima of this curve are found to coincide approxi¬ 
mately with the maxima and minima of the curve (a) within the experi¬ 
mental error. Since the maxima and minima of curve (a) occur where the 
phase difference between the ground wave and the normal component is 
0, 7T , 2n } etc., and, from equation (1) the maxima of curve (b) fall at the 
points where (j) = |-7r, |zr, §7T, etc., it follows that there is a phase difference 
of roughly \tt between the normal and abnormal components of the down¬ 
coming wave. This is in agreement with the deductions made in Paper I 
by using the phase apparatus. 

From observations in which only the magnitude of the signal at the loop 
minimum is observed it is not possible to deduce the sign of the phase 

* The normal component is defined as the electric field in the vertical plane con¬ 
taining the sender and the receiver; the abnormal component as the electric field 
perpendicular to this plane. 
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difference. This can, however, be determined at any time by comparing the 
apparent and true bearings of the sender, but such a determination involves 
the assumption that the field of the ground wave is not distorted locally, 
and also involves an accurate knowledge of the true bearing. A more 
satisfactory method is to follow the variation of apparent bearing at a fixed 
observing point throughout the afternoon, and experiments of this kind 
have shown that the phase of the abnormal component lags by about 
on that of the normal component, so that the wave is polarized with a left- 
handed sense of rotation, a result in agreement with the deductions of 
Paper I. 

For the purpose of a quantitative discussion of the curves of fig. 1 we 
assume that at a distance p along a direction making an angle i with the 
vertical the wave radiated by the sender has an electric vector given by 
E = (&sim)p. 

At a distance d along the ground the amplitude of the ground wave is 
therefore given by* E 0 = kid. and the normal component of a downcoming 
wave reflected from a sharp boundary at a height h is given by 


Bi-Bi 


U 


k sin i _ _ 

~{dF+W) ~ 1 {d* + 4Ji?y 


( 2 ) 


where E 1 is the reflexion coefficient, and *j(d 2 -f 4A 2 ) is the total distance 
travelled by the wave. At the places where the ground and atmospheric 
waves are in phase or in anti-phase, the e.m.f. (e) induced in a vertical loop 
lying in the plane of propagation at the surface of the earth will be equal to 
one or other of the valuest 


e — c(E q + 2 Ei) 



where c is a constant characteristic of the aerial. 

Hence at the maxima and minima on the curve of fig. 1 a we should expect 
the product of signal strength and distance to coincide with one or other 
of the values of the expression 

ed = efc jl ± i?i d j +4 jyi} ■ 

The dashed curve in fig. 1 a has been drawn to represent this expression 
with ck = 267, h = 67 km. and R 1 = 0T2. The value of h is based on the 

* For the distances and frequencies concerned, any ground attenuation may be 
neglected. 

f The factor 2 represents reflexion from the ground, with unity reflexion coefficient 
at the frequencies concerned. 
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arguments summarized in fig. 2 and those of ck and R 1 have been chosen to 
give the best agreement with the experimental results. The fact that there 
is close agreement between the theoretical curve and the experimental 
results leads to the conclusion that the reflexion coefficient R 1 is equal to 
0*12 ± 0*02 and is constant over the range of angles of incidence involved 
in these experiments, i.e. from i = 36° (d = 100 km.) to i = 66° (d = 300 km.). 

We now turn to consider the magnitude of the abnormal component E 2 
of the atmospheric wave. By analogy with (2) we assume that it is given 
by an expression of the form 


-®2 — -®2 


&sini 

T?Y 


(2a) 


where R 2 represents the ratio of the abnormal component after reflexion 
to the normal component before reflexion.* 

Then from (1) we deduce that the greatest values of e m ^occurring at the 
places where 0 should be given by 


2cE 2 cos i — 2ckR 2 


sin i cos i 
V(d 2 + 4A 2 ) 


(4) 

8S*7 7%d 

The dashed curve of fig. lb represents the function ~ ^ 2 — (with 

A = 67 km. as before) and is seen to pass satisfactorily through the maxima 
of the experimental curve; this shows that R 2 is sensibly constant over the 
range of angles of incidence employed in the experiments. 

A comparison of (2) and (2a) shows that RJR 2 = EJE 2 so that a deter¬ 
mination of this quantity will give information about the shape of the 
polarization ellipse of the atmospheric wave. We have already deduced 
from curve (la) that ck ~ 267 and from curve (16) that 4:ckR 2 — 88-7 so 
we deduce R 2 = 0-083. Hence EJE 2 = RJR 2 = 0*12/0*083 = 3/2. 

This result, together with the fact that the phase difference between the 
two components is \tt shows that at this time of the year, and for angles of 
incidence between 30° and 60°, the downcoming wave was elliptically 
polarized with ratio of axes equal to about 3/2 and with its major axis in 
the vertical plane. We have already mentioned that the sense of rotation 
was left-handed. 


* There is assumed to be no abnormal component before reflexion. 
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3. Comparison op experimental methods 

In the description which we gave in Paper I of the experiments made in 
1935 with the phase apparatus, we mentioned (§§ 36 and 3d) that there was 
an instrumental difficulty in estimating the absolute value of the phase 
lag of the components of the downcoming wave. This difficulty was due to 
the fact that in calibrating the apparatus a very large change of gain had 
to be made, and this was found to alter the phase relations in the amplifier. 
For this reason we did not place any reliance on the determinations of 
the absolute phase-difference between the ground and atmospheric waves, 
though we were satisfied as to the correctness of the results concerning 
the diurnal changes of phase, and the phase relations between the normal 
and abnormal components. Since that time we have altered the method 
of calibration and of gain control and we now use an arrangement which 
is free from the previous uncertainty. 

In the following paragraphs we shall give an account of measurements 
made with the phase apparatus for the purpose of investigating in detail 
the diurnal and day-to-day variation of the phase of the downcoming wave, 
and before any certainty can be claimed for the results of these measure¬ 
ments it is necessary to describe a series of test experiments made with 
the object of seeing whether different experimental methods yielded con¬ 
sistent results. This section of the paper is concerned with these comparison 
experiments. The data were derived from the following three types of 
experiment: 

(a) The ground plot of signal strength (summarized in fig. I). 

(b) The results with the phase apparatus. 

(c) Fading curves observed on loop and vertical-wire aerials. 

In making the observations mentioned under (c) the measuring apparatus 
was the same as that which had been used in making the ground plot (a). 

(a) Abnormal component 

To test the results for the abnormal component we plotted the afternoon 
variation of the signal as received on the loop aerial when its plane made an 
angle of 7 5° with the plane of propagation, on an occasion when observations 
were in progress with the phase apparatus at a place about 500 yd. away. 
From the results obtained with the phase apparatus it was possible to calcu¬ 
late a <c predicted 55 fading curve for comparison with that observed; these 
curves are shown in fig. 3 and are seen to be in good agreement, particularly 
with regard to the times of maxima and minima, winch depend essentially 
on the correctness of the phases. 



196 K. G. Budden, J. A. Ratcliffe and M. V. Wilkes 

A separate check can be made by comparing the results from the phase 
apparatus with those from the ground plot of the m i nim um loop signal 
(curve 6 of fig. 1). The latter curve can only give us the day value of the 
amplitude and phase of the abnormal component for comparison with the 
other experiments; the agreement is, however, quite good, and we are 
satisfied that all the experiments, and in particular those with the phase 
apparatus, give reliable results for the abnormal component. 



Pig. 3. Test of phase apparatus for abnormal wave-component. The continuous 
curve was obtained with a loop aerial whose plane made an angle of 75° with the 
plane of propagation. The dotted curve was calculated from simultaneous observa¬ 
tions with the phase apparatus. 

(b) Normal component 

To test the results for the normal component we plotted the afternoon 
variation of the signal as received on the loop with its plane in the plane 
of propagation, and compared the results with those deduced from simul¬ 
taneous observations using the phase apparatus at a place about 500 yd. 
away. The two experiments were found to give the same result so far as 
the phase of the normal component was concerned, but in order to bring 
the experiments into agreement it was always necessary to double the 
amplitude of this component as deduced from the phase apparatus. The 
results are shown in fig. 4 a. 
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The day-time results obtained by using the ground interference pattern 
were in good agreement with those from the phase apparatus so far as the 
phase was concerned, but they also pointed to the fact that the amplitude 
of the normal component as deduced from the phase apparatus was too 
small by a factor of 1/2. 

These experiments led us to suspect that the “loop-and-aerial” arrange¬ 
ment in the phase apparatus was not behaving properly owing to its location 
near the other aerials and conductors in the hut . Another ££ loop-and-aerial ’ ’ 



Test of phase apparatus for normal wave-component. In both figures the con¬ 
tinuous curve was obtained with a loop aerial in the plane of propagation. The 
dotted curve in (a) was calculated from observations with the phase apparatus in 
the hut, but the amplitude deduced for the normal component was doubled. The 
dotted curve in (b) was calculated, without any correction, from the phase apparatus 
with the aerial system outside the hut. 


arrangement was therefore constructed outside the hut and connected to 
the amplifier by a shielded cable. When this was used the results agreed 
well with those of the other two experiments, as is clear from fig. 46. 

From these experiments we conclude that the results obtained with the 
phase apparatus are correct as regards the phases of the components, and 
in particular we are satisfied that there is no ambiguity such as that men¬ 
tioned in Paper I in connexion with the absolute phases with respect to 
the ground wave. We are also satisfied that the apparatus gives approxi- 
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mately the correct amplitude for the abnormal component, but the ampli¬ 
tude for the normal component must be increased somewhat. 

If the shape of the polarization ellipse of the downcoming wave is deduced 
from observations on the phase apparatus as used inside the hut it will be 
necessary to make the above-mentioned correction for the amplitude of 
the normal component. In Paper I it was deduced, without making this 
correction, that the polarization ellipse was approximately circular; we 
must now revise this conclusion and say that the normal component is 
greater than the abnormal, so that, since we still find a phase difference 
of \i t between the components, the ellipse has its major axis in the vertical 
plane. There is some evidence to indicate that the ratio of the axes varies 
from time to time, but the value 3/2, deduced from the ground interference 
pattern (§2) probably represents a good mean value. We have not made 
any attempts to measure this ratio accurately from day to day. 

While experiments on afternoon variations of signal strength were in 
progress it was of interest to compare the curves observed simultaneously, 
using a vertical aerial, and a loop in the plane of propagation. In the case 
of higher frequencies, where several cycles of fading can be observed, and 
where the day-time amplitude can be taken to represent the ground wave, 
it is well known that curves of this kind lead to a direct deduction of the 
angle of incidence of the waves.* With these low frequencies, however, 
where only a little more than one cycle of fading is observed, and where the 
downcoming wave is present even in the day-time, it is much more difficult to 
make reliable deductions unless some other data are available. By using the 
knowledge gained from observations on the phase apparatus we have been 
able to interpret the fading curves obtained with a vertical aerial and with 
a loop in the plane of propagation, so as to give the angle of incidence of the 
wave. The accuracy of this determination is not high, and we can only say 
that the angle must lie between 30° and 47°, corresponding to equivalent 
reflexion heights of 90 and 62 km., so that the result does not help us in 
deciding between the different possible reflexion heights mentioned in § 2. 


4. Regular diurnal and seasonal variations 

Experiments with the phase apparatus have now been in progress since 
August 1935, so that we have results extending over three years, from which 
it is possible to make deductions concerning normal diurnal and seasonal 
variations. During most of this time experiments have been made, at first 

* See, for example, Appleton and Ratcliffe ( 1927 ). 
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at intervals of about ten days and later twice as frequently., using the 
“perpendicular loop 55 (abnormal component), and at less frequent intervals 
using the “ loop-and-aerial 55 (normal component). The experiments have 
shown that the state of polarization of the wave is always approximately 
the same, so in what follows we shall take the behaviour of the abnormal 
component to represent that of the wave as a whole. During the whole 
of the period the variation of phase with time of day during the afternoon 
is known reliably, but the absolute value of the phase and of the amplitude 
can only be relied upon since March 1936, when the improvements mentioned 
in the last section were made. 

(a) Reflexion heights 

On 135 days during the period under review we used the phase apparatus 
to keep a continuous watch on the phase and amplitude of the abnormal 
component of the downcoming wave. The curve of fig. 5 is typical of those 
representing the phase variation through the afternoon. Calculation shows 
that, over the range of phase angles involved, and for heights of the order 
of 70 km. (see § 2), changes of phase are proportional to changes of reflexion 
height, so that by a simple change of scale fig. 5 could be made to represent 
the afternoon changes of reflexion height. The required change of scale is 
such that 100° represent 3T6 km. 

In interpreting the results of curves such as that of fig. 5 it is first natural 
to assume that reflexion occurs in the lower portions of an ionized region 
of the type discussed by Chapman ( 1931 a. 6 ). He has shown that if the 
ionization is produced in a homogeneous isothermal atmosphere by a mono¬ 
chromatic incident radiation absorbed according to a mass-absorption law, 
t hen the number of electrons produced per unit volume per second is given by 

I = I 0 exp { - h\H - AHp 0 f(x) exp (- hjH)}, (5) 

where I = ions produced per unit volume per second, 
h — height, 

p 0 = molecular density at h = 0 . 

H = RTIMg = “scale height” of atmosphere of molecular weight M 
at temperature T, 

A = absorption constant of the radiation, 

X — sun’s zenith angle, 
f(x) = a function tabulated by Chapman: 

f(x)' = - sec X if X< 85 °- 
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Since our low-frequency waves need such a small electron density to 
reflect them we assume that reflexion occurs in the “tail” of the region, 
at a considerable distance below the ionization maximum. Under these 
conditions equation (5) becomes approximately 

I = I 0 exp { - AHp 0 f(x) exp (- h/H)}. (6) 



Fig. 5. Curve deduced from observations on phase apparatus for phase of abnormal 

component (30 March 1938). 

We next assume that the electrons are lost by a process of recombination 
or attachment sufficiently rapid for the electron density (N) to be in 
equilibrium* with the ionizing agency, so that ocN 2 = I or fiN = I according 
as recombination or attachment is assumed. At the atmospheric levels 
concerned it is probable that the coefficients a and J3 are proportional to 
pressure so that a = a 0 exp ( — h/H) and f} = j3 0 exp ( — A/#) and the two 
assumptions lead to the alternative expressions 

N = V(-4M>) exp {\TijH - %AHp 0 f(x) exp (- hjH)} 
or N = (/ 0 //? 0 ) exp {hjH - AHp 0 f(x) exp (- h/H)}. 

* The fact that the curves of reflexion height as a function of time (e.g. fig. 7 
of Paper I) are symmetrical about midday makes this last assumption seem reasonable. 
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For the reason already given the first term in the bracket is negligible com¬ 
pared with the second, which means that the rate of ionization varies so 
rapidly with height that the change of a and /? with pressure need not be 
considered. The two expressions then lead to 

N = V&K) exp { - UHpof(x) exp (- h/H)}\ 

and N = (I 0 //? 0 )exp{-ABp 0 f( X )exp(-A/B)}. J 

As x alters, both the electron distributions represented by (7) move up and 
down, without changing their shape. To the upgoing wave, therefore, the 
relevant portion of the ionosphere always presents the same aspect* so 
that on the assumption of this mechanism, the effects observed at the 
ground would correspond to a change of height of the reflecting region, 
without any variation in the phase-change produced at reflexion. 

If we assume that p 0 and H are constant, then the height h of any portion 
of the layer having a fixed value of N is governed by the expression 

log fix) =* constant + hjH, ( 8 ) 

which shows that A plotted against log f(x) should give a straight line from 
whose slope H may be obtained. 

In fig. 6 the results of fig. 5 have been replotted to show the phase angle 
(proportional to h) as a function of log f(x), and the result is a fairly good 
straight line up to the time of sunset at least. Out of the 135 experimental 
curves 117 give straight lines at least as good as that of fig. 6 . Of the 
remaining, eight represent days which were clearly abnormal; these are 
discussed in the next section. The other 10 days, though not obviously 
abnormal, did not yield good straight lines. The agreement with the 
theoretical prediction in the case of the majority of days lends support to 
the fundamental assumption mentioned above, and encourages us to deduce 
a value for H from the slope of the lines. Taking all the 117 normal days the 
value H = 6 ± 0-5 km. is deduced from the curves. Now H at ground level 
is known to be 8 km. and there is evidence (Appleton 1937 ) to show that it 
is about 10 km. at the level (110 km.) of the ionization maximum in Region E, 
so that if our value of 6 km. at the level of about 70 km. is correct it must 
mean that this level is situated in an intermediate stratum of cold air at 
a temperature of about 180°K. This suggestion is in conformity with the 
views of Humphreys ( 1933 ), based on observations of noctilucent clouds, 
and with the opinions summarized by Martyn and Pulley ( 1936 ) in fig. 5 

* Except in so far as the collisional frequency of the electrons will change as the 
layer moves up and down. 
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of their paper. Humphreys requires a temperature of 160°K at a height 
of 82 km. 

Equation (8) suggests that the intercepts of the straight lines on a line 
of constant log fix) should be constant. When, however, these intercepts 
are plotted against the time of the year as in fig. 7, there appears to be a sign 
of a regular variation superposed on the random variations. It appears that 
the reflexion height for a given value of x during the winter months is less 
than for the same value of x during the summer months. This suggestion 
is supported by the curves shown in fig. 8 of Paper I, which seem to show 



Fig. 6 . Semi-logarithmic plot of the smoothed curve of fig. 5 
to test the applicability of equation (8). 

that in 1935 the November heights were less than for the other months, but 
it must be remembered that in 1935 the measure of absolute phase was not 
reliable. 

For the purpose of a statistical test of this suggestion we shall group the 
months November, December, January and February together and compare 
them with the remaining months of the year. The intercepts obtained on 
39 days during the four winter months gave a mean value of — 115° with 
a probable error of 10°, the corresponding mean for 58 days during the other 
months was — 25° with a probable error of 5°. These figures would seem to 
indicate some real difference between the four winter months and the rest 
of the year. The difference of about 100° between the phase intercepts in 
the winter and the summer months corresponds to a difference of reflexion 
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height of only about 3 km. Examination of the values obtained for the 
slopes of the lines indicates no significant difference between summer and 
winter. 

If we make the assumption that the radiation producing the reflecting 
region is the same in the summer and the winter, then we are forced to 
suggest that the low reflexion height in winter is due to some seasonal 
change in the atmosphere, which causes the effective portion of the Chapman 
region to be formed at a level about 3 km. lower in winter than in summer. 
This change might be due to a change in the value of H at the levels con¬ 
cerned,* or to a change in p 0 , brought about by a change in the atmosphere 
below this level. 



1938 

Fig. 7 . Intercepts of curves, such as that of fig. 6 , on the line log e f(x) — 1 . 

We have shown that the reflexion height behaves as though the waves 
were reflected from the “tail” of a Chapman region, and it is of interest to 
enquire whether this can be the tail of the ionospheric region E. 

In the first place it should be remarked that the occurrence of an important 
abnormal component in the downcoming wave suggests magneto-ionic 
effects and indicates that free electrons are mainly responsible for the return 
of the waves. Appleton ( 1937 ) has given reason for supposing that, at the 
level of the Region E ionization maximum, the ratio of massive negative 
ions to electrons was about 100 , and it would be expected to be greater 

* It can be shown that the change of H required would be too small to be detected 
as a change in the slope of the curves. 
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at lower levels, but the present results seem to indicate that even at about 
70 km. the ratio (A 7 /m) ions /{N /m) electrons is still very much less than unity. 

It can be shown that it would require about 300 electrons/c.c. to reflect 
the waves with which we are concerned. If Region E is a Chapman region 
formed with a maximum at a height of 110 km. by a monochromatic incident 
radiation then it can be shown that the required ionization would not be 
produced at a height of 70 km. If, however, it is assumed that the incident 
radiation is “black-body 35 and Region E is produced by selective absorption 
by one atmospheric constituent, then the ionization produced by the shorter 
(and less absorbable) wave-lengths, beyond the absorption limit, will be of 
great importance in the “tail” of the region, and might contribute enough 
ionization to produce the reflexion observed (cf. Chapman 1938 ). 

(b) The November effect 

During the course of our experiments we have given special attention 
to the question of the sudden change in propagation conditions which 
previous workers (Eckersley, etc. 1925 ; Hollingworth 1926 ) have found to 
occur near the beginning of November. 

If it were possible to measure a representative portion of the ground 
interference pattern before and after the expected sudden change it would 
be known whether such a change occurred in our case. Unfortunately 
reliable day-time measurements on the ground interference pattern are 
impossible between October and April since conditions are not sufficiently 
constant during the short day, and at night the reflexion height is so great 
that an inconveniently distant part of the interference pattern would have 
to be plotted before any reliable deductions could be made. 

We are therefore thrown back upon the observations made with the 
phase apparatus which are summarized in fig. 7. It is of course possible that 
the decreased wdnter height, shown in this figure and discussed above, 
corresponds to the “November effect”, but it hardly seems sufficiently 
sudden to have been responsible for the suggestion of a discontinuous change 
near 1 November. We have not so far been able to observe any effect with 
our steeply reflected waves which is similar to the very sudden effect 
observed for more oblique reflexion. 

(c) Amplitude 

The observations wdth the phase apparatus enable us to deduce the 
amplitude of the abnormal component of the downcoming wave and to 
follow its variation throughout the day and the year. The values of the 
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midday amplitude observed since March 1935 are shown in fig. 8, in which 
the amplitudes are given in terms of that of the ground wave. 

In the winter the amplitude is variable from hour to hour, but on the 
whole it increases by a factor of about 2 during the period when the phase 
is increasing. In the summer the day-time amplitude is more constant, and 
it rema ins un changed until the phase change is almost completed. The 
amplitude then increases quite quickly by a factor of 5 or more. The 
difference between the winter and the summer behaviour is very marked, 
and, in particular, it is clear that there is not even an approximate direct 
relation between the amplitude and the sun’s zenith angle. 
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Fig. 8 . Observed amplitudes of abnormal component at midday. The amplitude 
is given in terms of that of the ground wave. 


5 . Cases oe anomalous behaviour 

We have observed two types of anomalous behaviour of the reflected 
wave. The first is sudden and short-lived, and appears to be related to 
“fade-outs” with short waves and to other results of catastrophic iono¬ 
spheric disturbance. The second type may last as long as ten days and 
appears to be associated with large magnetic storms and aurorae. We will 
describe the two types separately. 
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(a) Sudden anomalies 

On most occasions the ellipse seen on the cathode ray tube of the phase 
apparatus changed steadily and slowly, and the observations led to a smooth 
curve of the type shown in fig. 5. On some occasions, however, there was 
a very marked, but short-lived, disturbance in the smooth behaviour, which 
gave results of the type shown in fig. 9. On these occasions it appeared 
that the normal sunset increase of reflexion height was suddenly interrupted 
for a short time, and replaced by a decrease. Budden and Ratcliffe ( 1937 ) 
have suggested that there is a close relation between these low-frequency 
phase anomalies and those catastrophic ionospheric disturbances which 
are supposed to produce “radio fade-outs 3 ’ on high frequencies (Dellinger 
1937 ) and increases in the number of atmospherics recorded on low fre¬ 
quencies (Bureau 1936 ). The results summarized in the following paragraph 
support this suggestion. 



Fig. 9. Short-lived sudden disturbance as observed 
, with phase apparatus (6 July 1938). 


Since January 1936 there have been thirty-four cases of clearly detectable 
phase anomaly of the type shown in fig. 9. The anomaly always represented 
a decrease in phase difference (decrease in reflexion height); in twenty-two 
cases the change of phase was not less than 50°, and in twelve cases it was 
not less than 90°. Out of the thirty-four anomalies fourteen did not coincide* 

* We shall say that two phenomena coincided if the times during which they 
were observed overlap. 
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with any other reported phenomenon of the catastrophic type; fifteen coin¬ 
cided with a reported high-frequency “fade-out ”, andfifteen coincided with 
a reported increase of atmospherics; of these, nine coincided both with 
a fade-out and an increase of atmospherics. In compiling this information 
we have made use of the reports published by the Union Radio Scientifique 
Internationale and also of results obtained by our colleagues in Cambridge, 
who, since January 1938 have been making continuous records of the 
occurrences of fade-outs as observed on a frequency of 1*8 Mc./sec. In this 
connexion we are very much indebted to Professor Appleton, Mr W. R. 
Piggott and Mr K. Weekes for their kindness in putting their results at our 
disposal. 

On the occasions of the phase anomalies there has usually been no 
measurable effect on the amplitude of the downcoming wave, but on six 
occasions there was a definite decrease by a factor of the order of All these 
six occasions coincided with the occurrence of both a fade-out and an 
increase in atmospherics, so that it appears probable that the largest dis¬ 
turbances produce a decrease in the amplitude of the downcoming low- 
frequency waves, but the smaller ones do not. 

The results obtained with the phase apparatus refer only to short distance 
propagation (90 km.). Since 1 March 1938, we have also investigated the 
propagation of low-frequency waves over longer distances by making con¬ 
tinuous records of the signal strength received at Cambridge from the 
sender FYN at Lyons (wave-length 15*15 km.; distance 770 km.). These 
records, also, have given clear indications of sudden anomalous effects, of 
the type shown in fig. 10 as occurring at 1607 GMT (see Budden 1938 ). 

Between 1 March 1938 and 15 May 1938, thirty-four anomalies were 
recorded on the signals from FYN. All except three of these were increases 
in the signal strength; of these, six represented an increase by a factor of 
not less than 3, and twenty-two by a factor of not less than 2 . Every 
anomaly observed on the GBR signals by means of the phase apparatus 
was accompanied by an anomaly on the FYN record. Of the thirty-four 
anomalies on the FYN records two did not coincide with any other cata¬ 
strophic effect, twenty-one coincided with high-frequency fade-outs, eighteen 
with reported increases of atmospherics, and nine with solar eruptions 
reported from the Solar Physics Observatory in Cambridge.* 

These results lead to the conclusion that those catastrophic ionospheric 
disturbances which are sometimes evident as fade-outs or increases of 

* We are much indebted to Professor Stratton and Dr Thackeray who have 
given us details of the results which they have obtained as a result of a programme 
of observations with a spectroheliograph. 
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atmospherics may also be detected, on some occasions, as phase anomalies 
in the case of steeply incident low-frequency waves, or as increases of signal 
strength in the case of more obliquely incident low-frequency waves. Since 
we have deduced that the reflexion of these waves occurs at a height of 
about 70 km. we have evidence that the ionosphere is disturbed at these 
levels on these occasions. 
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Fig. 10 . Short-lived sudden disturbance as shown on automatic record of signal 
strength of FY1ST (A = 15*15 km. distance = 770 km.), 24 March 1938. 


(b) Long-lived anomalies 

On a few occasions we have taken detailed observations at times of 
intense ionospheric disturbance, as evidenced by great magnetic activity 
or by the occurrence of aurorae visible in this country. For a few days near 
the maximum of the disturbance the phase curves were generally so dis¬ 
turbed that a plot of h against log /(%) (as explained in §4) did not 
give a satisfactory straight line. A few days afterwards satisfactory lines 
could be plotted, but after a particularly large ionosphere storm it was 
found that the slope of these lines was smaller than usual and that it took 
ten or twelve days to return to its normal value. This point is noticeable 
in fig. 11 , in which the slopes of the lines are plotted, corresponding to all 
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those days which gave satisfactory straight lines; the dates of intense 
magnetic disturbances (disturbance in H > lOOOy) are indicated in the same 
figure. Aurorae were visible in this country on the nights of 25-26 January 
and 11-12 May 1938. 

Since all evidence seems to support the suggestion that the extra ionization 
produced at times of ionosphere storms is produced by corpuscular rays, 
it is only to be expected that the straight line relation of equation (8) should 
not be satisfied at these times, since that relation is deduced for a region 
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1938 

Fig. 11 . Slopes of straight lines such as those of fig. 6 . The marked dates corre¬ 
spond to intense magnetic disturbances. 

ionized by radiation absorbed according to a “mass absorption” law. The 
fact that the relation holds during the recovery period would seem to imply 
that then the region was produced by wave radiation from the sun, but the 
small values of the slope of the lines, corresponding to values of H as small 
as 4 km., would seem to indicate that after the magnetic disturbance the 
atmosphere is left modified in such a way that the sun’s light produces the 
ionization at a place where H is smaller than the normal value. It is difficult 
to believe that the reduction in H is due to a cooling of the atmosphere at 
a given height; a more reasonable supposition is that the distribution of 
atmospheric density is so altered that the ionization appropriate to reflexion 
is produced at a new level where the temperature is lower. 
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For the purpose of obtaining some evidence about the reflexion conditions 
each day we have more recently attempted to obtain a daily estimate of the 
height of reflexion at midday by observing with the phase apparatus for 



1938 

Fig. 12 . Observed phases of abnormal component at midday. 


about half-an-hour.* On most days this observation should give some 
indication of the reflexion conditions for the whole day, it would only be 
expected to fail if it happened to coincide with the time of a “sudden 
anomaly”, and even that occurrence might often be detected since the 

* Reference to Paper I (§ 3 c), will remind the reader that, in order to estimate the 
phase of the downcoming wave, a “polar diagram” must first be plotted throughout 
the afternoon, and the centre of the “polar circle” estimated. When readings are 
taken only near midday the possibility of deducing the phase depends on the adjust¬ 
ment of the apparatus remaining so constant that the “centre” of the polar diagram 
remains constant during the 5-day interval between one “full afternoon” run and 
the next. With the apparatus at present in use this is found to be the case. 
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readings would be much more variable than usual. Fig. 12 shows the 
results obtained on nearly every day since 20 January 1938, and also includes 
points corresponding to all the days on which detailed runs were made 
before that date. In cases where the midday reading was variable the range 
of variation is shown by a line drawn through the point. The most noticeable 
feature here is the sudden drop in reflexion height (decrease in phase lag) 
on 17 April and the gradual recovery during the next 10 days. By com¬ 
paring the points for 1938 with those for the previous years it is also obvious 
that between 20 January and 15 February 1938, the points are unusually 
low. It seems clear that the large ionospheric disturbances near 25 January 
and 15 April were accompanied by unusually low midday reflexion heights, 
and that the heights did not become normal until 10 days or more had 
elapsed. The disturbance near 11 May did not produce any obvious effect 
on the midday reflexion heights. 

The curves of figs. 11 and 12 taken together thus indicate that there was 
a marked change in reflexion conditions during and after each of the 
ionospheric disturbances of 25 January, 15 April and 11 May. The recovery 
from the disturbed state seemed to take a long time, of the order of 10 days. 
This is quite in agreement with the results of Anderson ( 1928 ) who found 
that transatlantic transmission on a frequency of 57 kc./sec. was disturbed 
for as much as two or three weeks after a marked magnetic storm. 


Appendix 

In § 2 an experiment was described in which the magnitude of the signal 
received on a loop aerial, rotated so as to receive a minimum signal, was 
measured at different distances from a sender. In this appendix we investi¬ 
gate how this minimum loop signal would be expected to depend upon 
transmission distance. We assume that the ground wave produces a magnetic 
field X cos pt in the direction OX parallel to the ground and perpendicular 
to the direction of transmission. The downcoming wave, of complex polariza¬ 
tion, is assumed to produce a field X ' cos in the OX direction and 

a field Y cos (pt—f>) in a direction OY parallel to the ground and in the 
direction of transmission. The downcoming wave is assumed to be so weak 
that (X'/X) 2 and ( YjX ) 2 are negligible compared with unity. The fields 
x and y in the OX and OY directions are then given by 

x = X cos pt, | 

y = Y cos(pf-0),J 


(9) 
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and, in ground plan, the magnetic vector traces out an ellipse given by these 
two equations, A vertical receiving loop aerial receives a minimum signal 
when its plane lies along the major axis of this ellipse, and the signal is 
then proportional to the minor axis. We will therefore investigate how the 
minor axis of the ellipse varies with <f> 3 the phase angle between the abnormal 
component of the downcoming wave and the normal component of the 
ground wave. 

Eliminating pt from equations (9) we can write the equation of the ellipse 
in the form 



for comparison with the standard form 

ax 2 + %kxy J rby 2 = 1. 

It is known that the magnitudes of the semi-axes of this ellipse are given by 
the solutions of the equation 

l/r 4: —(a + b)lr 2 -{-ab — h 2 = 0. 

For the minor axis this gives 

l/r 2 = + b) + *J[{a + b) 2 — 4a6 + 4Ji 2 ]}. 

If we remember that (Y/X) 2 is negligible compared with unity t his gives in 
our case 

r — Y sin$5. 



Fig. 13 . Ground plan of magnetic field of composite wave for different distances from 
sender and hence different values of <j>. 

as the equation for the minor axis and hence for the minimum loop signal. 
The m i nim um loop signal is hence zero when (j> = 0 or 7 r, and is a maximum 
(equal to Y) when $ = \n or §7i, <f> being the phase angle between the 
abnormal component of the downcoming wave and the normal component 
of the ground wave. The ground plan of the magnetic field of the composite 
wave is shown in fig. 13 for different distances from the sender (different 
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values of <f>) and it is seen that when the minimum loop signal is zero the 
loop “bearing” is inaccurate, whereas when the bearing is accurate the 
minimum signal is greatest. 

We wish to express our thanks to all our colleagues who have so generously 
given their time in helping us with the tedious observations on the phase 
apparatus; we are specially indebted to Dr H. G. Booker, Dr F. T. Farmer, 
Mr J. W. Findlay, Mr W. R. Piggott and Mr R. Aves. 

Two of us (K. G. B. and M. V. W.) wish also to thank the Department of 
Scientific and Industrial Research and the Council of St John’s College, 
Cambridge, for grants and scholarships which have enabled us to do this 
work. 

Summary 

The paper describes an extension of the investigation of Best, Ratcliffe 
and Wilkes ( 1936 ) (Paper I) concerning the reflexion from the ionosphere 
of waves of frequency 16 kc./sec. emitted from the British Post Office 
sender GBR at Rugby. 

An extension to greater distances of the previous measurements of the 
“Hollingworth interference pattern” formed at the ground, together with 
the removal of some instrumental difficulties in connexion with the “phase 
apparatus” mentioned in Paper I, have led to more precise information 
about the downcoming wave. The observations were explicable on the 
assumption that reflexion was from a height of 67 km. for all angles of 
incidence between 30° and 60°, and was accompanied by a phase change of 
180°; the reflexion coefficient of the wave component with electric field in 
the vertical plane was 0*12 on a September day; the wave was elliptically 
polarized so that the “ electric vector ellipse ” was described in a left-handed 
sense and had its major axis in the vertical plane and the ratio of the axes 
was about 1*5. Propagation conditions were found to be similar in northerly 
and easterly directions. 

Observations on 135 days spread over the period July 1935 to July 1938 
showed that the reflexion height varied during the day as though the waves 
were reflected from the lowest portions of a “Chapman region” at a level 
where the atmospheric “scale height” ( H ) was about 6 km. (corresponding 
to a temperature of 180° K for air of normal composition). There was some 
evidence that the whole of the reflecting region was about 3 km. lower 
in winter than in summer. 

Sudden anomalous decreases of reflexion height were sometimes observed 
and it was found that these showed a close relation to fade-outs on short 
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wave-lengths and to other phenomena usually associated with catastrophic 
ionospheric disturbances. 

During and after severe magnetic storms or auroral activity the diurnal 
variation of reflexion height was found to be abnormal, and the abnormality 
persisted for as long as 10 days. During these abnormalities there was 
some evidence that the value of H was considerably reduced at the level of 
the reflexion. 
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1 . Introduction 

The problem to be discussed, which arose in connexion with the uptake 
of moisture by cotton bales, is that of diffusion of one substance through 
another in the pores of a solid body which may absorb and immobilize 
some of the diffusing substance. Heat will be evolved by the absorption 
process, and this will itself diffuse through the medium, and will affect the 
extent to which the solid can absorb the diffusing substance. We thus have 
two diffusion processes coupled by the mutual interaction of the diffusing 
“ substances 55 when they are absorbed by the solid. The pores are envisaged 
as a continuous network of spaces included in the solid, containing the 
medium (e.g. air) through which the diffusion takes place. The solid itself 
may be either discontinuous, as is a bale of cotton fibres, or continuous, 
like a sponge. For convenience we will refer to the diffusing substance in 
the pores as the c Vapour”, though the theory is not limited to the diffusion 
of vapours, nor is it necessary to assume pores of larger than molecular 
dimensions. The essential point is that some of the diffusing substance 
becomes immobilized, and that heat is given out in the process. Thus the 
case of a dissolved substance diffusing through a gel would be included, 
and it is not necessary to suppose the diffusion limited to one phase only. 
If heat is evolved when vapour is absorbed by the solid, it follows by 
thermodynamic reasoning that vapour will be set free when heat is im¬ 
mobilized (i.e. disappears). Hence the equations will be symmetrical in 
form. Equations of the same form would be obtained, neglecting thermal 
effects, for the diffusion through a porous solid of two substances, each 
capable of replacing the other in absorption by the solid. 

In order that the equations may be reasonably easy to solve, it is necessary 
to keep them linear. To this end we shall have to take certain quantities 
as constant which are in fact variable. In consequence the results should 
be taken as applying quantitatively only to small changes in concentration 
of the diffusing substance. For larger changes the calculations may be 

[ 215 ] 
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expected to give correctly the general nature of the phenomena and their 
order of magnitude. 

Probably the worst approximation to be made is that the amount of 
vapour absorbed by a given quantity of the solid in equilibrium varies in 
a linear m ann er with the concentration of the vapour and with the tem¬ 
perature. In the particular case of water absorbed by cotton there is quite 
a large range over which the variation is approximately linear with con¬ 
centration, whilst the temperature range of practical importance is small. 
In general, however, the assumption of linearity can only be taken as a good 
approximation over small ranges of concentration and temperature. 

It will further be assumed that the diffusion constants are independent 
of the amount of vapour which has been absorbed, and of the temperature. 
Neither of these assumptions will always be true in practice, since the 
porous solid may swell as it absorbs vapour. Also the rate of diffusion of 
one gas into another is known to vary as a power of the absolute temperature 
between 1-5 and 2. These variations, however, will not alter the order of 
magnitude of the effects to be expected; and this is all that the calculations 
below are expected in general to give. The precision of application can be 
determined and discussed best in relation to experiments under specific 
conditions. 


2. Diffusion coefficients 

There are a number of ways of defining a diffusion coefficient in a porous 
solid, but all of them may be considered as giving the rate of passage of the 
diffusing substance across unit area, divided by the gradient of the con¬ 
centration of that substance measured in a direction normal to the area. 
The differences lie in the manner in which these two quantities are expressed. 
Thus, if we measure the rate of diffusion in grams (of g. mol.) per second per 
square centimetre, and the concentration gradient in terms of the partial 
pressure as mil li m etres of mercury per centimetre, we get a coefficient 
corresponding to a thermal conductivity constant, useful for dealing with 
steady states of diffusion; i.e. when the concentration at any one point does 
not alter with time. If, however, as in the present problem, we wish to deal 

with, unsteady states, we use equations of the typel^ = where C 

at dx\ ax) 

denotes the concentration, and, dCjdt, by giving the difference in the rates 
at which the diffusing substance is passing into and out of unit volume, 
serves as a measure of the rate of diffusion. In this case we must use the 
same units for the concentration on both sides of the equation, and D, the 
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diffusion coefficient, has the dimensions DT* 1 . Such a coefficient is inde¬ 
pendent of the units used for the concentration, and we may even legiti¬ 
mately compare the numerical values for the coefficients of diffusion of 
gases and of heat respectively, if for the latter we use the temperature as 
a measure of the concentration. All the coefficients used below are of this 
type. 

It will be seen that definition of a diffusion coefficient in this way involves 
the notion of the capacity of the space concerned for the diffusing substance; 
i.e. the amount of substance which must flow into unit volume in order to 
raise the concentration, or intensity factor, by unit amount. The capacity 
factor of homogeneous space is unity, but that of a porous non-absorbent 
solid, considered as a whole, is less than unity if the concentration of the 
diffusing substance is deduced from the partial pressure (i.e. the concentra¬ 
tion in the pores); whilst that of an absorbent porous solid may be either 
less or greater than unity. In the case of thermal diffusion, the data for which 
are usually expressed by a conductivity, we obtain the diffusion coefficient 
by dividing the conductivity by the thermal capacity of the medium per 
unit volume (i.e. by the product of the specific heat and the density). This 
quantity, icjcp, is often referred to as the “thermometric conductivity” 
or “ diffusivity ”, and it has the same form as any other diffusion coefficient. 

Of the possible ways of expressing the concentration of the diffusing 
substance in the solid, we shall be interested in three. First, there is the 
actual concentration at a given point in a particular pore. This we will call 
the pore concentration. Secondly, if we take the volume average of this 
throughout the pores in the immediate neighbourhood of a given point, 
we get a quantity which is a continuous function of position in the solid 
regarded as a whole. This quantity we wall call the active concentration , 
and we will denote it by the symbol G . At the surface (macroscopic) of the 
solid, this will be determined by the partial pressure of a gas, or the activity 
of a solute outside the surface.* Inside the solid we may imagine a small 
cavity to be used for the measurement. Thirdly, there is the concentration 
obtained by finding the total amount of the diffusing substance present in 
unit volume of the solid (regarded as a whole), including both the free and 
absorbed substance, if any. This we will call the overall concentration . In 
a non-absorbing porous solid, the overall will always be less than the active 
concentration in the ratio of the pore space to the total space. If p, p s 
and p r are the overall and true densities of the solid and the density of the 

* If the pores are large compared with molecular dimensions the “active con¬ 
centration” at the surface will be equal to the concentration just outside the surface. 
If the pores are small, there may be a difference due to surface forces. 
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material filling the pores respectively, this ratio* is cc — (p s p)/(p s Pr)• 
If the solid absorbs the diffusing substance, small changes in the total 
amount of the latter contained in a given volume of the solid (considered 
as a whole) will bear to corresponding changes in the amount of free sub¬ 
stance in the pores a ratio greater than unity. This ratio may depend upon C, 
and upon the extent to which heat produced during absorption can escape. 
Let us denote it by ft and /?' in the two extreme cases of isothermal and 
adiabatic conditions respectively. Thus the ratio of small changes in overall 
concentration and in active concentration is oc/3 and a/?' in these two cases. 


To sum up, we have: 

Solid non¬ 
absorbent 

Solid 

absorbent 


Concentrations: 4 c Pore ’ 5 

— 

— 

Varies from pore 
to pore 

“ Active” 

G 

C 

Local mean of the 
above 

“Overall” 

ocG 

ccj5C 

(differential) 

As obtained by 
sampling solid 


Corresponding to these types of concentration, we have three concentra¬ 
tion gradients. The pore concentration gradient will vary in direction according 
to the particular pore in which it is measured. The active concentration 
gradient is the gradient of the active concentration, and not the local mean 
of the pore concentration gradient. It is, in general, larger than the latter 
on account of the zigzag nature of the pores. The overall concentration gradient 
bears the same ratio to the active gradient as the overall concentration does 


to the active concentration. Thus we have: 





Relative 


Subscript 



magnitude 

Direction 

symbol 

Concentration 

“Pore” 

<1 

Irregular 

P 

gradients: 

“Active” 

1 

Regular 

a 


“Overall” 

a/? 

Regular 

0 


Similarly, we can define three rates of flow to correspond. First, there is 
the pore rate of flow, which may be in any direction according to the local 

* cc would perhaps be better defined as the ratio of the capacities for the diffusing 
material of equal volumes of the solid (regarded as a whole and supposed non¬ 
absorbent) and of the surrounding medium, respectively. The distinction is im¬ 
material as long as we are considering the diffusion of a substance, but becomes 
necessary when we are dealing with the diffusion of heat. This is because the solid 
itself has a capacity for heat apart from the heat absorbed when the solid gives up 
vapour. On the other hand, the vapour cannot usually be absorbed without the 
evolution of heat. 
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geometry of the pores. Secondly, there is the resultant of all the pore flows 
in the immediate neighbourhood of a given point. This is a continuous 
function of position in the solid regarded as a whole, and corresponds to the 
“active 59 concentration gradient. Since, however, the term “active” does 
not seem appropriate, we will call it the resultant rate of flow. In general, 
it is less than the local mean of the numerical values of the pore rate of flow, 
on account of the zigzag nature of the pores. Since it would be difficult 
to measure this quantity directly, its magnitude is best defined as below 
in terms of the overall rate of flow. The overall rate of flow is the amount of 
the diffusing substance which passes per second per unit area described in 
the solid regarded as a whole, the area being so orientated that this quantity 
is a maximum. We can now redefine the resultant rate of flow. Provided 
there is no diffusion through the solid, it is equal to the rate of passage across 
the area mentioned above, divided, however, not by the area itself, but by 
that part of it which cuts across pore space. Since an average fraction of 
the area equal to oc cuts across pore space, the resultant rate of flow is equal 
to the overall rate of flow divided by a, and is therefore larger than the 
latter. Thus we have: 

Relative Subscript 




Meaning 

magnitude 

Direction 

symbol 

Rate of flow: 
g./cm. 2 sec. 

“Pore 55 

Individual pore flow 
Individual pore area 

>1 

Irregular 

V 


“Resultant 55 

Total flow 

Total pore area 

1 

Regular 

r 


“Overall 55 

Total flow 

Total area 

a 

Regular 

0 


We can now define various diffusion coefficients by dividing a rate of flow 
by a concentration gradient. The various coefficients may be distinguished 
by means of subscripts; thus D ra is the coefficient obtained by dividing 
the “resultant” rate of flow by the “active” concentration gradient. Five 
of these are of interest to us. First, we have D pp , the pore coefficient . This, 
though the ratio of two vectors varying irregularly from point to point, 
has the same value at all points where the temperature and the material 
filling the pores are the same. If the pore size is large compared with the 
mean free path of the molecules of the diffusing substance, D pp is equal to 
the coefficient of diffusion of the diffusing substance in the free material 
which fills the pores. If the pore size is comparable with, or smaller than, 
the mean free path, D pp is meaningless, since the flow through a pore is no 
longer proportional to its cross-sectional area. The flow is still proportional 
to the concentration gradient, however, so that the other diffusion constants, 

15-2 
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which may be determined by macroscopic measurements, are still of use. 
D ra . which we will call the no-absorption coefficient , is the coefficient which 
would be deducible from the changes in overall concentration if the solid 
had exactly the same pore geometry, but did not absorb. It is not directly 
determinable experimentally, but enters into the theory. D oa , which we 
will call the externally observed coefficient 9 is that which is deducible from 
external measurements of concentration (e.g. determinations of the amount 
of diffusing substance passing through a slab of the solid between two known 
concentrations). Fourthly, we have D 00 , the internally observed coefficient , 
which is deducible from measurements of the changes in overall concentra¬ 
tion of the diffusing substance in different parts of the solid. This coefficient, 
unlike the others, is affected by the extent to which the solid absorbs the 
diffusing substance. We must therefore specify what happens to the heat 
given out during the absorption, for if this is not allowed to escape, the 
temperature will rise, and the extent of the absorption will not be so great 
as it would have been had the temperature remained constant.* If we use 
the symbol D 00 for the isothermal coefficient, we may represent the adiabatic 
coefficient by D' 00 . The coefficients which we shall require in subsequent 
workings are D 00 , D' 00 and D ra . In order to avoid the frequent repetition 
of the double subscripts, we will usually denote these by D, D r and D" 
respectively. 

The various coefficients are tabulated below: 


Diffusion “Pore” 

coefficient: 

“Eo absorption” 
“External” 

“Internal isothermal” 
“Internal adiabatic” 


Definitive 

Symbol 

Relative 

symbol 

in text 

magnitude 

Dpj, 

— 

>1 

D ra 

D" 

1 

D 0 a 

— 

cc 

Dqo 

V 

VP 

D 00 

j O' 

VP' 


It may assist an appreciation of the relations between the various co¬ 
efficients if we examine the way in which they vary as we proceed from the 
simplest case of diffusion to more complicated types. First, we have diffusion 
through plain air, or whatever else the material is that fills the pores of the 
soM to be considered later. AH five diffusion coefficients are now equal to 
D* (say). Next consider the case of diffusion through a number of parallel 


f.itw r IT* 106 ’ C ° ndltl ? 1 f wiU be neither isothermal nor adiabatic, but may approach 
f. the and heat d®* 36 very different rates. The main object of the 

^ 18 t0 determine the actual conditions in terms of measurable 
properties of materials. 
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tubes (i.e. straight pores) filled with air. D pp , D ra , D 00 , and D' 00 are still 
equal to D*, but D oa is multiplied by oc on account of the diminished area 
across which diffusion can occur. Taking now the case of a porous, non¬ 
absorbent solid, which may be considered as a set of irregularly bent tubes, 
we find that D pp remains unaltered, but that all the other coefficients have 
to be multiplied by some factor g which depends only upon the shapes of 
the pores. If now we consider the tubes or the porous solid to become 
absorbent, but with no thermal effects, we must divide D 00 by ft, and D' 00 
by ft') whilst the other coefficients remain as before. Finally, if the diameters 
of the pores become comparable to, or smaller than, the mean free path of 
the diffusing molecules, D pp becomes meaningless, whilst g takes on a new 
value g' which depends upon the size of the pores as well as their shape. 
These relations are tabulated below. 



Dpp 

Dra 

Doa 

D 00 

D' 0 

No solid 

D* 

D* 

D* 

D* 

D* 

Parallel tubes 

D* 

D* 

ocD* 

D* 

D* 

Porous solid 

D* 

gD* 

gaD* 

gD* 

gD* 

Absorbent tubes 

D* 

D* 

olD* 

1 10.D* 

1 /P'.D* 

Absorbent solid 

D* 

gD* 

gccD * 

gW-D* 

g/fi'.D* 

Abs. solid, fine pores 

— 

g'D* 

g'aD* 

g'/fi.D* 

g'lfi'.D* 


When we come to consider the diffusion of heat, we find that it is exactly 
parallel to the diffusion of vapour. Since, however, we are mainly interested 
in the diffusion of vapour, we need not in the case of heat distinguish 
between diffusion in the solid and in the pores, especially as both phases 
are likely to conduct heat appreciably. We simply consider the solid as 
a whole, and, corresponding to the vapour diffusion coefficients D, D', and 
D" under isothermal, adiabatic, and no-absorption conditions, respectively, 
we have 2, S) 1 and 23”, which are the thermal diffusion coefficients under 
conditions of constant vapour concentration, no vapour diffusion, and no 
absorption (and therefore no evolution of heat) respectively. The relations 
between these coefficients are further examined later on. 

3. The vapour diffusion equation ' 

The rate at which the concentration in a small element of volume changes 
is governed by the following factors: 

(1) Diffusion through the pores, and through the solid. Both these pro¬ 
cesses will probably proceed according to the normal law, the rate of 
diffusion being proportional to the concentration gradient. The diffusion 
through the pores is likely to be more rapid than that through the solid. 
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and in the particular case for which this theory was worked out—the 
diffusion of water vapour through cotton bales—there is experimental evi¬ 
dence that the pore diffusion plays the principal part. Where this is not so, 
we can yet represent both processes by means of one set of terms and one 
effective diffusion constant in our equation if we make the assumption, 
as we shall for other reasons (see below), that the vapour in the pores is 
everywhere in equilibrium with the absorbed material in the solid in the 
imm ediate neighbourhood, and that there is (over the range considered) 
a linear relation between the concentration of the vapour and amount of 
vapour absorbed by unit mass of the solid. For the sake of simplicity we 
shall have to ignore the change of the diffusion constant with temperature 
and pressure. We will take the rate at which material diffuses into the 
small volume element SxSySz to be given by D"V 2 <7 SxSySz where V 2 is 
the Laplacian operator. 

(2) Flow of air and vapour produced by changes in the total pressure. 
This process is quite distinct from the diffusion of the vapour through the 
air in the pores, but since the flow will be governed by viscosity rather than 
by momentum on account of the small size of the pores and the relatively 
slow rate of flow, the amount of vapour passing through a given pore due 
to this cause will be proportional to the gradient of the total pressure. Now 
the total pressure gradient will consist mainly of two components propor¬ 
tional to the gradients of the partial pressure and of the temperature respec¬ 
tively. Inspection of equation (7) shows that the effects of such additional 
terms will be to alter slightly the diffusion coefficient and the degree of 
coupling of the two diffusion processes, respectively. We need not, therefore, 
consider the matter further. Where the pores are filled with liquid, the effects 
of flow wall be still smaller. 

(3) The rate at which water vapour is being absorbed or given off by the 
solid. If M is the mass of the diffusing substance absorbed by unit mass of 
the solid (apart from any material in the pores), then the mass of vapour 
which disappears from the small element of volume Sx Sy Sz when M increases 
by SM is (1 — cc) p s 8x8y Sz8M. The volume of the pore space from which it 
came is ccdx8y8z, so that the rate of change of G due to this cause is 
1 — oc dM m 

- Pa~Qf • Thus the equation for vapour diffusion is 


ot a ™ 


dM 

dt 


T\”xnn dJf 1—a 

DVC ~ii =7 ir where 



223 


Diffusion in absorbing media 


4 . The thermal dieeusion equation 


The rate at which the temperature of the medium alters will depend upon 
the following factors: 

(1) Conduction of heat through the solid and through the gas in the 
pores. With this may be included radiation across the pores. All three 
should take place according to the normal conduction law, since with the 
smaE differences of temperature concerned the radiation across a given 
pore wiE be proportional to the temperature difference between the opposing 
waEs. Hence we may use a single set of terms with an experimentaEy 
determined diffusion constant to represent aE three phenomena. 

(2) Convection of heat by the diffusing vapour or air. This wEl usuaEy 
be neghgible compared with the amount of heat evolved when the same 
amount of vapour is absorbed by the solid. Thus 1 g. of water vapour in 
passing from one point to another at a temperature 10° lower gives out 
about 5 cal. at constant pressure. The same amount of vapour, on being 
absorbed by cotton at 12 % moisture content gives out some 600 cal. The 
effect of taking this into account would be to alter shghtly the degree of 
coupling between the two diffusion processes, but we wiE neglect it, except 
in so far as it affects the experimentaEy determined diffusion constant. 

(3) The heat given out or absorbed when the air or vapour change their 
pressure. One gram of water vapour on increasing its pressure by 10 % 
at atmospheric temperatures gives out about 3 cal. This can be neglected. 

(4) The heat evolved when the vapour is absorbed by the solid. This can 
be determined experimentaEy, or calculated from the effect of temperature 
on the equilibrium between the absorbed and free vapour. Let h cal. be the 
heat given out when 1 g. of vapour is absorbed at constant pressure on to 
a large mass of the solid which already contains a given fraction M of its 
weight of absorbed vapour, h wiE usuaEy depend upon If, since the more 
vapour is absorbed the less the attraction between the solid and further 
vapour, so that less heat is given out. We shaU assume, however, that le 
is a constant, for the sake of simphcity. The rate of evolution of heat per unit 

volume is hp' , where p l is the mass of soKd per unit volume of the whole, 

ot 

and is equal to p s ——and the equation for the thermal diffusion is 
Ps Pp 

,dT 7 ,dM 

V-g-tW+ip -gf 


dT 

ot 



or 


(2) 
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5. The equilibrium equation 

One more relation between C, T and M is required in order to determine 
t hem in terms of x, y, z, and t. Since we are assuming that the vapour in 
the pores is in equilibrium with the absorbed vapour on the walls, the third 
equation will be that expressing the relation between the concentrations 
of these. If we write 

dM , 3 M 

sc-* “ d W"""- 

then for small variations we have, approximately, 

M = const. + <tC—g)T. (3) 

We have already stated that, if we are to keep our equations readily soluble, 
we must assume that cr and 0 ) are constant. In the case of water vapour and 
cotton, there is a considerable range of conditions over which this is a 
reasonable approximation, though it will not be so in general. 


6 . General solution of the equations 


The equations to be solved are 


Eliminating M, we get 


dM ■ dM 
SC-* 1 8 T~ 


D"^G-{\+ycr)^+yo^ = 0, 
iTV^-a + eo)^ +ecr d -£ = 0. 


(*) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 


These equations enable us to write down the relations between various 
types of diffusion constant.* Thus, if we put e = 0, i.e. if we suppose that 

* It may be noted that equations (7) and (8), and all the relations between the 
diffusion coefficients deduced therefrom, hold whether <x and co are constant or not. 
It is only in the detailed solution of the differential equations that we have to assume 
the relation (3) to be linear. 
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no heat is given out when vapour is absorbed, we can make dT/dt = 0 by 
supposing that the temperature at the boundary does not change. Thus (7) 
becomes the equation for isothermal diffusion, and can be written 


dC D" 
dt ~ 1 +ycr 


V 2 <7, 


(9) 


so that we get for the “internal isothermal” diffusion coefficient 

D ,r 

~ fi ~~ 1+ycr* 


( 10 ) 


The same equation for vapour diffusion would be obtained by putting 
o) = 0 in (7); i.e. by assuming that changes of temperature had no effect 
on the absorption of vapour. 

The “external” diffusion coefficient D oa is, as we have seen, equal to 
aD"; so that the relation between the two coefficients most easily determined 
experimentally is 

D oa = *(l+y<r)D. (11) 


This relation may be given a simple physical interpretation, for reference 
to the definitions of oc , y and cr shows that it is equivalent to a statement 
that the ratio of the “external” to the “internal” diffusion coefficient is 
equal to the ratio of a small change in the “overall” concentration to the 
change in “active” concentration producing it. 

In order to obtain the “internal adiabatic” coefficient, we must suppose 
that heat evolved when vapour is absorbed cannot be conducted away, 
and so we put 3" =0 in (8). We then eliminate dT/dt between (7) and (8), 
and obtain an ordinary diffusion equation from which we see that 


= IT ; 1 + K “ - d( ! + _>=_) . 

p l + ycr+eo) \ l + ycr + eu)J 


( 12 ) 


Similarly, by putting dO/dt = 0 in (8) we find that the relation between the 
thermal diffusivities with constant vapour concentration, and no absorption, 
respectively, is 


3 = 


3" 

1-f € 0 )' 


(13) 


and by putting D" — 0 in (7) and substituting in (8) we get for the thermal 
diffusivity with no vapour diffusion 


3 ' = 3 \ + 


l + ycr+ea) 


1 + 


(14) 
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So that if we write 


we get 


yco 

l+ycr 


= A 


D 

D' 


J ecr 

and —— = v, 

1 +ew 

(15) 

II 

b-J 

1 

> 

(16) 


If Av is small the adiabatic and isothermal coefficients are nearly equal, so 
that we can regard Xv as a measure of the coupling between the vapour and 
thermal diffusion processes. This will be seen more clearly later on. 

Returning now to the equations (7) and (8), we see that they can be 
written more simply in the following form: 

DV 2 G——AT) = 0, (17) 

ot 

@V 2 T-^(T-vC) = 0. (18) 

v Ot 


These equations are now in a form analogous in some respects to those 
representing two coupled vibrations, and they may be treated in the usual 
manner (provided that cr , w, y and e and therefore A and v, are assumed 
constant) by the introduction of “normal co-ordinates 51 which are linear 
combinations of C and T, of the form rC+sT. With the proper choice of 
the ratio rjs , the equations (17) and (18), expressed in terms of the new 
co-ordinates, give rise to two simple diffusion equations, each containing 
one only of the normal co-ordinates. The quantities represented by the 
latter consequently diffuse according to the usual law, and independently 
of each other, just as the normal modes of vibration of coupled mechanical 
systems, once started, continue without mutual interference. To find the 
normal co-ordinates, we multiply (17) by rJD and (18) by s\®, and add, 
getting 


V 2 (rC'+sT)-| 



(19) 


If this is to be expressible as a simple diffusion equation for rC + sT, we must 
have 

rfD-svlS) __ sl^-rXjD 
r s 


or 


1 1 rX 9 , \ 

D-r® = 3>— S D = fi (say) - 


( 20 ) 
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This is a quadratic in r/s, and hence gives the two values of r/s required to 
form the two normal co-ordinates, ju, 2 , also, will have two values, corre¬ 
sponding to the roots of r/s . Equation (19) can now be written 

V*(rC+sT)-^u*(rC+sT) = 0, (21) 

ot 

which is a simple diffusion equation for rC+sT, with diffusion coefficient 
llfiK 

To determine the normal co-ordinates and their corresponding diffusion 
coefficients in convenient form, we proceed as follows. Elimination of r/s 
between the equations (20) gives 

('““"sK^-s)-55' 

The roots of this are 

2 _ D + ®±J{(@-D)*+4AvD®} 

^ ~ 2DS) 


( 22 ) 

(23) 


If Ay is small compared with 


(3-D) 2 

4D3 


, i.e. if either the coupling between the 


two diffusions is weak, or D and 3 are of widely different magnitudes, these 
become nearly 


, #t _ 1 Ay } 
i “ 1 ' D + &—D’ 


2 . 1 Av 

2-B'. 


(24) 


Thus, as the coupling becomes weaker, / 1 \ tends towards l/D, and fi\ tends 
towards 1/3, so that we may speak of ± as the vapour roots, and ± fi 2 
as the thermal roots, though when coupling exists, all roots are concerned 
with both diffusion processes to a greater or less extent, according as the 
coupling is strong or weak. We may note again the analogy with two 
coupled vibrating systems which results from the similarity of the differen¬ 
tial equations. Further instances of this analogy will appear later. 

The approximations (24) hold if D and 3 are very different in magnitude, 


whatever the value of Ay, for then 


(3-D) 2 

4D3 


is large, whilst Ay can never 


exceed unity. If D is much greater than 3, so that vapour diffusion proceeds 
much faster than thermal diffusion, it will be found from (24) that l/^f 
approximates to the adiabatic vapour diffusion coefficient, and 1//^| to the 
constant vapour concentration thermal diffusion coefficient. If, on the 
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o ther hand, 2 is much greater than I), so that heat diffuses much faster 
than vapour, 1 //(f approximates to the isothermal vapour coefficient, and 
1//4 to the no-vapour-di£fusion thermal coefficient. These are, of course, 
to be expected, as may be seen by considering the limiting cases when 
one diffusion coefficient becomes zero or infinite. 

We can now determine the normal co-ordinates in terms of the diffusion 
coefficients. Prom (22) or (23) we see that 

/*!+/*! = jj+^ 

or = (25) 

Using (20) and (25) we find that 

_ l-/j\D 3) l-i4® ' 

r x v D v ’ 

r (26) 

^ _ 1-/4& D _ \-y\D 

s 2 ~ A 3)~ A 

Hence, if we choose r x and s 2 to be equal to unity, the normal co-ordinates 
are determined, and the solution to the differential equations (4), (5) and (6) 
can be written 


' A C- l —^ AT = f 1 {x > y,z,t), 

(27) 

AT- ] —^-AC = ir i (x,y,z,t), 

(28) 


where AC and AT are the deviations of C and T from some given values 
(e.g. the initial), and the i/r’a are solutions of ordinary diffusion equations 
with diffusion coefficients equal to l//if and 1/tff respectively, and subject 
to appropriate boundary and initial conditions. 

Solving for C and T, we get 




AC - <p x {x,y,z, t) + <f> 2 {x,y,z,t), 

(29) 



\AT- tfi^x,y,z,t)+ ^ - <f) x {x,y,z,t), 

(30) 

where 



(31) 




(32) 
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The being proportional to the ^ 5 s, are also solutions to the ordinary 
diffusion equation with diffusion coefficients equal to l/yl and l//t| respec¬ 
tively, and with boundary and initial conditions which give the required 
conditions for C and T. 

The physical interpretation of these equations is that each diffusion 
“wave 55 of vapour is accompanied by a temperature “wave 55 , proceeding 
at the same rate, whose magnitude is proportional to that of the vapour 
diffusion wave, the relation between the two depending only upon the 
properties of the materials. Similarly, the main temperature “wave 55 is 
accompanied by a subsidiary vapour diffusion “wave 55 . It will be seen that 
if one only of the external conditions alters—say the vapour concentration— 
there will nevertheless be the complete set of two vapour “waves 55 and two 
temperature “waves ,5 , though the latter maybe small if the coupling is weak. 

It may be noted that reasoning similar to that given in this section still 
holds if equations (17) and (18) have on their right-hand sides, instead of 
zero, any functions of the independent variables x, y, z, and t. Such equations 
would correspond to the case where either the diffusing substance, or heat, 
or both, are being set free or absorbed in a manner additional to, and 
independent of, the processes already considered, and independent of G 
and T . For instance, a slow chemical reaction, or bacterial decay, might 
cause the diffusing substance or heat to be evolved throughout the solid, 
as in the spontaneous heating up of hay-stacks; or heat might be produced 
by an electric current through the solid. In such cases the solution to the 
double diffusion problem reduces to the sum of solutions for the plain 
diffusion of the “normal co-ordinates 55 with appropriate rates of evolution 
throughout the solid of the quantities they represent. 

7. SOLUTIONS FOR A SUDDEN CHANGE OF EXTERNAL CONDITIONS 

Equations (27) and (28) or (29) and (30) enable the solution to the coupled 
diffusion problem to be obtained in terms of the corresponding solution for 
the plain diffusion problem. Suppose that we have a specimen of any given 
shape, and that it is at equilibrium with its surroundings. At time t = 0 
let the concentration C and temperature T of the diffusing substance be 
suddenly altered to C + A 0 C and T+A 0 T respectively at the boundary, 
and maintained constant. Let the solution to the simple diffusion problem, 
assuming diffusion constants l//if and l//i|, be 

^AC = AoCfffa y t z,t), 

\AT = A Q Tf 2 (x, y, z,t). 


(33) 

(34) 
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The specimen will eventually reach equilibrium with the new conditions; 
so that /i and/ 2 must increase from 0 to 1 as t increases from 0 to infinity 
at a rate depen din g upon x, y, and z. The form of the functions will depend 
upon the shape of the specimen, and a few will be worked out later. 

/ x and / 2 , multiplied by suitable constants depending upon the initial 
conditions at the boundary, are the functions <f>-± and <j>% which must be 
substituted in equations (29) and (30). Thus, using the facts that the system 
must eventually come to equilibrium with AC = AgC and AT = A 0 T and 
that/! and/ 2 then are equal to 1, we find 


AC = 


AT = 


D{/il ~/4) 


[{(1 -ju*D) A 0 C- Ad 0 T}fi ~ {( 1 ~T\ d ) 4> C- AA 0 T}/ 2 ], 

(35) 


9<A-p i) 


[{(1-/4 @)AqT-vA 0 Ojfi - {(1 - Mi&> A 0 T-vA 0 C}/ 2 ]. 


(36) 


These equations show, as they should, that as t increases and / x and / 2 
tend towards 1, AC tends towards A 0 C and A T towards A 0 T. Hence a more 
useful form of these equations is 


'AC = A 0 Cf 1 - 
AT = A 0 Tf 2 - 


(1 —fl'iD)A 0 C—XAqT „ * v 

D(yl-yl) (h Jl) ’ 

(37) 

(1 -fil@)A 0 T-vA 0 C f 
®(fil-A) /2 

(38) 


In these equations the first term on the right-hand side represents the 
“wave” which would result were there no coupling between the diffusion 
processes. We may call this the “permanent wave”, since / x increases 
steadily from 0 to 1. The second term represents the result of the coupling, 
and may be called the “temporary wave”, since f 2 —fi starts at 0, increases 
to a maximum, and then diminishes to zero again. If fi x is greater than /£ 2 , 
/ 2 will be greater than / l5 hence the order in which the differences of these 
quantities are written above. 

In most cases it is required to know the rate at which M } the amount of 
material absorbed, varies, rather than C or T. To determine this we sub¬ 
stitute 

AM = crAG-d)AT (39) 

in (37) and (38) and after some rearrangement get 


AM = A 0 Mf 1 +i [ ^l-^- e ^A 0 M+ 



f 2 ~~"f I 


(40) 
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where D" and 2" (the “no-adsorption 55 diffusion coefficients) are given by 
{ 10 ). If we wish to include both the absorbed material and that in the pores, 
and M 7 is the total mass of diffusing substance contained in unit mass of 
the solid then by means of (39) and the original definition of y by (1), we find 

AM' = (l + — \AM+—AT (41) 

\ yoy y a 


which may be substituted in (40) and (38). If ycr is large—i.e. if there is 
much more vapour absorbed by the solid than exists as vapour in the pores— 
M r is nearly equal to M and (41) is not needed. This is the case for baled 
cotton, for which ycr may be as much as 7000. In this case it will be found, 

also, that the terms in the phrase j/if — ^ —occurring in (40) nearly 

cancel each other out. In this case if eco is fairly large compared with unity 
(for cotton it is about 10 or 30) we may rewrite (40) approximately thus, 
where u is written for D/2 


AM = A 0 Mf 1 + 


u* 


(l-M4) 2 (l+e<y)-M4 


A 0 M+ 1 - ^" ]i B " coA 0 T) (/ 2 -A) 




(42) 


It may be noted that o)A 0 T is the total change in the equilibrium value of 
M which would be produced by the change in temperature A 0 TifC remained 
constant. 


8. Solutions for particular shapes of specimen 

It now remains to find the form of the function f(x , y, z, t) for various 
shapes of specimen. It is also of interest to find the function F(t) obtained 
by integrating/throughout the specimen, since this gives the total amount 
of the diffusing substance which enters or leaves it from outside. The function 
/ has to satisfy the ordinary single diffusion equation, and a great many 
solutions for various cases have been worked out and may be found in works 
on the conduction of heat (Carslaw 1921 ; Byerly 1893 ; Fishenden and 
Saunders 1932 ; Williamson and Adams 1919 ). Some cases are treated here, 
since the application of the series in terms of the error function to diffusion 
into a plane lamina, the numerical data for this problem, and the resolution 
of the triply infinite series in the three-dimensional case, do not appear to 
have been published before. The solution to a given case has usually to 
be expressed in the form of an infinite series. This can often be done in 
many different ways, and the series chosen will usually be that most rapidly 
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convergent under the conditions concerned. Thus, in the case of the plane 
sheet and rectangular parallelepiped, a series in terms of the error function 
is most convenient except when the specimen is nearly approaching equili¬ 
brium, when a Fourier series involving cosines and exponentials converges 
more rapidly. All solutions may be considered as functions of one or more 
non-dimensional quantities of the form Dt/a 2 , where D is a diffusion coef¬ 
ficient, t is the time, and a a length concerned with the dimensions of the 
specimen and the co-ordinates. From this it follows that the time required to 
reach a given stage in the approach to equilibrium is inversely proportional 
to the diffusion constant, and proportional to the square of the linear 
dimensions of the specimen if the shape remains constant. In the case of 
coupled diffusion the former statement applies to the “permanent wave 5 ’ 
only, and does not hold if the coupling is strong enough for the “temporary 
wave 55 to be appreciable. The relation with the linear dimensions of the 
specimen holds in any case, and is of great value where it is required to 
obtain results from experiments, applicable to large masses of material, 
without waiting the many months which may be necessary for equilibrium 
to be nearly reached with such specimens. The experiments are done with 
scale models made of the same material as the specimen for which the results 
are desired, but a known fraction of the size. These models will go through 
the same changes as full-sized specimens but more quickly. 

We will now give a few of the more useful solutions to the diffusion 
equation for the case of a specimen initially in equilibrium with given 
surroundings suddenly transferred to different surroundings. We are only 
concerned here with that part of the solution representing changes in con¬ 
centration of the diffusing substance. Since the differential equations are 
linear this may be added to a solution representing a state of steady flow 
if necessary, and we may also add a constant all through if the initial con¬ 
centration of the diffusing substance was not zero. A quick method of 
obtaining the desired result in many cases is to write down the operational 
solution to the diffusion equation for an initial state of zero concentration, 
put in,the appropriate boundary conditions by making the concentration at 
the boundaries proportional to Heaviside’s unit function (which is zero if 
t is negative, and unity if t is positive), and then to interpret the solution 
in real terms by means of the accepted rules given by Heaviside, Bromwich, 
etc. (Jeffreys 1927 ; Berg 1936 ). 

(a) Infinite plane sheet , bounded by the planes x = ±a. The solution to 
the operational equation 

d 2 G 
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(where p denotes the operator 3/3 1), under the conditions: 0 symmetrical 
about x = 0 and C = CqH when x = ±a, is 


C = C 0 


cosh qx g 
cosh qa 5 


(44) 


where q = Jip/D), and H is Heaviside’s unit function, equal to zero when 
t is negative, and unity when t is positive. If this be split up into an infinite 
series of partial fractions, one for each root of the equation cosh <J(p/D) a — 0 
(regarded as an equation in p) we get a series of terms containing p in the 
denominator only in the form p — cc n where a n is the nth. root of the above 
equation in p. Interpreting l/(p —aj# as ( 1 — e~ ai ) /a, we get the well-known 
solution* 


„ C 4 00 ( 


1)71-1 (2ft— 1)7T 

cos-- —zexr> 

a r 


[-("M 


If we write Dtj^a 2 — 6 and xja = £ so that 6 and £ are the time and space 
co-ordinates expressed in particular units, (45) becomes 


4 co / _ I \n —1 

/ = 1 — 2 ^— —r~ cos ( 2 ft — 1 ) zr£. e~< 2n ~ 1 P n2e . 

7T n — i 2ft—1 


(46) 


By integration with respect to £ from 0 to 1 we obtain 

Q oo p -{2n-iy L 7r 2 d 

F = i—-L y ^_ 

it 2 ( 2 ft — l ) 2 


(47) 


These series are rapidly convergent for moderate or large values of 6, 
i.e. during the later stages of the approach to equilibrium. 

If, on the other hand, we expand (44) in terms of exponentials, and 
interpret e~^ x as 1 — erf x/2 we get series which are rapidly convergent 

when d is small or moderate. Thus 


and 


f - s j( -l)-.{.rfc?^±l + erfc 5^=1) 


(48) 

(49) 


The notation adopted here is that 


erf a; 


-rH 

V 7r Jo 


e^dz; erfc* = 1 —erf*; and 


X(x) =£ 


erfc 2 cfe.f 


* See e.g. Williamson and Adams (1919). Byerly (1893) on p. 106 gives a different 
series owing to different choice of origin. 

t This function has been tabulated by Hartree (1936). 


Vol. 171. A. 
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These series are extremely rapidly convergent, and are still convenient in 
use when/has increased as far as 0-999. 

When 6 is small F is nearly equal to 4(0/ff)*; whilst when 6 is large F is 
nearly equal to 1 — (8/7T 2 ) e~ n ' e . 

F has been tabulated to four figures by McKay ( 1930 ). 

/ is shown for a number of values of d and £ in Table I, and in the figure. 


Table I. Dippusion into plane sheet 


\f 

e\ 

0 

0*2 

0*4 

0-6 

0-7 

0*8 

0-85 

0*9 

0*95 

Over* 

all 

0-00005 

0 

0 

0 

0 

0 

0 

0 

0 

0*0124 

0*0160 

0-00007 

0 

0 

0 

0 

0 

0 

0 

0 

0-0347 

0-0189 

0-0001 

0 

0 

0 

0 

0 

0 

0 

0-00041 

0*0771 

0-0226 

0-00015 

0 

0 

0 

0 

0 

0 

0 

0*00388 

0*1488 

0*0276 

0-0002 

0 

0 

0 

0 

0 

0 

0-00018 

0*0124 

0*2113 

0-0319 

0*0003 

0 

0 

0 

0 

0 

0-00004 

0-00219 

0*0413 

0-3074 

0-0391 

0-0004 

0 

0 

0 

0 

0 

0-00041 

0-0080 

0*0771 

0-3768 

0*0451 

0-0006 

0 

0 

0 

0 

0 

0-00388 

0-0304 

0*1492 

0*4705 

0-0552 

0-0008 

0 

0 

0 

0 

0-00018 

0-0124 

0-0607 

0-2111 

0*5320 

0*0638 

0*001 

0 

0 

0 

0-00001 

0-00079 

0-0253 

0-0935 

0*2633 

0*5762 

0-0713 

0-0015 

0 

0 

0 

0-00026 

0-0062 

0-0677 

0-1707 

0-3613 

0*6482 

0*0874 

0-002 

0 

0 

0 

0-00125 

0-0177 

0-1138 

0-2355 

0-4202 

0-6925 

0*1009 

0-003 

0 

0 

0-00011 

0*0099 

0-0530 

0-1965 

0-3330 

0-5187 

0*7469 

0*1235 

0*004 

0 

0*00001 

0-00079 

0-0253 

0-0935 

0-2635 

0-4019 

0-5761 

0*7800 

0-1427 

0*006 

0 

0*00026 

0-0062 

0*0679 

0-1707 

0-3614 

0-4937 

0*6481 

0-8196 

0-1747 

0-008 

0*00016 

0-00156 

0-0177 

0-1138 

0-2357 

0-4294 

0-5532 

0*6924 

0*8433 

0*2018 

0-01 

0*00082 

0*00470 

0-0339 

0-1573 

0-2888 

0-4795 

0-5959 

0-7237 

0*8596 

0*2256 

0-015 

0-00776 

0*0214 

0-0833 

0*2472 

0*3865 

0-5700 

0-6651 

0-7727 

0*8852 

0-2763 

0-02 

0*0246 

0*0482 

0*1340 

0-3177 

0-4533 

0-6170 

0-7076 

0-8026 

0-9005 

0-3190 

0*03 

0*0816 

0-1167 

0*2248 

0-4152 

0*5408 

0-6831 

0-7596 

0-8383 

0*9187 

0-3906 

0*04 

0*1542 

0*1912 

0*3021 

0-4842 

0-5985 

0-7251 

0-7917 

0-8602 

0*9299 

0-4512 

0*06 

0*2976 

0*3313 

0*4296 

0-5841 

0-6782 

0-7807 

0-8345 

0*8890 

0*9443 

0-5512 

0*08 

0*4222 

0*4507 

0*5325 

0-6599 

0-7370 

0-8230 

0-8646 

0-9094 

0*9546 

0-6319 

0-1 

0*5256 

0*5488 

0*6160 

0*7209 

0-7843 

0-8532 

0-8890 

0-9257 

0*9638 

0-6979 

0*2 

0*8236 

0*8315 

0-8568 

0-8964 

0-9179 

0-9461 

0-9626 

0-9725 

0*9863 

0-8874 

0*4 

0-9756 

0*9766 

0*9816 

0-9860 

0-9888 

0-9925 

0-9720 

0-9966 

0*9979 

0-9843 

0-8 

0*9994 

0*9992 

0-9999 

1*0000 

1-0000 

1-0000 

1-0000 

1*0000 

1*0000 

0-9997 

1*0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1-0000 


N.B. The last digit is only included for rounding-off purposes. It is not reliable. 


(b) Rectangular parallelepiped, bounded by the planes % ~ ±a, y — ±b; 
and z = ±c. 

The solution in this case is most easily obtained in a form correspon din g 
to (46) as a Tourier series in which the terms are multiplied by exponentials. 
It is usually given in the form of a triply infinite series thus (see e.g. Carslaw 
1921 ): 


6* V y, y, COS (21- 1 ) 77-g cos (2m - 1) ny cos (2 n -1) arg 
** i=lm=ln-1 (21 - 1) (2rn- 1) (2 n- 1) ( - l)*+m+u-l 

x e ^n(2Z-l%+(2m-l)^+(27i-l)^ a (5Q) 
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Fortunately, however, the expression within the summation signs can be 

resolved into three factors, each appertaining to one co-ordinate only and 

of the form ,v r 

cos (21—1)7t£ HIHWt . 

{ 2z_i)(_iy-i 



from which it follows that the triply infinite series can be expressed as the 
product of three singly infinite series, each of the same form as that in (46); 


so that if (46) be written 


f=i- s &6), 


( 50) can be written / = 1 — s(£, 6 X ) s(tj, 6 y ) s(£, 6 S ), 


(51) 

(52) 




where s{Z,d x ) = - 5 ( 1] \ - cos (g-1) gg. 

7T i=i Zi — 1 

with s imil ar expressions for s y and s z . 


16-2 
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Similarly, by integration throughout the parallelepiped, we get 

F=l-S(B x )S(d v )S(6J, (53) 

g 00 e -(2l-l)W8 x 

where S(6 X ) = ^ £ {2l _ i)Z • 

We can thus use the tabulated one-dimensional values of / and F for 
dealing with the three-dimensional case. We can, of course, use the series 
(48) and (49) for working out s and 8 in place of the Fourier series, if we like. 

Similar expressions for infinite cylinders, finite cylinders, and spheres 
may be obtained from a paper by Williamson and Adams ( 1919 ), or else¬ 
where. It will be found that the doubly infinite series given by Williamson 
and Adams for the case of a finite cylinder with plane ends can be resolved 
into the product of two singly infinite series in a similar manner to that 
employed above for expression (50). The two singly infinite series in this 
case are the same as those used for the infinite plane sheet and for the 
infinite cylinder respectively. 

9. Varying external conditions 

The differential equations used in the derivation of the expressions given 
above are linear, so that any linear combination of solutions is also a 
solution. Hence, to find G at any time after a number of sudden changes 
in the external conditions we can work out the change in G which would 
have been produced up to that time by each of the sudden external changes 
acting alone, and add the results. The diffusion process resulting from each 
change in external conditions is to be regarded as continuing unaffected 
by the other changes for the rest of time. Thus, if the initial value of G is 
zero everywhere, and the concentration at the boundary is raised to C 1 
from t = 0 to t = t l3 we add the diffusion processes resulting from a change 
+ C 1 at time 0 and — C x at time t v negative concentrations being allowed 
for this purpose. 

Continuous changes in external conditions may be regarded as the limit 
of many small sudden changes as they become more frequent and smaller 
in amount. The value of C at any point and instant is to be found by inte¬ 
grating the results of all the diffusion processes resulting from these 
infinitesimal external changes over the time since the specimen was last 
in complete equilibrium. Let G 1 be external concentration of the diffusing 
substance at time t x . The change in C at any point inside the specimen at 
time t due to the change in external concentration 8C 1 which occurred 
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between the times t x and t x + 8t x is SQftf — t x ) wher ef(t) is one of the functions 
given above (and depends also upon the co-ordinates of the point considered, 
though we are not at present concerned with this). 

Hence, if the specimen was last in complete equilibrium at time t = 0, 
we have for the total actual change in C at the point in question 

AC = (54) 

Jti=0 

“Integration by parts 5 ’ enables this to be transformed into 

AC= r^-CoJdfit-t,), (55) 

J tx — t 

where C 0 is the equilibrium concentration at time t = 0. This gives us 
a graphical method of calculating the state of the specimen after an entirely 
arbitrary variation of the external conditions. If we plot C 1 — C 0 against 
/(£ —Zi), the area under the graph gives the value of C—C 0 at time t. The 
plotting is facilitated by the use of special graph paper in which the vertical 
lines are at distances from the origin proportional to f(t — t x ), for the par¬ 
ticular shape of specimen concerned (and for a particular point in it, though 
this method would mostly be used with F rather than/, to give the total 
quantity of diffusing material absorbed or lost by the specimen). It may 
be more convenient to plot C 1 rather than C x — C 0 . In this case we imagine 
that the specimen had been in contact with external concentration C 0 for 
an infinite time before t — 0, and that it originally started with (7 = 0. 
(t ± = — oo is on the graph paper, since/(oo) = 1.) In this case the area under 
the graph gives £7, not (7— C 0 . 

10. A NUMERICAL APPLICATION 

We will now apply the expressions derived in § 7 to the case of baled cotton 
at densities 0*2, 0*4, and 0*6 g./c.c. The values used for the various “con¬ 
stants 55 are listed below, with remarks as to their origins. In many cases 
they must be considered as rough approximations only. Where three figures 
are given for any given quantity, these refer to cases where the density 
has the three values given above, and in the order named. 

It will be assumed throughout that the temperature and relative humidity 
are not far from 15° C and 83 % respectively, these being average outdoor 
values for Lancashire during a large part of the year, 
p, the over-all density of the package: 0*2, 0*4, 0*6 g./cm. 3 . 
p s> the density of cotton cellulose containing 12 % of water (from unpub¬ 
lished data by G. F. Davidson): 1*49 g./cm. 3 . 
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D, the “internal isothermal 55 diffusion constant for water vapour through 
the cotton package (from experimental data to be published shortly) 36, 
7-9, 2*2 x 10 ~ 6 cm. 2 /sec. 

k , the thermal conductivity of loose cotton fibres compressed to the three 
densities given above (J. B. Speakman 1930 ): 0*79,1*05,1*33 x 10~ 4 cal./° 0 
sec. cm. 

c, the specific heat of cotton at a constant moisture content of 12 %, 
deduced by ass umin g an additive relation, using the values for dry cellulose 
(I.C.T.) and for water: 0*40 cal ./ 0 C g. 

k , the heat given out when 1 g. of water vapour is absorbed by a large 
quantity of cotton whose moisture content is 12 % (calculated from 
Urquhart and Williams 5 ( 1934 ) values for the moisture absorption at 
different temperatures and pressures, usingthe Clausius-Clapeyron equation, 
600 cal./g. (This differs little from the heat of vaporization of liquid water; 
at lower moisture contents the value rises.) 

<r, the rate at which the moisture content of the cotton increases at 
constant temperature with increase of the concentration of water vapour 
in equilibrium with it, in the neighbourhood of 12 % moisture content at 
15° 0 (from Urquhart’s ( 1934 ) figures) 26,000 cm. 3 /g. 

o) 3 the rate at which the moisture content of the cotton decreases 
with increase of temperature if the concentration of the water vapour in 
equilibrium with it remains constant (from Urquhart’s ( 1934 ) figures): 
1 -8x10 " 2 /° C. 

Prom these experimental data we get the following values for derived 
“constants 55 : 

y — PP* a o*23, 0*55, 1*00 g./cm . 3 (the mass of solid containing unit pore 
Ps P 
space). 

e = 4/c, 1-5 x 10 3 °C (a constant concerned with the rise in temperature 
produced when cotton absorbs moisture). 

3) tr = /c/pc, the “no-absorption 55 diffusion coefficient for heat through the 
cotton package: 9*9, 6 * 6 , 5*5 x 10 -4 cm. 2 /sec. 

l+eo), the ratio of the “no absorption 55 to the “constant vapour 
concentration 55 coefficients of diffusion of heat through the cotton 
package: 27. 

the “constant vapour concentration 55 coefficient of diffusion of heat 
through the cotton package: 3*7, 2*4, 2*1 x 10 -5 cm. 2 /sec. 

P = 1 +yo*, the ratio of the “no absorption 55 to the “internal isothermal 55 
coefficients of diffusion for water vapour through the cotton package: 6 , 14, 
26 x 10 3 . 
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D" the “no-absorption” diffusion coefficient for water vapour: 0*22, 0*11, 
0*057 cm. 2 /sec. 


A = 


yo) o) 

(^ ce y ,<r * s l ar g e compared with unity), 6*9 x 10“ 7 g./° 0 


cm.^ 


v = --, 1*44 x 10 6 ° 0 cm. 3 /g. 

1+661 

u — D/£&, the ratio of the coefficients of diffusion for moisture and heat: 
0*99, 0*33, 0*10. 


fi\ the square of the “vapour roots” of equation (23): 0*55, 1*67, 5*0 x 10 5 
sec./cm. 2 . 

fi\ the square of the “thermal roots” of equation (23): 0*50,1*04,1*58 x 10 3 
sec./cm. 2 . 

It will be noted that Xv has a value not far from the maximum possible 
value, of unity, showing strong coupling. v f° r ^ ree cases quoted 


works out as 0*000025, 0*33 and 2. Thus it is not possible to apply the 
approximate relations (24) to this case. It may be of interest to tabulate 
here the values for the various diffusion coefficients at the three densities. 
They are as follows, all expressed in cm. 2 /sec. 


Density 




' 0*2 

0*4 

0*6 ' 



g./em. 3 

g./cm. 3 

g./cm. 3 




Vapour 


Free air (value taken 

D* 

0*24 

0*24 

0*24 

from I.C.T.) 



4 


“No absorption” 

D* 

0*22 

0*11 

0-057 

“External” 

Doa 

0*19 

0*08 

0*034 

‘ ‘ Internal isothermal * ’ 

D 

3*6 

0*79 

0-22 x 10~® 

“Internal adiabatic” 

D' 

97 

21 

5-9 xl0" s 

Normal co-ordinate 1 

1/A? 

1*8 

0*61 

0 -20x10-® 




Heat 


“No vapour absorption” 

2" 

99 

66 

55 x 10-® 

“Const, vapour cone.” 

2 

3*7 

2*4 

2-1 xlO-* 

“No vapour diffusion” 

2' 

99 

66 

55 x 10-® 

Normal co-ordinate 2 

1 1/4 

200 

96 

63 x 10-® 


The thermal diffusivities corresponding to the “free air” and “external” 
diffusion coefficients for vapour are not given here, since their relations to 
the others involve the thermal capacity of air, and are of little interest. 
The capacity of air for the vapour is, of course, not a property of the air, 
to the first degree of approximation. 
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At the highest density, l//*f, which is the diffusion coefficient for one of 
the normal co-ordinates, approaches the “internal isothermal” coefficient 
for vapour; whilst 1//*§, the coefficient for the other co-ordinate, approaches 
the “no vapour diffusion” thermal coefficient. This is because D and 2d 
are widely different in magnitude at this density. At the lowest density, 
on the other hand, D and 2d* are nearly equal, and the diffusion coefficients 
for the normal co-ordinates do not approximate to any of the other diffusion 
coefficients. 

Substituting these values for the “constants” in equation (42) we find 
that the equation becomes, for the three densities: 

AM = A 0 M A -l- {- 0-0Q9lA o M + 0-018o>zl 0 T} (f 2 -/i), 

AM = A^Mf x + { - O0023/J 0 M +0-009w 0 T } (/ 2 -j f x ), 

AM = A 0 Mf x + { - 0-0003Ld 0 M + 0-0036 coA 0 T} (f 2 -/J. 

A 0 M, the change in moisture content which would be observed if the 
cotton came into equilibrium with its new conditions, is in this case mainly 
dependent upon the change in relative humidity, and only slightly upon the 
change in temperature except in so far as this affects the relative humidity. 
Thus we may regard the alteration in relative humidity as producing the 
changes represented by the terms in A 0 M, whilst the alteration in tem¬ 
perature, A 0 T~, only produces the transient “wave” given by the term in 
A 0 T. 

It will be seen that the “temporary waves” are of small amplitude in 
this case. Since, however, they develop much more quickly than the main 
“ wave ” (the rates being very nearly in the ratio of f), they may produce 
noticeable changes in moisture distribution and weight soon after a dis¬ 
turbance has taken place. If the half-value period of the main “wave” 
for an average cotton bale with a density of 0-6, and a total weight of about 
500 kg., be taken as 100 days, the half-value periods* for the main and 
transient waves for bales of the same dimensions, but of densities 0-2, 0-4 
and 0*6 are found to be as follows: 



Main 

Transient 


half-value 

half-value 


period 

period 

Density 

days 

hr. 

0*2 

11 

2-5 

0*4 

33 

5 

0*6 

100 

8 


* The half-value period for either wave is the time taken for the change associated 
with that wave to reach half its maximum value. 
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The initial rates of change of weight after a disturbance, due to the main 
and transient waves, will be proportional to their amplitudes, and inversely 
proportional to their half-value periods. On this assumption we find from 
the figures above that for a bale of density 0*6 the transient wave may 
decrease the initial rate of change of weight by about 10%; whilst at 
a density of 0*2, the initial rate of change is reduced nearly to zero for an 
hour or two. 

These effects have not been observed at the Shirley Institute for the case 
of humidity changes, since it is difficult to change suddenly the relative 
humidity round a miniature bale without introducing other temporary 
disturbances which mask the effects sought, but transient waves of the right 
order of magnitude due to temperature changes with constant relative 
humidity (i.e. in the absence of a main wave) have been observed both at 
the Institute with miniature bales, and in Egypt by Balls (1936) with full- 
sized bales. 

My thanks are due to the Director and Council of the British Cotton 
Industry Research Association for permission to publish this work. 
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The influence of pressure on the thermal conductivity 

of liquid He n 

By J. r. Allen and E. Ganz 

{Communicated by J . 2 ). Cockcroft , F.R.S.—Received 21 November 1938 ) 

The unusual characteristics of heat transfer in liquid Hen have been 
reported in several recent papers. The very high thermal conductivity of 
the low-temperature modification of liquid helium was first noted by Keesom 
and Keesom (1935). It was then found by Allen, Peierls and Uddin (1937) 
and subsequently verified by Keesom, Keesom and Saris (1938) that the 
rate of transfer of heat varied with the temperature gradient. The dis¬ 
covery of the momentum transfer accompanying heat flow in Hen which 
was made by Allen and Jones (1938) and the work on mobile surface films 
of the liquid done by Daunt and Mendelssohn (1938) show that a large part 
of the heat must be carried by some form of mass transfer. Several ideas 
and theories to explain the phenomena have been put forward by Kapitza 
(1938), Jones (1938), Michels, Bijl and de Boer (1938), Tisza (1938) and 
Keesom and Taeonis (1938). The experimental evidence is as yet too meagre 
to prove or disprove any of the theories. It was with the intention of adding 
to the data already known concerning the properties of liquid Hen that 
the present research was undertaken. 

The apparatus which was used is shown in fig. 1. The thermal conductivity 
was measured by a standard method. A constant supply of heat was supplied 
to one end of a long capillary containing liquid He n, and the other end was 
maintained at the constant temperature of the Hen bath. Temperatures 
were observed at two points along the capillary. 

The measuring system consisted of a german-silver capillary a little over 
2 m. long and with a bore of 0*20 mm., which was coiled inside the lower 
chamber. Both ends of the capillary were brought outside the chamber and 
cryostat to manometers. To one side of this “ U-tube” was attached a 
reservoir P which was inside the upper chamber. The reservoir was capable 
of being heated electrically. Both the upper and the lower chamber could 
be separately evacuated by means of an oil diffusion pump. A heating coil 
H was attached to the middle point of the capillary so that an equal amount 
of heat would flow through both branches of the capillary. Two phosphor- 
bronze resistance thermometers wound on copper formers were attached 

[ 242 ] 
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100 cm. apart at points T H and T B on one of the symmetrical branches of 
the capillary. It was found during the course of the measurements that 
neither the german-silver capillary itself nor the leads to heater and ther¬ 
mometers gave rise to any appreciable error in the results. This was demon¬ 
strated by the fact that when the capillary was filled with Hei which is a 
very poor conductor, it was impossible to attain thermal equilibrium even 
with the smallest heat input it was possible to use. 



Fig. 1 


Before commencing an experiment and while the apparatus was still at 
room temperature, helium gas was forced through the capillary system in 
order to get rid of all traces of other gas. Then, while the apparatus was 
still at room temperature, the capillary system was filled to 150 atm. with 
helium gas which had been passed through liquid hydrogen for purification 
and the system was sealed off. When the cryostat contained liquid helium, 
the gas in the capillary system condensed, filling the whole of the capillary 
and about one-third of the reservoir. In order therefore to raise the pressure 
in the capillary, it was necessary only to evacuate the upper chamber and 
send a current through the heater coil around the reservoir. Such a system 
avoids the danger of blocking the capillary, which might happen if pressure 
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is supplied by means of an external pump. It suffers, however, one dis¬ 
advantage in that there is a considerable time lag in producing and main¬ 
taining the over-pressure in the capillary system. 

Since the reservoir P was at a higher temperature than the bath when an 
over-pressure was being produced, it was found necessary to insert a coil 
of copper capillary in the capillary system between the upper and lower 
chambers. This sufficed to transmit the heat from the reservoir to the bath 
and also to make certain that the low temperature end of the measuring 
capillary was at the temperature of the liquid helium bath. 

Care was taken to see that the tubes connecting the two branches of the 
capillary to the manometers were large enough to render thermomolecular 
pressure differences negligible (Weber and Keesom 1932). This was checked 
by observation of the pressure at which the helium solidified in the capillary 
and comparison with the solidus curve for helium as determined by Keesom 
(1926). The solidification pressure is observed in our apparatus when, under 
a continually rising pressure the manometer at the closed end of the capillary 
ceases to move. 

The internal diameter of the measuring capillary was calculated from the 
volume of helium gas which passed through it under a known pressure 
difference, using Poiseuille’s formula for a compressible fluid. 

The temperature of the thermometers on the capillary was measured on 
a potentiometer which was accurate to 2 parts in 10,000. The probable error 
in temperature measurement was ± 0*0005°. 


Experimental procedure 

Whilst the helium bath was being lowered in temperature to the He 11 
range, helium gas at a room temperature pressure of 5 mm. Hg was present 
in both the upper and lower chambers. It was found that if a much higher 
pressure of heat exchange gas than this was used, a film of He n appeared to 
condense on the capillary system. Such films made the subsequent evacua¬ 
tion of the chamber difficult and tended to upset the first few measurements. 
On the other hand too low a pressure of heat exchange helium gas resulted 
in too slow cooling of the reservoir P, which possessed a high heat capacity. 

When the temperature had fallen below the A-point, the chambers were 
highly evacuated, the pressure being recorded by means of a Pirani gauge. 
The temperature of the helium bath could be maintained by means of a 
hand-adjusted needle valve, a differential oil manometer and the reading 
of the thermometer T B . 
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At a given temperature the thermometers were calibrated and a con¬ 
ductivity measurement was taken. During this measurement the helium 
in the capillary was in equilibrium with, or only slightly above, its own 
vapour pressure. For the sake of simplicity such pressures at all measuring 
temperatures have been called 0 atm. 

With the temperature of the bath still constant, conductivity measure¬ 
ments were taken for various pressures on the helium in the capillary. The 
whole process was then repeated at each measuring temperature below the 
A-point. As the specific heat of He n is very high and the conductivity of the 
steel walls of the reservoir P was very poor, pressure control was rather 
difficult. Again, the pressure manometers at our disposal were accurate only 
to ± 1 atm. The production and measurement of pressure constitute the 
greatest source of error in the research. 

It was not the intention in the present investigation to determine the 
thermal conductivity as a function of temperature gradient. Such measure¬ 
ments have been made by Keesom, Keesom and Saris (1938) and Allen, 
Peierls and Uddin (1937). Instead, all of the present measurements were 
made using a small range of heat gradients in the neighbourhood of 
1 x 10 _3 °K/cm. 

Fig. 2 was then constructed from interpolation values of the conductivity 
for a gradient of 1*00 x 10 -3 °K/cm. It shows the pressure coefficient of 
conductivity for liquid Hen at different temperatures. From the A-point, 
2*186°K, down to roughly 1-6° K the pressure coefficient is negative and 
below the latter temperature the coefficient is positive but small. For pres¬ 
sures as close to the A-line or the solidus curve as it was possible to measure, 
the conductivity seems to bear a linear relation to the pressure. 

Fig. 3 gives the variation of conductivity with temperature for constant 
pressures. The values have been interpolated from the data constituting 
fig. 2. The locus of the peaks of the constant pressure curves is roughly 
parallel to the A-line in the phase diagram of He n. Since the measuring 
capillary was 1 m. long, the total temperature difference between the ends 
was 0*1°K. The conductivities observed were therefore the average values 
of the conductivity over such a temperature range. The measuring tem¬ 
perature was taken as the mean of the two end temperatures. Since the 
conductivity of Hei is 10 8 times smaller than that for Hen (Keesom and 
Keesom 1936) the A-point for each constant pressure is marked as zero on 
the conductivity curves. 

The design of the apparatus precluded any sort of accurate measure of a 
conductivity smaller than that of a very good metallic conductor. It was 
therefore impossible to obtain equilibrium conditions with such a poor 
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conductor of heat as Hei in the capillary. It was possible, however, to give 
an upper limit to the conductivity of solid helium. Several pressures and 
temperatures in solid helium were investigated, notably at 1*4°K for pres- 



Fig. 2. Conductivity as a function of pressure at different temperatures. 

sures between SO and 50 atm. and at 2-0° K for a pressure of 60 atm. At no 
point in the solid phase was it possible to obtain thermal equilibrium in the 
system. It is therefore possible to say that the conductivity of solid helium 
is at all points more than one thousand times smaller than that of liquid 
Hen. 
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Discussion 

The present state of uncertainty concerning the real mechanism of heat 
transfer in liquid He n only allows us to state that for gradients of the order 
10-3 ° K/cm. a large proportion of the heat is carried by means of some form 
of mass transfer of the liquid in the capillary. It also seems certain that the 
mass transfer is not due to convection currents set up by density differences 
in the liquid. 

The change of the pressure coefficient of thermal conductivity from 
negative values above 1*63° K to positive values below this temperature 
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requires an explanation. We have to consider the dimensional equation for 
thermal conductivity 

k = \C v pv A, 

where C[ is the specific heat, p is the density, v a velocity (in the case of a 
crystalline insulator, v is the velocity of elastic waves) and A a mean free 
path for whatever mechanism is transmitting the heat. 

The density (Keesom and Keesom 1933, Onnes and Boks 1924) and especi¬ 
ally the specific heat (Keesom and Keesom 1935, Keesom and Clusius 
1932) vary considerably with pressure and temperature. The factors by 
which the conductivity and the product of density and specific heat are 
changed by increasing the pressure from the saturated vapour (0 atm.) to 
19 atm. are collected for some temperatures in the table. Unfortunately, 
there are no values of C v available at intermediate pressures. 


Change of thermal conductivity, density x specific heat 

AND VELOCITY X MEAN FREE PATH BETWEEN 0 AND 19 ATM. 


’is ~ 

(PQ) 19 — 

B(p@v) 0 ; (^A)i 0 

II 

°K 

A 

B 

A/B 

1-85 

0-61 

1*58 

0*39 

1*7 

0-86 

1*60 

0*54 

1-55 

M 3 

1*66 

0*68 

1-4 

1*22 

1*75 

0*70 

1-2 

1*35 

1*88 

0*72 


Tor all temperatures below the A-point at 19 atm. (1*94° K) the product 
of specific heat and density is 60-90 % higher in helium compressed to 19 atm. 
than in helium in equilibrium with its saturated vapour. This probably 
explains the positive value of the pressure coefficient of thermal conduc¬ 
tivity below 1*63° K. Therefore, there must be another reason for the 
negative value above this temperature. 

The measured thermal conductivities were divided by \C v p. The result 
is the product of velocity and mean free path which is plotted in fig. 4 
against temperature for the two pressures compared. 

Two things are immediately noticeable. First, this quantity vA. increases 
very rapidly with decreasing temperature immediately below the A-point 
and then varies more slowly at lower temperatures. The value of about 
8 x 10 3 cm. 2 /sec. which is reached by vA is remarkably high. The shape of the 
curves bears a close resemblance to that derived for the velocity of a mobile 
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surface film of He n as a function of temperature by Daunt and Mendelssohn 
(1938). The results of Allen and Misener (1939) on the velocity of flow of 
Hen through very fine capillaries also show a very similar variation with 
temperature. 



Fig. 4. Product of velocity and mean free path as a function of temperature 
at the pressure of the saturated vapour and at 19 atm. 
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Secondly, the product of vX decreases considerably with increasing pres¬ 
sure. This means, that the mechanism of heat transport in liquid Hen is 
hindered by compression. The factors for the change of vX are given in the 
last column of the table. Below 1*63° K the increase of G v p is predominant 
over the decrease of vX; but between 1*63 and 1*85° K the factors of vX out¬ 
weigh the factors of O v p. The negative pressure coefficient of thermal 
conductivity in this temperature region must therefore be attributed to 
the increased hindrance to motion of the helium atoms when the liquid is 
compressed. 

In conclusion the authors would like to express their thanks to Dr J. D. 
Cockcroft and Dr H. Jones for many helpful suggestions during the course 
of the research. They are also indebted to Mr H. M. Barkla for the prepara¬ 
tion of the phosphor-bronze resistance thermometers. 
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The influence of nitrogen peroxide on the two-stage 
ignition of hydrocarbons 

By G. P. Kane, Ph.D. 

(Communicated by Professor A . C. Egerton , Sec.R.S .— 

Received 2 February 1939 ) 

Intboduction 

The part played by traces of N 0 2 in promoting the spontaneous ignition 
of inflammable materials is well known. It was first recorded by Dixon 
and Higgins (1928-9) who found with a number of combustibles at atmo¬ 
spheric pressure that while small additions of N 0 2 caused a lowering of the 
ignition points by some 100 or 150 ° C, an optimum concentration could be 
reached in any particular case, further addition being less effective. The 
sensitization of hydrogen-oxygen mixtures by N0 2 was subsequently 
studied by Hinshelwood (1928) in the course of his studies of the kinetics 
of the combustion of such mixtures. Later, Norrish and Griffiths (1933) 
showed that the sensitization was apparent whether or not slow reaction 
led to flame propagation and that it was at a maximum with a concentration 
of about 0 * 05 % N 0 2 . By analogy with the photoehemically sensitized 
reaction between hydrogen and oxygen, the mechanism in the thermal 
reaction has been suggested by Norrish and Griffiths as initiated by oxygen 
atoms, whose concentration depends mainly on equilibrium in the reversible 
reaction, NO + 0 2 ^N 0 2 + 0 . 

The forward reaction results in the generation of oxygen atoms, while 
the backward reaction leads to their removal in the gas phase, thus 
explaining the inhibiting action by large amounts of N 0 2 . 

A similar effect has been observed with 2 CO + 0 2 mixtures by Sagulin 
(1930), while Bone and collaborators found that NO s decreases the induc¬ 
tion period for slow reaction in both, a 2CH 4 + 0 2 mixture at 447 ° C (1932), 
and a C 2 H 6 -{- 0 2 mixture at 316 ° G (1930). Also, Lenker (1931) observed 
with an equimolecular acetylene-oxygen mixture that the reaction is 
accelerated in proportion to the increase in the concentration of N 0 2 
beyond 0 - 5 %, and concluded that it plays the role of a homogeneous 
catalyst in the gas phase. 

That the influence of N 0 2 is far more complex when higher hydrocarbons 
are concerned, has been recently shown by Kane and Townend (1937); 

[ 251 ] 17.2 
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thus with a 7*5% propane-air mixture there was an abrupt transition in 
the effective sensitization of N 0 2 at a temperature of ca. 420 ° C, corre¬ 
sponding with the upper boundary of a low-temperature system where 
ignition arises as a consequence of cool-flame formation. While above this 
temperature, successive additions of N 0 2 not only reduced the induction 
period, but promoted ignition at much lower pressures, below it, where 
a two-stage process was involved, its influence was not great until much 
larger concentrations had been reached. This dual influence of N 0 2 is 
illustrated in fig. 1, which shows the influence of 0*1 and 1 % N0 2 additions 



Fig. 1 . Curve 1 = 7*5 % propane-air mixture; 2 and 3 are the same but with 
0*1 and 1*0 % additions of NO a , respectively. 

(curves 2 and 3 , respectively) on the ignition point curve for a 7 * 5 % 
propane-air mixture (curve 1; shaded portion denotes the cool-flame area, 
a two-stage ignition occurring in this region when the requisite initial 
pressure is attained). With a 4 * 5 % propylene-air mixture, 0*1 % of N 0 2 
was found to promote ignition generally, although its effect was less marked 
in the low-temperature zone; and 1 % of it so sensitized the combustion 
that ignition occurred without any apparent prior cool-flame formation 
in the low-temperature system. It appeared probable that N 0 2 plays the 
part of a chain initiator in promoting combustion generally but that its 
effect is more potent in the higher ignition system, which is unaided by 
the influence of active intermediate products arising from the cool-flame 
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processes. There also seemed a strong probability that the presence of N 0 2 
might lead to a mutual destruction of active centres in the lower system. 

An observation of Lewis (1930), that the ignition temperatures of certain 
fuels in air when determined by a modified crucible method are raised and 
the time lags increased in the presence of N 0 2 , is no doubt of significance 
in this connexion. For example, with ^-hexane the time lags for ignition 
at 270 ° C were found to increase as follows: 

Table I 

% N0 2 0*0 0*1 0*2 0*3 0*4 0*5 

Time lag (sec.) 3*0 6*4 7*8 14*0 25*0 No ignition 

In a detailed examination of the various factors influencing the lag 
prior to cool-flame formation in pentane-oxygen mixtures, Neumann and 
Aivazov (1936) have stated that as small a quantity of N 0 2 as 0 * 004 % 
reduced it with a C 5 H 12 + 20 2 mixture from 75 to 22 sec. at P = 210 mm. 
and T = 318 ° C; also the minimum pressures for cool-flame formation were 
lowered slightly as is shown below. 


Table II. C 5 H 12 + 20 2 + zN 0 2 


T° C % N0 2 

0*0 

0*004 

0*02 

0*19 

318 Pin mm. 

= 200 

185 

— 

— 

340 

140 

125 

120 

115 

385 

105 

102 

84 

87 

440 

105 

103 

102 

— 


Although the experiments of Kane and Townend referred to the normal 
and two-stage ignitions with mixtures of propane and propylene in air 
and the concentrations of N 0 2 employed were greater, the divergence 
between their observations and those of Neumann and Aivazov is so marked 
that a further investigation of the subject appeared necessary. 

In this connexion it is interesting to recall that Egerton, LI. Smith and 
Ubbelohde (1935) found that N 0 2 was without influence in inducing 
“ knock 55 with butane, heptane and petrol, although it did so with hydrogen; 
and their results are in keeping with an ineffectiveness of N 0 2 in promoting 
the combustion of higher hydrocarbons in the temperature region where 
cool flames occur. 

The results described herein relate mainly to experiments with mixtures 
of propane, %-butane and acetaldehyde in oxygen at pressures below 
atmospheric. A few observations with a propane-air mixture at higher 



254 


G. P. Kane 


pressure have also been included in order to confirm the probable influence 
of N0 2 on “knock”. 

Further reference to fig. 1 will clarify the field of investigation. In every 
case, the influence of N0 2 additions on the two-stage ignition has been 
studied at two points in the cool-flame region corresponding with A and B 
on curve 1 . With propane and ^-butane, its effect on normal ignition has 
also been studied at 430 ° C (i.e. at C, curve 1, fig. 1), where cool flames are 
no longer observed. 

The results show that while at 430 ° C progressive small N 0 2 additions 
up to a concentration of 6 % always promoted the ignition of the hydro¬ 
carbons concerned, their effect on the two-stage ignition was of a dual 
nature, the reactions leading to cool flames being inhibited and the direct 
oxidation promoted. With propane, the cumulative effect increased both 
the minimum ignition pressure and the time lags, with small N 0 2 additions; 
at a critical concentration of N 0 2 , however, the direct oxidation was so 
promoted that abrupt ignitions occurred and at the same time the minimum 
pressures and time lags were considerably reduced. With ^-butane and 
acetaldehyde, inhibition of the cool-flame reaction resulted in a continuous 
increase in the time lags with N 0 2 additions, while its effect on an already 
rapid direct oxidation induced the two-stage ignition at lower minimum 
pressures. With large amounts of N 0 2 , however, an anti-catalytic influence 
became evident probably as a result of a process of self-neutralization of 
active centres, as ordinarily understood (cf. Foord and Norrish 1935). 

The main object of the present investigation was a study of the part 
played by N 0 2 in the two-stage ignition; its influence on the lower limit 
for cool-flame propagation has been omitted for the present, as the subject 
requires farther study. 


Experimental 

Apparatus 

The minimum pressures for spontaneous ignition were determined by 
a static method in which the explosive mixtures were admitted rapidly 
into an evacuated reaction vessel maintained at the experimental tem¬ 
perature. The apparatus used in the determinations with combustible- 
oxygen media is shown diagrammatically in fig. 2. 

The propane-oxygen mixture was stored in a gas-holder over a 1 : 1 
glycerine-water solution, and passed by way of calcium chloride and a 
tube containing phosphorus pentoxide to the glass bottle F, where the 
required amounts of N 0 2 were added. With the butane-oxygen mixture 
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the gases were kept separately in gas-holders and the mixtures freshly 
prepared in F at room temperature for each series of experiments. The 
mixtures were admitted to the reaction vessel R by way of the capacity 
vessel C, so that the vessel R could be rapidly filled to any predetermined 
pressure. The vessel R was made of transparent silica, 15 cm. long and 
3-8 cm. in diameter and had a capacity of ca. 170 c.c. 

For the experiments with the propane-air mixture, the high-pressure 
steel vessel and filling system described in a previous communication 
(Kane 1938) has been employed. 



Procedure 

Nitrogen peroxide was drawn as required from the darkened bulb N, 
in which it had been prepared by allowing dry NO to mix with half its 
volume of oxygen. The NO was generated by the usual method of allowing 
concentrated sulphuric acid to react with a mixture of potassium nitrate 
and ferrous sulphate, a test sample of the gas being found to be completely 
soluble in an aqueous ferrous sulphate solution. 

To permit the addition of very small amounts of N 0 2 accurately, the 
ratios of the volumes of F, G and the capillaries connecting them, were 
determined experimentally. N 0 2 could then be measured at a higher 
pressure in the smaller volume and allowed to expand into the large 
evacuated vessel. 

With acetaldehyde it was not practicable to store explosive mixtures 
containing N 0 2 as polymerization of the vapour of acetaldehyde is catalysed 
in its presence. Its addition was therefore carried out in the vessel G 
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immediately before each, experiment. A duplicate bulb G 1 containing glass 
beads was substituted for C in these experiments in order to facilitate 
thorough, mixing of the constituents within the interval of 1 min. which 
elapsed before the mixture was admitted into the reaction vessel; no 
pressure change was observable during this interval. 

The propane and %-butane were obtained from the Ohio Chemical Com¬ 
pany, and were of purity 99*9 and 99 * 5 %, respectively. Acetaldehyde 
vapour was drawn from a bulb L containing a pure sample of the material. 

In all the experiments described herein, mixtures containing the com¬ 
bustible and oxygen in equimolecular proportions were employed. Ob¬ 
servations were recorded between 240 and 440 ° C, the temperatures in 
any particular case being chosen to ensure that the available time lag 
exceeded 1 sec. The lags were measured by means of a stop-watch reading 
to \ sec. 

The time required to fill the reaction vessel B, usually amounted to 
| sec. and varied slightly with the experimental pressure. 

Results 

In describing the results for each combustible, the effect of the addition 
of nitrogen peroxide on the minimum ignition pressures is recorded first, 
followed by its influence on the total time lags prior to ignition {t x + t 2 ) 
as well as on the lags before the appearance of cool flames (^) whenever 
this was possible. 

A. Propane-oxygen mixtures 
The minimum pressures. 

Curve A, fig. 3 , drawn through points obtained by plotting the minimum 
pressures for normal ignition at 372 ° C (P = combustible -f oxygen) against 
the percentage of N0 2 added, illustrates the influence exerted by N0 2 
on the two-stage auto-ignition of the propane-oxygen mixture. 

In conformity with the previous observations of Kane and Townend 
with mixtures made with air (1937) small amounts of N0 2 , such as 0-1 %, 
had no appreciable effect on the ignition pressure. Further additions, 
however, had a definite inhibiting effect on the reaction leading to spon¬ 
taneous ignition as is indicated by the higher pressures required. The 
inhibition increased with N0 2 additions until a concentration of about 
3*25 % was reached, when the minimum ignition pressure was 652 mm. 
compared with the value 554 mm. for the undiluted mixture. Further 
increase of N0 2 , however, had a promoting influence which was more 
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marked with greater concentrations as is shown by the rapid fall of the 
curve A . 

An interesting feature of the experiments was that the cool flames 
involved in the two-stage ignition became less intense as the N 0 2 additions 
to the mixture increased, and were in fact gradually replaced by a process 
accompanied by a slow pressure rise. This transformation continued until 
the N 0 2 content had reached 3 * 25 % at which its inhibiting influence 



Fig. 3. (C 8 H 8 + 0 a ) + a;N0 2 mixtures; curves A, B and C refer to experiments 
at 372, 347 and 430° C, respectively. 

attained a maximum; beyond this point cool flames were no longer 
observable and the mixtures ignited abruptly with a greatly reduced time 
lag. No appreciable pressure rise was noticeable prior to these abrupt 
ignitions and they were accompanied by bright yellow flames and much 
carbon deposition. 
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Curve B, fig. 3, indicates similarly the variation in the m inim um ignition 
pressure at 347° C, and confirms that the dual nature of the influence 
exerted by X0 2 with propane is quite general in the cool-flame temperature 
range, the concentration at which X0 2 first promotes the reaction may, 
however, vary slightly. 

Curve G , fig. 3, illustrates the influence of N 0 2 at 430 ° C, a temperature 
well above the upper limit of the cool-flame range. In contrast with the 
experiments at lower temperatures, the minimum pressures requisite for 
spontaneous ignition were always lower even with the addition of 0*05 % 
of N 0 2 . The promoting influence of N 0 2 increased rapidly when the 
addition exceeded 2 %. 

The time lags. 

The lags prior to ignition being the time interval necessary for the 
accumulation of the critical concentration of active centres in the media 
requisite for accelerating the reaction velocity to infinity, their variation 
may be regarded as a means of comparing the influence of inhibitors 
or promoters on the speed of reaction. On this account, the lags at a 
constant pressure P = 670 mm. and T = 347 ° C have been plotted against 
the N 0 2 concentration (see curve 2, fig. 4 A). This curve reveals a most 
interesting fact that the first additions of N0 2 increased the lags from 
9-4 sec. for the simple mixture, until, with 2 % of it a value of 13*6 sec. 
was attained. Further increase in the N 0 2 addition up to 3 - 5 % was without 
appreciable influence on this value. N 0 2 in excess of this amount, however, 
has already been shown to exert a marked acceleration of the reaction, 
indicated by a sudden diminution in the minimum ignition pressure, and 
a corresponding sudden decrease in the lag was also noticeable at this 
point; but, as the mixtures then ignited within a fraction of a second it 
was not possible to extend curve 2, fig. 4 A, towards the higher N 0 2 con¬ 
centrations. Curve 1, fig. 4 A, pertaining to a mixture pressure of 651 mm. 
at T — 372 ° C, shows similar features. It is a matter of some significance 
that while N0 2 hinders the two-stage ignition of propane, an acceleration 
analogous to that found with the combustion of hydrogen-oxygen mixtures 
sets in under conditions when the cool flames and the two-stage character 
of the ignitions have been eliminated by adequate amounts of N0 2 . 

Further strong evidence of the specific inhibiting influence of N 0 2 on 
the cool-flame reaction alone can be obtained, if the time lags, t v for the 
appearance of cool flames (as distinct from the total time lags for the 
two-stage ignition (^ + ^ 2 )), are plotted against the N0 2 concentration for 
the experiments relating to curves 1 and 2, fig. 4 A. The corresponding 
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curves 1 and 2, fig. 4B, demonstrate clearly that the time required for the 
development of cool flames increases with the N0 2 content, and that it 
attains a maximum value with 2 % addition of it, which is not materially 
altered until a concentration is reached which abruptly induces the single- 
stage ignition. 



Fig. 4. (C 3 H 8 + 0 2 ) + a?N0 2 mixtures. A and B, curve 1 at 2 1 = 372°C and P 
(C 3 H 8 + 0 2 ) = 651 mm.; curve 2 at T = 347° C and P (C 3 H 8 + 0 2 ) = 670 mm. C, curve 
refers to experiments at T = 430° C and P = 370 mm. 

The influence of N0 2 on the ignition lags at temperatures above the 
cool-flame range is shown in fig. 40, for a mixture pressure of 370 mm. 
at T — 430° C. No inhibiting effect was ever observable even for small N0 2 
additions and the lags decreased regularly as the concentration was increased. 

It can be concluded, therefore, that the inhibition of the low temperature 
ignition of propane-oxygen mixtures by small amounts of N0 2 can be 
attributed to its specific reaction with the intermediate products responsible 
for the formation of cool flames. 

B. Butane-oxygen mixture 

The minimum pressures . 

Similar observations were made with the n-butane-oxygen mixture. In 
fig. 5 the minimum ignition pressures have been plotted against varying 
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X0 2 additions, curves 1. 2 and 3 pertaining to experiments at temperatures 
of 320 , 300 and 430 ° C, respectively. 

In contrast with its behaviour with the propane-oxygen mixture small 
amounts of jST 0 2 were found at once to lower the minimum ignition pressure 
even in the low-temperature range. Curve 1 shows that this influence 
passes through a maximum with about 3 * 5 % of N 0 2 at 320 ° C; further 
additions resulted in an inhibition of the reaction. Similar results in 
a more accentuated form were obtained at 300 ° C, as is seen from the 
V-shaped curve 2, fig. 5 . At 430 ° C (i.e. above the cool-flame range) the 
ignition pressure continued to decrease regularly, as with the propane- 
oxygen mixture, even with an addition of 6 % of N0 2 . 



Fig. 5. (w-C 4 H 10 + O 2 ) + a;NO 2 mixtures; curves 1 , 2 and 3 
refer to experiments at 320, 300 and 430° C, respectively. 


Time lags , 

An examination of the variation in lags prior to ignition, however, 
revealed that it would be erroneous to assume from the results just 
described that N0 2 promotes the low-temperature ignition of ^-butane. 
Curve 1, fig. 6A, for a mixture pressure P = 310 mm. at 320 ° C, shows 
a definite increase in the lag with N 0 2 addition. This influence was also 
found to increase with further N0 2 addition, there being in this instance 
no evidence of the existence of a critical concentration at which jST0 2 
promotes an abrupt ignition characterized by a marked reduction in the 
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time lags, as was found with the propane mixture. Cool flames, however, 
also ceased to be propagated when the amount of N0 2 present exceeded 
5 %. Curve 2, fig. 6 A, for a mixture pressure of 310 mm. at T= 300 ° C, 
indicates that the inhibiting influence of N0 2 is even more marked at 
a lower experimental temperature. It may be stated generally therefore, 
that N0 2 inhibits the processes leading to the cool-flame reaction with 
both propane and ^-butane. 



3 2 3 4 5 6 7 8 

nitrogen peroxide per cent 


Fig. 6 . (rc-C 4 H 10 + O 2 )+#NO 2 mixtures. A, curve 1 at P = 320°C and P (n-C 4 H 10 + 
O 2 ) = 310 mm.; curve 2 at T=300°C and P (^-C 4 H 10 + O 2 ) = 310 mm. B, curve 
refers to experiments at T = 430° C and P = 240 m m . 

In contrast with the experiments in the cool-flame temperature range, 
small additions of N 0 2 at 430 ° C always had an accelerating influence on 
ignition which increased with further N0 2 addition, as was the case with 
propane. The variation in lag with increasing N 0 2 content found at a 
pressure of 240 mm. is plotted in fig. 6B. 
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C. Acetaldehyde-oxygen mixture 
The minimum pressures . 

The influence of acetaldehyde in promoting the low-temperature ignition 
of higher hydrocarbons (cf. Townend and Chamberlain 1936) as well as 
its formation in large amounts as a principal intermediate product of the 
reaction, is well known. Moreover, it is the only known example of a com¬ 
pound containing only two carbon atoms giving rise to cool flames and 
a well-developed two-stage ignition system in the low-temperature range. 
It was therefore a matter of great importance to see whether JnT 0 2 in¬ 
fluenced its ignition in a manner similar to that already observed with 
propane and w-butane. 



N0 2 per cent N0 2 per cent 

Fig. 7. (CH 3 CHO + 0 2 )+#N0 2 mixtures. A, variation in minimum ignition pressure; 
curves 1 and 2 refer to experiments at 260 and 240° C, respectively. B and C, 
variation in time lag at a constant ignition pressure. Curve in B at T=260° C and 
P {CH 3 CHO -f 0 2 ) = 120 mm. Curve in C at T = 240° C and P (CH 3 CHO + 0 2 ) = 90 mm. 

It can be seen from curve 1, fig. 7 A, that at 260 ° C, the ignition pressure 
decreased with small N0 2 additions, the greatest decrease being with 3 % 
of the gas. The ignitions were also preceded by a marked fall in the pressure 
of the explosive mixture. The cool flames, which were propagated at 
pressures below those required for normal ignition, became less intense 
in the presence of N 0 2 and were no longer observable when the N0 2 
additions exceeded 3 %. At 240 ° C, a temperature below the lower limit for 
cool-flame propagation with acetaldehyde, the ignition pressure increased 
regularly with a rise in the amount of N 0 2 addition (curve 2, fig. 7 A). 
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Time lags . 

When the influence of N0 2 additions on the time lags prior to ignition 
was studied with the acetaldehyde-oxygen mixture, the inhibition on the 
cool-flame reaction was found to be relatively greater than for propane and 
n-butane as may be seen from reference to the curve in fig. 7 B. Thus, at 
120 mm. and 260° C, the lag increased from 1*6 sec. for the simple mixture 
to 11 sec. with 3 %N0 2 addition. Also, although cool flames were no longer 
observable when the N0 2 concentration exceeded 3 %, the ignition lag 
continued to increase as was found with ^-butane. The curve in fig. 7 C, 
for a pressure of 90 mm. at 240° C, shows a similar effect. 

These results with all three materials, propane, n-butane and acetalde¬ 
hyde leave no doubt that the reactions leading to the formation of cool 
flames in the low-temperature ignition of higher hydrocarbons, are strongly 
inhibited by N 0 2 . 

D. Mixture containing 6*5 % propane in air 

While the ineffectiveness of small additions of N0 2 in promoting the 
low-temperature ignition of propane-air mixtures had already been demon¬ 
strated by Kane and Townend ( 1937 ) it remained to be seen whether there 
is a selective inhibition of the cool-flame reaction with N 0 2 , similar to that 
now observed with the equimolecular propane-oxygen mixture. The fol¬ 
lowing experiments at 370° C, were therefore carried out with a mixture 
of 6-5% propane in air to which lSr0 2 in amounts varying from 0*025 to 
1-5% had been added. 

The minimum pressures . 

Fig. 8 A shows that at 370° C very small additions of N0 2 raise the 
minimum ignition pressure slightly. The inhibiting influence reaches a 
maximum with about 0*4% of N0 2 , further addition being instrumental 
in promoting the ignition very rapidly. The cool flames involved in the 
two-stage ignition were also gradually replaced by a process involving 
a slow pressure rise, in a manner similar to that observed with the propane- 
oxygen mixture. When the N0 2 additions exceeded 0*4%, cool flames 
were no longer observable and the mixtures ignited with a greatly reduced 
time lag. A photographic record of the progress of the reaction indicated 
that a pressure rise occurring in successive jumps preceded these rapid 
ignitions. 

Time lags . 

Variation of the ignition lag at a constant mixture pressure of 4*75 atm. 
at 370° C (fig. 8 B) indicated more clearly the specific nature of the in- 
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hibiting influence exerted by small N0 2 additions. The lag increased from 
1-8 sec. for the simple mixture to 4-2 sec. with 0-4% of it; elimination of 
the cool flame by further NO, addition resulted in a rapid reduction of the 
lag to a fraction of a second. 

The similar ity between these observations and the results previously 
obtained with the propane-oxygen mixture, confirm the inhibiting influence 
exerted by N0 2 on the cool-flame reaction. It is also evident that in the 
presence of a large concentration of inert gas such as nitrogen, smaller 
N0 2 additions are sufficient to suppress the two-stage ignition. 




Fig. 8 . 6-5 % propane-air mixtures with NO a additions. A, variation in minimum 
ignition pressure at 370° C. B, variation in the time lag at a constant ignition pressure 
of 4*75 atm. at 370° C. 


Discussion 

The experiments which have just been described have shown that the 
influence of small amounts of nitrogen peroxide on the spontaneous ignition 
of higher hydrocarbons is variable, depending primarily upon whether the 
experimental temperature is above or below the upper limit for the forma¬ 
tion of cool flames, i.e. at about 420° C. Above this temperature, nitrogen 
peroxide acts as a promoter effecting, with both propane and w-butane- 
oxygen mixtures, a reduction in the minimum pressures for spontaneous 
ignition as well as in the time lags prior to ignition. Below 420° C, under 
circumstances where a two-stage ignition occurs, its effect is of a composite 
nature, consisting of a simultaneous inhibition of the reactions leading to 
cool flames and a promotion of the direct oxidation. In the presence of 
nitrogen, less N0 2 is required to obtain an equivalent inhibiting or pro- 
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moting effect, indicating that a chain mechanism is operative. A similar 
effect is observed with acetaldehyde-oxygen mixtures; the influence of 
N 0 2 additions is, however, relatively greater than for propane or ^-butane, 
as shown by a maximum inhibition of the reactions leading to cool flames. 

The introduction of nitrogen peroxide in small concentration into a 
reactive hydrogen-oxygen mixture has been described as equivalent to an 
addition of oxygen atoms necessary for the initiation and branching of 
reaction chains (Poord andNorrish 1935). The anti-catalytic effect of larger 
amounts of N 0 2 has been regarded by the same authors as a process of 
self-neutralization resulting in a deactivation of the reactive centres. While 
such a view might explain the part played by N 0 2 in the ignition of higher 
hydrocarbons at temperatures above 420 ° C, it is inadequate to account 
for the dual nature of its influence on the two-stage ignition in the cool-flame 
range. 

The latter phenomenon may be explained, however, on the basis of 
a recent suggestion by Kane (1938) and independently also by Belov and 
Neumann (1938) (cf. also Neumann and Aivazov 1935; Egerton and 
Ubbelohde 1935) that the low-temperature ignition of higher hydrocarbons 
consists in two distinct co-existent chain reactions, one leading directly 

h 

to normal ignition, such as A->C (1), and another proceeding by two 

hi h 2 

stages A->B->C (2), involving the formation of a stable intermediate 
product B. Process (2) is also responsible for the formation of cool flames and 
an accumulation of active centres in the system, capable of reacting with 
more of A to accelerate reaction (1). Increase in pressure favours the 
direct reaction to a greater extent with the result that on the attainment 
of a high critical pressure the two stages are eliminated and ignition occurs 
abruptly with a greatly reduced time lag (cf. Kane 1938; Belov and 
Neumann 1938). 

The behaviour of N 0 2 in inducing abrupt rapid ignitions when its 
addition to a propane-mixture exceeds a certain critical amount, is similar 
to this high-pressure effect. The promoting influence of N 0 2 may, therefore,, 
be considered as due to its accelerating the direct oxidation (1), this being 
brought about by an increase in the rate of chain initiation and the 
subsequent branching probably caused by O-atoms arising from the dis¬ 
sociation of nitrogen peroxide. In the two-stage ignition, however, the 
development of cool flames is governed by the reaction A->B, and the 
corresponding time lag t ± is the interval requisite for the attainment of 
a critical concentration of B. Any factor leading to an increase in must, 
therefore, have an influence affecting the concentration of B. Since O-atoms 
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are considered very potent chain initiators, the increase in the cool-flame 
time lag 'with propane by N 0 2 additions cannot be ascribed to the formation 
of O-atoms from N 0 2 , but only to an inhibition of specific intermediate 
compounds by interaction with either NO or N 0 2 . Possible reactions of 
this kind may be, polymerization of aldehydes in the presence ofNO a , 
or their combination with NO and N 0 2 . In view of the known formation 
of large amounts of aldehydic products prior to the development of cool 
flames in propane-oxygen mixtures (cf. Newitt and Thornes 1937) and also 
the observation described herein that N 0 2 exerts its greatest inhibiting 
influence on the two-stage ignition of acetaldehyde, it seems not unlikely 
that such a process is involved in the inhibition of reactions leading to the 
formation of cool flames with hydrocarbons in general. 

With propane, the total time lag + 1 2 ) also increases at first with small 
N 0 2 additions, because the direct reaction A—>C is very slow and its 
acceleration by N 0 2 is less effective owing to the marked inhibition of B 
by the influence of N 0 2 on the cool-flame reaction. The velocity of reaction 
& 3 , however, increases exponentially with larger N 0 2 additions and ulti¬ 
mately leads to an abrupt ignition, with a decrease in the time lag from 
11*2 sec. to a fraction of a second (see curve 1, fig. 6 A) when the ignition 
is no longer composite. 

With butane, the interval t 2 between the formation of a cool flame and 
the succeeding ignition, is very small by comparison with the total time 
lag + This fact may be explained by assuming that owing to the 
greater ease of oxidation of 71-butane, the rate of the direct reaction A->C 
is considerably enhanced even before the appearance of a' cool flame by 
a process of mutual interaction of active centres. The introduction of even 
small additions of N 0 2 would therefore materially affect the already 
rapidly growing rate of reaction Jc Z) and induce normal ignition at a lower 
pressure as is found by experiment. The survival of the intermediate 
product B may also be more difficult than with propane, because of the 
more rapid subsequent reaction B-+C as well as A^G; this may indeed 
account for the greater inhibition of the cool-flame reaction with N 0 2 
additions. Hence, the two-stage ignition of butane furnishes an interest ing 
case, where the inhibition of the cool-flame reaction, indicated by an 
increase in the time lag, and a promotion of the direct ignition denoted 
by a lower pressure for the two-stage ignition, are both simultaneously 
observable. The condition found with propane where an abrupt ignition 
occurs at a greatly reduced pressure and shorter time lag following a com¬ 
plete inhibition of the cool flames by N 0 2 , is not realized with butane, 
because in the presence of a large number of active centres in the system, 
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their deactivation by self-neutralization may begin to play an important 
role. 

N 0 2 influences the two-stage ignition of acetaldehyde in a similar manner. 
The more striking inhibition of the cool-flame reaction by N 0 2 suggests 
the view that acetaldehyde is primarily concerned in the formation of cool 
flames during the low-temperature ignition of higher hydrocarbons. 

An attempt has been made by von Elbe and Lewis (1937) to explain the 
difference between the low- and high-temperature ignition of higher hydro¬ 
carbons by assuming the preponderance of a specific type of branching 
mecha nis m in each temperature range. The present experiments indicate 
that the processes are by no means exclusive, it being possible to induce 
ignition typical of the upper system, at temperatures well inside the cool- 
flame region. It can also be seen that the cumulative effect of a simul¬ 
taneous inhibiting and promoting influence exerted by N0 2 cannot be 
expressed by an equation similar to that derived by Semenoff (1935)9 
for spontaneous ignition arising by a process of interacting chains. There¬ 
fore, while emphasizing the importance of the twofold behaviour of N 0 2 
additions on the two-stage ignition of higher hydrocarbons, it is still con¬ 
sidered inadvisable to offer any specific mechanism for their combustion 
in the absence of precise chemical and kinetic data. 

In view of the rapid oxidation of NO to N 0 2 in the presence of oxygen 
and partial dissociation of nitrogen peroxide at the experimental tempera¬ 
tures, a direct measurement of their individual influence on the two-stage 
ignition is not possible with oxygen mixtures. The double nature of the 
influence exerted by N 0 2 is, however, being further investigated by studying 
the various factors affecting the rate of reaction and examining the 
chemical nature of the intermediate products. 

The experiments with the propane-air mixture indicate that in an internal 
combustion engine, the time required for the attainment of a critical 
chemical reactivity in the fuel medium would no doubt be greater in the 
presence of N 0 2 in amounts not exceeding 0*4 %. The critical compression 
ratio for the incidence of “knock 55 would, therefore, be higher in its 
presence, as has already been found under certain conditions by Egerton 
and collaborators (1935). 

The author is greatly indebted to Professor D, T. A. Townend for many 
valuable discussions and to the University of Bombay, India, for the grant 
of a Sir Mangaldas Nafchubhai Technical Scholarship, during the tenure of 
which this work has been carried out. 
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Stjmmaby 

In a study of the influence of N0 2 additions on the spontaneous.ignition 
of higher hydrocarbon-oxygen media, it has been found that its action 
depends upon the temperatures employed. At 430° C, i.e. above the tem¬ 
perature region where cool flames are propagated, N0 2 in concentrations 
up to 6% always promotes the ignitions as is indicated by a reduction 
in the minimum pressures for spontaneous ignition and a shortening of 
the time lags. At lower temperatures, under circumstances involving a two- 
stage ignition, the effect of N0 2 additions is of a composite nature consisting 
in a simultaneous inhibition of the reactions leading to cool flames and 
a promotion of the direct oxidation of the hydrocarbon. 

With propane the inhibiting influence is marked by a lengthening of 
the cool flame and total time lags (£ x and + respectively) with small 
M) 2 additions, as well as an increase in the minimum pressure for the 
two-stage ignition. At a critical concentration of about 3*25 % N0 2 , how¬ 
ever, the cool flames are no longer observable; beyond this concentration, 
an overall promoting influence induced by the direct oxidation becomes 
evident and is characterized by abrupt ignitions at greatly reduced mini¬ 
mum pressures and shorter time lags. 

With n-butane, the inhibition is indicated by a continuous increase in 
the time lags with N0 2 additions and elimination of the cool flames when 
more than 5 % of it is added. The promotion of the direct oxidation by 
N0 2 is greater with %-butane than with propane, and results in a lowering 
of the minimum pressure for the two-stage ignition with small N0 2 
additions; with large amounts of N0 2 an anti-catalytic influence becomes 
evident probably as a result of self-neutralization of active centres. 

A similar influence is observed with acetaldehyde. As the inhibition 
of the cool-flame reaction is greatest with acetaldehyde the latter material 
is considered to be of primary importance in the formation of cool flames. 

The behaviour of nitrogen peroxide is interpreted in relation to the 
promotion of a primary direct oxidation A -»• (7, which occurs mainly at 
high temperatures, and the inhibition of a two-stage reaction A-+B->C, 
predominant at lower temperatures by a process of neutralization of the 
active intermediate product B . The observed specific influence of N0 2 on 
these different stages in the combustion of higher hydrocarbons is discussed 
and the bearing of these results on “knock 55 is indicated. 



Note on copper-cuprous oxide photocells 

By N. F. Mott, F.R.S. 

(Received 16 March 1939) 

In a recent paper (Mott 1939 ) the author has given a theory of the copper 
oxide rectifier which explains successfully the direction of rectification. 
The purpose of this note is to account for the electromotive force observed 
when the contact is illuminated. 

Cuprous oxide is an oxidation semi-conductor, whose conductivity 
depends on excess oxygen; moreover, at and below room temperature it 
shows a positive Hall coefficient (Engelhardt 1933 ). It follows that the 
current is normally carried by positive holes in a full band. The conductivity 
is given by 

cr = cr 0 e~ e t kT e ~ 0*3 eV, 

and 2e will represent the work required to lift an electron from the full band 
to a normally empty “impurity 5 ’ level, i.e. a level due to excess oxygen. 
According to Joffe ( 1935)5 however, in specimens where the concentration 
of excess oxygen is small, the conductivity can be represented by 

cr = cr-t -}- (r 0 

where cr 0 depends on the concentration of excess of oxygen, but a 1 does not; 
<t 1 is much greater than cr 0 , and ^-0*7 eV. Joffe believes that the first 
term is due to the conductivity of the pure substance; 2e 1 will represent 
the work required to remove an electron from the full band to the empty 
conduction band. Thus at high temperatures the current will be carried 
by electrons and by positive holes. Thus the Hall coefficient should di minis h 
numerically or even change sign at high temperatures. This is confirmed 
by the work of Schottky and Waibel ( 1933)5 who find a change in sign at 
about 600° C in a specimen with high resistance, but not in a specimen 
with low resistance. 

Guprous oxide shows increased conductivity under illumination, and for 
our purpose it is important to understand how this comes about. Two 
mechanis ms are possible; electrons may be raised from the full band either 
into the impurity levels, or into the conduction band. A broad absorption 
band with its maximum at 0-7 eV observed by Schonwald ( 1932 ) probably 
corresponds to the former process, as does the long-wave limit of the inner 
photoelectric effect, 4*1 p. (0*30 eV) according to Kurtschatowand Sinelnikow 
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(1932). However, the long-wave limit of the blocking layer effect, i.e. of the 
e.m.f. across the contact, is 1 * 4 /^ or 0*9 eV (Lange 1930, 1931). Moreover, on 
the short wave-length side, the effect shows a sharp cut-off at 570 /t (2-2 eV). 
This strongly suggests that to obtain a photo-electromotive force it is 
necessary to remove electrons from the full band to the empty conduction 
band, and thus to illuminate in the tail of the characteristic absorption 
band of cuprous oxide; the sharp cut-off at 2-2 eV will occur because the 
absorption coefficient becomes too large for the light to penetrate the 
material appreciably. It will be noticed that the energy of the cut-off is 
near enough to twice the thermal activation energy found by Joffe for the 
pure material. 

We shall assume, then, that when cuprous oxide is illuminated with 
radiation in the visible, electrons are ejected into the conduction band, so 
that free electrons and holes are formed. We have however to reconcile this 
with the results of Engelhardt (1933), w T ho measured the Hall coefficients R 
and conductivities a in the dark and under illumination, at room tempera¬ 
ture. Although or was increased by about ten times by illumination, the 
product Rcr was unchanged within the limits of experimental error. If the 
current is carried by one kind of particle only, Rcr is a measure of the 
mobility. The experiments show, then, that under illumination the current 
is carried by positive holes having a Maxwell distribution, as in the dark. 
If the photo-current were carried mainly by electrons, the Hall coefficient 
would change sign. Our explanation of these effects is that the lifetime of 
an electron in the conduction band will be very much less than that of 
a positive hole, because an electron in the conduction band can fall into one 
of the empty impurity levels, which have a concentration of 10 16 -10 19 per 
cm. 3 . A positive hole can only be destroyed when an excited electron falls 
into it; the concentration will be the same as the concentration of holes, 
of the order 10 11 per cm. 3 in Engelhardt’s experiments. 

Although the electrons in the conduction band have very little effect 
on the conductivity, they are essential for the photo-electromotive force, 
as may be seen from the theoretical work of Landau and Lifschitz (1936). 
Consider a semi-conductor in -which there is one kind of carrier only. Suppose 
also that as an effect of illumination the concentrations of this carrier 
(electrons or holes) are n v n 2 at two points of the crystal. Then it may easily 
be shown that if the carriers at both points have a Maxwell distribution, 
and if no current is to flow, a potential difference equal to 


kT , tt, 
— log— 
e 0 n» 


(1) 
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must be applied between the two points. Various authors (cf. A. Joffe and 
A. F. Joffe 1935) have suggested that if one electrode is illuminated, giving 
a concentration n v and if n 2 is the concentration in the dark, an e.m.f. 
given by (1) should be observed. Landau and Lifschitz point out, however, 
that a contact e.m.f. between the metal and the semi-conductor, exactly 
equal and opposite to (1), will be set up, so that no e.m.f. will be observed 
at all. They point out, however, that this is no longer the case when two 
kinds of carrier are present. 


B 


A 



.empty conduction 
jjevels 


metal 


empty levels 
x due to impurities 



cuprous oxide 


full band 
of levels 


Fig. 1 . The energy levels in cuprous oxide in contact with copper. The small circles 
represent the positive holes in the full band. The points A and B mark the boundaries 
of the blocking layer. 


The contact between the oxide and the copper in a rectifier or oxide cell 
has been discussed in a previous paper (Mott 1939). Between the oxygen- 
rich oxide and the copper is the “blocking layer”, a layer of oxide of 
stoichiometric composition and thus containing no empty impurity centres; 
the centres nearest to the copper will gain electrons from the copper; 
a negative space charge will be set up, and an equal positive charge is 
set up on the surface of the metal. A field therefore exists in the blocking 
layer; the electronic energy levels are as shown in fig. 1. The direction of 
low resistance is that for which the applied field decreases the field already 
existing, and thus is that in which electrons flow from metal to semi¬ 
conductor. 

Suppose now that the contact is illuminated; then any electron ejected 
from the full band of the oxide into the empty conduction band in the 
blocking layer will be forced by the field out of the oxide into the metal. 
Electrons on the other hand released within the semi-conductor will have 
a poor chance of reaching the metal, because, as we have seen, thelife time 
of an electron in the empty band of the oxygen-rich oxide is short. 

Suppose then that, per square centimetre of contact surface, N electrons 

I 9'2 
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are released per second and find their way to the metal. We have to calculate 
the contact potential difference that will be set up if no current is flowing. 
If no current flows, N electrons have to flow back into the semi-conductor 
across the contact in the ordinary way. Therefore we must apply a voltage V 
in the direction that will bring electrons from the metal to the semi-con¬ 
ductor. Thus the photo-electromotive force V is in the opposite direction 
(direction of high resistance, in agreement with experiment), and is equal to 

V = Nep v , 

where p v is the resistance of the contact for a voltage V. If the cefl is in 
series with a circuit of negligible resistance, the current is 

Vj Pv = Ne. 


As regards the currents observed, according to Grondahl (1933) the 
number of electrons passing through the circuit (in front-wall cells) may 
be as high as 25 per cent of the number of quanta absorbed; this suggests 
that a surprisingly large proportion of the incident light is absorbed in the 
blocking layer. 

As regards the electromotive force, it is roughly proportional to the 
intensity of the light (cf. Nix 1932), but for high intensities varies in the 
same way as the resistance of the rectifier, as already pointed out by Schottky 
(for references cf. Grondahl 1933). 

The contact potential difference described here is not the only potential 
difference set up; there may be a potential difference in the oxide itself, 
due to the non-Maxwell distribution of electrons in the illuminated part as 
described in the paper by Landau and Lifschitz. Owing however to the 
large resistance p of the contact, and to the fact that the potential difference 
is proportional to p 3 it is probable that the term described here predominates. 

SumiAEY 

The behaviour of copper-cuprous oxide photocells is interpreted in terms 
of a theory of the contact between a metal and a semi-conductor recently 
given by the author. 
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The nature of atmospherics. VI 

By F. E. Ltjtkik 

Radio Department, National Physical Laboratory 
(Communicated by Sir George Simpson, F.R.S.—Received 7 December 1938 ) 

[Plates 1 - 6 ] 

INTRODUCTION 

InPaperV of this series (Watson Watt, Herd and Lutkin 1937) the results 
of the early photographic recording of the wave form of atmospherics have 
been described. It was shown that these rapid changes of the atmospheric 
potential gradient produced by thunderstorm discharges at quite long 
distances consist of two distinct oscillatory trains, one having a predominant 
frequency of the order of lOkc./sec. and the other about 0*5 kc./sec. The 
photographic resolution attainable at the time made it impossible to analyse 
in detail the higher frequency oscillations, and the present paper describes 
the results of recording on a much more open time scale. This involved the 
development of a drum camera which could be operated at speeds up to 
20 r.p.s. giving film speeds up to 20 m./sec. as compared with 2 m./sec. which 
was the upper limit attainable by the earlier methods. 

Two series of observations are discussed. One was made during the autumn 
of 1934 , and consisted of records of atmospherics originating at considerable 
distances from the receivers. This series, which served to test the methods 
for improved resolution of the wave form, confirmed the nature of the high- 
frequency portion of that wave form and*emphasized the need for similar 
records of the atmospherics from storms occurring near to one of the 
receivers. Such records were obtained in the second series made during the 
summer of 1936 . 
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Apparatus rsr use 


The method by which the potential gradient changes were arranged to 
produce horizontal deflexion of the electron beam of a cathode-ray oscillo¬ 
graph has already been described (Watson Watt et al. 1937) and need not 
be given in detail here. Briefly, voltage changes were induced by the 
atmospheric in a vertical aerial, having a 9 ft. diameter wire “cage” at its 
top, supported by a 75 ft. timber tower. These voltage changes were amplified 
in a three-stage resistance-capacity coupled amplifier, the output of which 
was connected to the deflecting plates of a cathode-ray oscillograph to 
produce horizontal deflexions of the electron beam. The amplifier character¬ 
istic was flat from 20 e.p.s. to 10 kc./sec. falling by only 4 db. at 5 c.p.s. and at 
50 kc./sec. 

The deflexions of the oscillograph spot were recorded by a drum camera 
(Lutkin 1937), the drum surface accommodating aim. length of photo¬ 
graphic paper or film. The drum was revolved ten times per second by an 
induction motor and slowly traversed across the lens field. The lens used had 
an aperture of/ 1 - 5 , and a 10 cm. deflexion on the tube was arranged to give a 
1 cm. image on the paper. 

The drum was traversed sideways across the lens field at a rate of 2 cm./ 
min., so that an observation of 5 min. duration was recorded on a metre 
length of photographic paper 10 cm. wide, or of 1 \ min. duration on standard 
35 mm. film of the same length. 

In the first series of observations records were made on 35 mm. cine film, 
whereas a special paper having a sensitivity comparable to that of ordinary 
orthochromatic film was used in the later series. 


Records were made simultaneously at Slough (south-east England) and at 
Leuchars (southern Scotland) at sites some 500 km. apart. The two installa¬ 
tions were similar but not absolutely identical, a 60 ft. high T aerial 230 ft. 
long being used for the earlier series at Leuchars. In addition to recording 
the wave form of the atmospheric its source was simultaneously found by the 
use of a cathode-ray direction-finding installation at each station (Watson 
Watt, Herd and Bainbridge-Bell 1933). The direction of arrival was recorded 
photographically on film, the two stations being linked during the observa¬ 
tions by a telephone line. To associate the wave form of a particular atmo¬ 


spheric with the direction of its arrival at each station from the many patterns 
recorded on each of the four records, very accurate synchronization was 


necessary. A description of these synchronizing arrangements is given in 
Appendix I. 
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Periods of observations 

The first series of observations covers records from the beginni n g of 
October 1934 to the end of November 1934 . One record was taken each day 
at 1400 G.M.T. at both stations, each record lasting about 5 min. Records 
were made on sound-recording film at a speed of lOm./sec. using a gas- 
filled cathode-ray tube with an anode voltage of 2000. The amplifier gain 
was adjusted from day to day so that the output to the cathode-ray tube 
from the average atmospheric should be sufficient to produce a large de¬ 
flexion, i.e. a gain which would enable some eight or ten atmospherics to be 
registered during 5 min. observation, thus permitting certain matching of 
the patterns at the two stations and avoiding confusion due to overlay of 
forms. 

In all about 300 forms were registered. The sources as determined by 
cathode-ray direction finders were at distances of 700-3000 km. from Slough, 
some from the west and south-west being of Atlantic origin, while others 
were from regions in the vicinity of the eastern Mediterranean. While the 
location of individual atmospherics is possibly subject to some error it is 
thought that this will not materially affect the discussion based on mean 
distances made later in the paper, although some of the scatter about the 
mean values, found for example in fig. 3 , may be attributed to this error. 

General appearance of records 

The general appearance of the recorded wave forms may be seen in figs. 
1 and 2 (Plates 1,2). The former shows the individual wave forms opened out 
by movement of the film along its length, with the zero line through the 
forms produced by the synchronizing processes. 

In one or two records where the writing speed has been very high, the out¬ 
line was too faint to reproduce well, although clearly visible on the film.. 
This has been shown by dotted lines in the reproduction. 

Several different types of pattern are shown, but fig. 2 a is characteristic of 
those most frequently received. It consists of a train of two or three cycles of 
decreasing amplitude, lasting for about 1 msec., the duration of the cycles 
increasing towards the end of the train. 

Magnitude of field change 

The magnitude of the “peak field change 55 at the receiver varied from 
about 200 to 6000 mV/m. This “peak field change 55 was obtained by 
measuring the greatest distance between two consecutive stationary points 
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on the "wave-form pattern. The lower limit was set by the threshold of re¬ 
cording in use, but during the period only ten out of the 300 forms recorded 
attained a value of more than 4000 mV/m. 

The manner in which the received peak amplitude varied with distance of 
origin is shown on the scatter diagram forming fig. 3, the values for individual 
atmospherics appearing as dots, "while large circles give the mean value at 
each distance. It will be seen that while the mean intensity varies systematic- 
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Fig. 3. Variation of peak amplitude with distance of origin. 


ally with distance, the scatter about the mean values is very large. In most 
cases the sign of the initial voltage swing was easily determined although its 
amplitude was usually less than that of the next half-cycle. In 65 % of the 
forms registered it was positive, in 31 % negative, while in the remaining 4 % 
it was too small to be determined with accuracy. (Throughout the paper the 
sign convention adopted in the earlier papers has been continued. A positive 
field change is one which results in the appearance of a positive potential at 
the grid of the first valve of the amplifier produced by increase in a positive 
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potential gradient in the neighbourhood of the aerial, resulting from de¬ 
struction of a negative moment to earth in the cloud system.) 

Oscillation frequency 

In the previous paper the frequency of oscillation as indicated by the 
number of cycles occurring during the first quarter of a millisecond was 
determined and shown to be of the order of 5-10 kc./sec. In this series with 
the much more open time scale it has been possible to measure the duration 
of each successive half-cycle and construct the ‘ e mean 5 J forms of figs.. 4 a and 
46. From these it will be seen that in general the half-cycle with the shortest 
duration is at the beginning of the form where it is 40 or 50 /^sec. long, whilst 
at the end it lengthens to about 300/£sec. before dying away. Expressing 
this in terms of mean frequency of oscillation it may be said that at the head 
of the train a frequency of 10 kc./sec. was found which decreases to about 
2 kc./sec. by the time that the amplitude of oscillation has fallen to one- 
tenth of its peak value. 

The shortest duration for the first half-cycle that has been measured in 
this series was 20 ji sec. 

The overall duration, i.e. the time during which the amplitude of oscilla¬ 
tion was more than one-tenth of its peak value, varied from about J to 
1 msec. These values apply to simple trains which appear to be associated 
with a single discharge process. In the case of the sequences of discharges 
producing complex forms similar to those of fig. 2 c continuous oscillation for 
some 10-20 msec, has been recorded. Discussion of these is reserved to the 
later series. 

Type characteristics and source 

The location of the source by means of cathode-ray direction finders has 
permitted examination of wave shape in relation to the topography of the 
source, and to the path traversed in reaching the receiver. 

The sources active over this period were scattered fairly evenly over 
western Europe, North Africa and the Atlantic, and it was found convenient 
for analysis to group the sources into eastern, southern and western sources, 
the first two being mainly on land and involving propagation overland areas, 
whilst those of the third group lie over the sea and also involve propagation 
over sea. 

When the forms were arranged into these groups it was found that in those 
from westerly sources the oscillation was sustained for a longer period than 
in those from eastern sources. 

The synthetic forms, figs. 4a and 46, were constructed from accurate 
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measurements of the duration of each half-cycle of some fifty forms, selected 
from the 300 because of superiority of record and freedom from uncertainty 
in analysis. Fig. 4a was derived from the eastern group and fig. 4 6 from the 
western group. 

In the case of the westerly sources the peak amplitude was reached in 
about two cycles and took some six cycles to decrease to one-tenth of its peak 
amplitude, while those of easterly origin reached their peak in one cycle and 
decreased to one-tenth of that value in four cycles. 

This greater length of train for sea sources appeared to be unaffected by 
distance. 



x 100 ji sec. 

Fig. 4 


It is interesting that atmospherics originating to the south-west of the 
station along the coastal regions of Spain, Portugal and North Africa, 
although actually occurring over sea, have the characteristics of those from 
the eastern land sources, suggesting that the physical conditions governing 
the decrement of the received form both at its source and in propagation, 
extend some distance out to sea from land regions. Similarly, those originat¬ 
ing over the inland seas of Europe appear chiefly of the land type. 

It has been explained previously (Watson Watt et al. 1937 ; Appleton 
and Chapman 1937 ; International Scientific Radio Union 1934 ) that the 
majority of individual forms have the character of a simple damped train 
similar to those of figs. 4a and 46, followed by a slow and often aperiodic 
form, and that a single lightning flash originates a sequence of these trains at 
intervals of a few milliseconds. Occasionally, however, a very complex form 
is received which appears to consist of up to twenty of these typical trains 
occurring so rapidly one after another that one train has not died out before 
the next occurs (see fig. 2 c). This form of multiple structure often appears as 
one of the individual forms in a sequence of the typical simple trains and the 
amplitude of the individual peaks is usually much less than that of the single 
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train type with which it appears associated. This type of form is found to 
originate in the majority of cases from land regions. 

Precursors 

In Paper V it was mentioned that occasionally the main oscillatory 
component was preceded by a smaller oscillatory pattern, of much higher 
frequency. In this series such a precursory form was found associated with 
forty-eight of the 330 forms of the type already described registered at 
Slough and in thirty-six of the 198 recorded at Leuchars, typical patterns 
forming fig. 2 d. The mean number of half-cycles recorded in this £ £ precursor 5 J 
was ten and its average peak amplitude was about one-quarter that of the 
associated oscillatory pattern. This type of form will be discussed at greater 
length in Series II. 

Similarity of forms at Slough and Leuchars 

Fig. 5 (Plate 2) shows several pairs of forms recorded simultaneously at 
Slough and Leuchars. It will be seen that the general contour at the two 
stations is practically identical, so much so that no difficulty would have 
been experienced in selecting at each station the wave form belonging to 
the same atmospheric had the synchronizing arrangements failed. 

Comparison of the field changes registered at the two stations from the 
same atmospheric originating at similar distances from each receiver showed 
that the field change at Slough was usually two or three times as great as that 
at Leuchars. 

This is in agreement with the results of the observations discussed at 
length in Paper V and need not be enlarged on here. 

Thus it would appear that the temporal variation of the electric forces due 
to atmospherics originating at distances of the order of 1000 km. and over is 
established. The absence of frequencies materially above 20 or 30kc./sec. 
and the gradual rise to peak amplitude explain why such atmospherics 
although attaining an amplitude of ^ V/m. do not produce much disturbance 
in the medium and short wave bands, and are most troublesome on long 
wave-lengths. 


Series II 

Period of observations 

Although the majority of the records comprising the second series was 
made during the summer of 1936, a few interesting ones were obtained 
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during the winter 1935-6 on the very infrequent discharges associated with 
meteorological “fronts 55 . Owing to the infrequency of storms in Great 
Britain and the varied hours at which they occur it was impossible to arrange 
always for two-station working. Observations were made on twenty-three 
different days. Sometimes a passing thunder squall permitted two or three 
forms to be registered, whilst on other days, as for example 19 June 1936, 
when storms persisted for an hour or two within a radius of 50 miles, a dozen 

5 min. runs were practicable, giving over a hundred forms, most of these 
being recorded simultaneously at both stations. 

Throughout this series whenever lightning was visible at either station, 
cathode-ray direction finding for the locations of the source was not used, the 
distance from the station at which it was visible being assessed by timing the 
interval between lightning and thunder. When the Slough station only was 
in operation and the storm was beyond audibility after passing overhead, 
the distance was assessed on the assumption of a rate of travel of 40km./hr. 
Occasionally, when an isolated storm was indicated by the meteorological 
network, this information was used to supplement the indications of the 
radio direction finders when triangulation was inconclusive, and the storm 
beyond visible range. 

In earlier work (Watson Watt et al. 1937 ; International Scientific Radio 
Union 1934 ) and in earlier sections of the present paper, it has been stated 
that while the majority of the received atmospherics from a distance have 
the form of fig. 2 a there are others in which a rapid succession of such 
forms occur in a period of 1 or 2 msec., and others in which the main form has 
a “precursor 55 . In the present series it became evident that these latter 
forms are more frequently recorded as the source is approached. Thus in 
analysis it has been found desirable to arrange the forms into groups. 

The general appearance of a member of each group varies as the distance 
from receiver to source varies, and in figs. 6-9 (Plates 3 , 4 ) are shown a few 
records indicating the general characteristics of each group. All these records 
are reproduced from cuts from the original record strips. The horizontal lines 
which are drawn through the wave forms are the synchronizing marks used 
to identify corresponding patterns at the two stations. 

In the records taken close to the flash, the resultant net change of gradient 
gave a net change of potential at the first valve grid which produced a dis¬ 
placement of the tube spot. The time constant of the amplifiers being long, 
several revolutions of the drum occurred before the spot returned to its 
zero and thus several horizontal lines appeared on some records (see figs. 

6 a, 6 and c). The zero level about which deflexions occur appears as a gap in 
the record of each vertical sweep of the spot, the spot disappearing behind 
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the central mask on the tube face at this point. To assist readers a line has 
been drawn by the side of each pattern at this level. 

In order to reduce the confusing effect of numerous horizontal lines, a 
short vertical aerial, 10 ft. high, was used instead of the large one described 
earlier, for work on very near storms. This had the effect of considerably 
shortening the time constant while not making it so short as to distort the 
high-frequency patterns which are the present interest. 

Since the gain of the amplifier was varied to suit each 5-min. record, direct 
comparison of amplitude of deflexion from record to record cannot be made 
without the use of the appropriate amplitude scale, but a common time scale 
was used throughout. 

The patterns in each group are arranged to show the change in form as the 
distance from the source to receiver increases, those at the top of the figure 
being taken with a storm overhead, distance increasing towards the bottom. 

In each group the increasing importance of the oscillatory component as 
the distance from the source increases will be evident but it should be 
particularly noted that even in those very near to the source the oscillation 
is apparent, as undulations on the net change curve. 

Group 1 . The first group is characterized by a single damped oscillatory 
train accompanied by the slow component, and has already been described 
at length in earlier work (Appleton and Chapman 1937 ; Watson Watt et al. 

1937)- 

Of the 947 forms recorded 631 fell into this group. Of these 559 were 
characterized by an initial positive field change, while the remainder were 
negative. The sign of the field change producing the “slow” portion of the 
form was initially the same as that of the accompanying “oscillatory” 
component. It will be recalled that this slow portion is the mean curve of the 
high frequency oscillations smoothed over two half cycles (Watson Watt et 
al. 1937 ). 

Typical forms falling into this group will be found in figs. 6 and 7, the 
former showing those in which the initial voltage swing was positive while in 
the latter it was negative. The figures show the manner in which the form 
changes from a net change of potential occurring in a few steps near to the 
source, to a damped oscillatory train at distances of 500 km. 

Field change . Figs. 10 a and 106 are scatter diagrams relating “peak-field 
change ” to distance of origin for all atmospherics of the group registered. The 
mean values of the peak field changes at various distances will be found on 
the first two lines of Table I. Exponential increase of distance has been used 
in the preparation of both the scatter diagrams and tables. The largest field 
changes yet noted, 600 Y/m., have been from discharges at 5 km. Although 
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atmospherics have been registered from nearer sources still, no higher values 
have yet been obtained. At distances of the order of 500 km., the mean field 
change had decreased to about 5 V/m. The amplifier gain was adjusted to 
give a good record of this component wdth the result that the amplitude of 
the slow form was usually too small to record except in those forms whose 
source was near, when a net change of field was registered. 




Fig. 10 


Duration . The complexity of some of the forms from near sources, and the 
difficulty of determining the zero about which the oscillation could be 
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considered as occurring, made it difficult to measure half cycles as was done 
in Series I. The measurement of the time interval between successive peaks 
of the same sign was practicable, however, and this is discussed as the 
“ duration of cycle The mean duration of successive cycles is given in the 
first two lines of Table II. It will be seen to increase throughout the form, the 
first cycle occupying about loO/^sec., and the fifth 300/isec., the duration 
time varying in a manner similar to that found in Series I. 



Table II. Number and duration of cycles for each group 

Mean Mean duration of successive cycles (/tsec.) 

no. of ,-*-> 

Group cycles 12 3 4 5 

1 (a) 3 153 219 253 270 322 

(6) 4 129 190 245 282 358 

2 19 About 70 ftsec. between each peak 

3 19 About 300 fisec. between each peak 

Some forms from intermediate distances have additional embroidery of 
still higher frequency (see fig. 18), and this feature will be discussed later. 

The slow form was aperiodic and positive in all the cases recorded of forms 
in which the first half-cycle was positive, but as previously explained it did 
not attain recording amplitude in the more distant cases. In the case of the 
negative ones, group 1 b } however, in the majority of cases in which the 
amplitude was sufficient to permit analysis, the slow form was found to be 
periodic, the first half-cycle, a negative one with a duration of some Jmsee., 
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being followed by a positive half-cycle 1 msec, long having an amplitude 
one-fifth that of the first. In this connexion fig. lie, i and ii are of special 
interest. These two forms were associated with the same lightning flash, and 
while the first shows an aperiodic form appearing as a unidirectional negative 
net change of potential at Slough and aperiodic at Leuchars, the second 
shows voltage reversal at both stations, the first half-cycle being negative. 
This peculiarity is referred to again on p. 300. 

Group 2. Fig. 8 shows typical forms of the second group arranged in a 
maimer similar to that used for group 1. It will be seen that the group is 
characterized by a portion consisting of a multiplicity of field changes in 
rapid succession, each with the steep rise to peak value met with in the types 
already discussed. While the oscillation of group 1 had successive cycles of 
steadily decreasing amplitude, the amplitude of successive cycles in group 2 
appeared random, although tending to a maximum near the middle of the 
succession. The time interval between cycles was of the order of 70/^sec., 
and the succession usually lasted about Ijmsec. During this time the slow 
form became increasingly positive. Variation of peak field change with 
distance is shown in fig. 10 c and Table I, while duration of cycles is shown in 
Table II. 

The maximum excursions generally indicated field changes about two- 
thirds those of patterns of group 1 at comparable distances of origin. 

As in group la the slow form appeared near the source as a net change of 
gradient, and at moderate distances was aperiodic, returning to zero after 
some 2 msec. Forms of this type were often found preceding positive forms 
of group 1 and when so associated became the “precursors” referred to 
earlier in the paper. 

Group 3. The members of this group (see fig. 9) had also a multiple 
structure. There were usually some 10-20 short oscillatory trains but the 
individual trains were separated in time, so that each train died away before 
the next commenced. At distances of 10-15 km. each appeared to be of one 
cycle of 50-100/fcsec. duration, the first half-cycle being negative, while at 
distances beyond 100 km. three half-cycles were usually visible, the first 
still being negative though the second and positive was often the largest. 
The succession in this case lasted for a longer period than that of group 2, 
occasionally for 15-20 msec., but the number of discrete discharges seldom 
exceeded the number of peaks found with the positive discharges of group 2, 
the mean number being 19 in both groups. The slow form was not usually 
detectable except in patterns from relatively near sources, when it was found 
to be negative. 

The variation of peak field change with distance may be seen in fig. 10 d 
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and Table I. The magnitude of the field changes in this group is about two- 
thirds of that of the oscillatory discharges of group 1 . 

Change inform between Slough and Leuchars 

The simultaneous registration of forms at Slough and Leuchars has 
enabled comparison to be made between the pattern obtained at the source, 
when a storm has been in progress at Slough, and that obtained 500 km. 
away. Fig. 11 (Plate 5) shows a number of these simultaneous records and it 
will be seen that even within 5 km. from the source the oscillation character¬ 
istics of the form at a distance are visible. 

The ratio of the amplitude of the oscillation to that of the accompanying 
slow surge is different at the two stations but this follows from considerations 
to be found later in the paper. In all cases which have been registered simul¬ 
taneously no evidence of a change of sign has been obtained. If a positive 
net change of field occurred at Slough then the oscillatory field change at 
Leuchars was also initially positive, and vice versa. 

Mechanism of discharge 

The work of Schonland, Hodges and Collens ( 1938 ) published since the 
first draft of this paper was prepared, covering simultaneous records of the 
wave form of the electrical process and photographic registration of the 
lightning flash itself, confirm the suggestions made by Appleton and 
Chapman ( 1937 ) and Watson Watt et aL ( 1937 ). They show the forms 
of group 1 originating in the main discharge which occurs down the channel 
ionized by the “leader strokes 5 ’, while the precursory forms of group 2 are 
associated with these “leader strokes 55 . 

Let us consider in greater detail the relationship between the wave forms 
of group 1 and this main discharge process. Fig 12 shows a comparison 
between the “mean land atmospheric 55 (fig. 4a) and the reproduction of a 
photograph by Schonland (Schonland, Malan and Collens 1935 ) showing the 
variations of illumination in a discharge channel, both drawn to the same 
time scale. Here it will be seen that the interval between each cycle in the 
atmosphere wave form corresponds to the interval between successive bands 
of illumination in the discharge channel. The radiation field change at 
distances of a few hundred kilometres from a flash will be proportional to 

dm 

dt* 9 

where M represents the cloud moment destroyed (Appleton, Watson Watt 
and Herd 1926 ). Assuming that the bands of illumination in fig. 12 indicate 
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current pulses always flowing in the same direction then the corresponding 
curve of moment destruction will follow roughly the line of fig. 13 a. This 
curve has been differentiated to produce curve 136, corresponding to the 
temporal variation of the associated induction field while curve 13 c indicates 
similar variation of the radiation field. These curves clearly indicate the 
manner in which radiation fields having the wave forms observed can result 
from discharges consisting of several unidirectional current pulses repeated 



Fig. 12 


at the intervals suggested by flash photography. This confirms the suggestion 
of Simpson ( 1929 ), who stated that the lightning channel may be likened to a 
radio aerial and that when most highly ionized it would be sufficiently 
conductive to oscillate, the oscillation frequency being about 30kc./sec. He 
likened the process to that of the 4 4 singing arc ” in which the current flows in 
pulses, the frequency of occurrence of which is set by the constants of the 
associated circuits. In the case of the arc the inductance, capacity and re¬ 
sistance of the circuits remain constant and impose a constant frequency on 
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the rate of occurrence of the current pulses, but in the case of the lightning 
channel these values continually alter. Resistance increases as the channel 
ionization decreases while capacity to earth and also the inductance increase 
as the length of the channel increases due to formation of branches further 
into the cloud area. This finally results in a decrease in the frequency of 



occurrence of the current pulses as the discharge progresses. Thus we may 
visualize the electrical process initiating each form of group 1 a , those indi¬ 
cating a positive field change, as follows. 

A cloud system, negatively charged at its base is discharged by current 
through an ionized channel established between it and the earth. The 
capacity of the system to earth, and the inductance and resistance of the 
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channel, cause the current to flow in a few short bursts, with periods during 
which induced back e.m.f. reduces the current flow to zero. The durations of 
the current bursts, and of the intervals between them, steadily increase as 
the io niz ation in the channel decreases and the supply of electrons to 
maintain the current is drawn from a larger area of the cloud. In local 
storms some three or four current pulses are found in each component 
discharge, vary in g in duration from 50 jusec. at the start to 300/esec. for the 
last. Three or four such component discharges occur during each “flash 35 . 

The negative field changes of this group probably result from the discharge 
to earth taking place from the small centre of positive charge envisaged by 
Simpson and Scrase at the base of some clouds (Simpson and Scrase 1937 , 
pp. 331, 334). Here again each discharge occurs in a succession of pulses, 
some three or four in number, and indicates initially the destruction of 
positive moment. As mentioned on p. 296, however, this current flow in 
many cases reverses after some 500 jusec. and continues for a further milli¬ 
second with pulses lasting some 250 ji sec. It would appear that the ionized 
channel first formed provides thepathfor some three orfour pulses of current, 
discharging positive cloud potential. This exhausts the small accumulation 
of positive charge at the base and the ionized channel already conductive, 
provides a path for the dissipation of further negative charge from the 
neighbouring cloud mass. 

In the typical discharge pattern discussed (fig. 13), unidirectional current 
is assumed. It must not be inferred, however, that reversal never takes place. 
Fig. 6 a clearly shows reversal of direction in a wave form showing net 
change of field at a distance at which the effect would be almost entirely due 
to the electrostatic field. This form is typical of those obtained within a few 
kilometres of the discharge, but it is difficult, except in flashes which occur 
within 1 km., to say how much of this reversal of aerial potential is really due 
to change in direction of current flow in the discharge channel. The induction 
field change which becomes an appreciable proportion of the total field 
change at distances of 2 or 3 km. would be expected to introduce peaks of the 
character observed. 

Group 2 . One source of the oscillations of this group, clearly established 
by the recent work of Schonland, Hodges and Collens ( 1938 ), is found in the 
leader stroke which precedes the first component discharge. Two types of 
“leader” are discussed. In one type after rapid progress of the leader to 
earth, it is followed immediately by the main stroke while in the second the 
rate of progress to earth is retarded as the ground is approached. The rate of 
progress is then so slow that only a small radiation field results compared 
with that of the main discharge. This explains the fact that in most of the 
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composite forms in which a pattern of this group precedes one of the group 1, 
a quiet period of a millisecond elapses after the last visible oscillation of 
group 2 before the main discharge occurs. In some cases two or three 
successive patterns of this group have been found preceding the main stroke 
(fig. 14 a, Plate 6), suggesting several attempts of the leader to reach the earth 
before the channel is finally established. Accepting this hypothesis of origin 
we must expect to find many cases in flash photography in which the leader 
stroke is unaccompanied by a succeeding main stroke. Of the 225 forms 
registered only forty-eight were followed by main strokes, all of them of the 
positive form shown in group 1 a. Alternatively, many may be produced by 
invisible discharges of a similar £< leader dart 5 ' character occurring within the 
cloud itself. Of particular interest are the forms shown on fig. 15 (Plate 6) 
which were recorded at Leuchars in March 1937, during a day of heavy snow 
squalls. No thunder or lightning was observed, nor were atmospherics of any 
other form recorded at the time, and it would appear that some discharge 
mechanism within the cloud itself, of an intermittent character similar to 
that of the leader stroke mechanism, between regions of differently charged 
cloud masses, must be the source. These regions are probably small but by con¬ 
vective processes acquire a potential high enough to produce sparkover. The 
total charge, which is also small, is completely dissipated during the progress 
of the leader dart. In all the records obtained the sign of the field change 
indicates the destruction of negative cloud moment so that in all cases 
discharge from a region of negative charge above a region of positive is 
shown. Whether this occurs between the base of the cloud and the air below 
it, or between the lower negatively charged region of the cloud and the small 
region of positively charged cloud found by Simpson and Scrase in the base 
of many thunder clouds must remain a matter for further investigation. 
Discharges of this type, which never reach the ground, should be associated 
with field changes which reverse in sign at a distance dependent on the 
height of the cloud system above the earth. This critical distance for cloud 
heights of 2 or 3 km. now visualized would be between 1 and 2 km., so that 
such reversal would be recorded only in a flash immediately overhead. 
Further reference to this reversal will be made when discussing meteoro¬ 
logical associations. 

Group 3. Some of the earliest records in this series of group 3 discharges 
were obtained during the passage of a cold front over the station on 1 October 
1935, when thunder was occasionally audible. Only one flash was visible and 
that appeared horizontally within the cloud system, progressing so slowly 
that no question of the sense of propagation arose. This produced a series of 
six forms of group 3 spread over a time interval of about yo sec. No other 
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type of form was obtained at tliat tune and there seems little doubt that this 
succession of negative pulses with a negative gradient surge originated in this 
flash. From considerations similar to those of group 2 it would follow that 
field changes of the sign observed would be produced by discharges between 
the upper positive charge and the lower negative one in a normal bipolar 
cloud. Existing theory suggests that sign reversal would occur in this case at 
about 7 km. No records of this group showing this reversal have yet been 
obtained although a few records at 5 and at 3 km. have been made. 

No hypothesis can at this stage be offered to explain why longer quiescent 
periods occur between the individual current pulses than are found in dis¬ 
charges of group 2 . It is, however, extremely interesting to find that the 
isolated pulses of this type of flash produce at a distance only 3 half-cycles 
instead of the damped train of 3 or 4 cycles characteristic of the oscillatory 
component of the first group. It is exactly the wave form of the radiation 
term to be expected from a single pulse unidirectional discharge and 
suggests that neither oscillations developed in the transmission medium nor 
ionospheric reflexions normally lengthen the oscillatory train beyond that 
which is imposed by the character of the discharge at the source. 

Variation of shape with distance of origin 

The method of production of the forms given by distant sources may now 
be considered on the hypothesis of a thunder cloud discharged by a succes¬ 
sion of unidirectional bursts of current. It is known that the vertical 
electrical field E at a point distant r from the discharge column, resulting 
from the destruction of a cloud moment M (= 2 Qh) will be given by 

m i_dM i dm 

r 3 cr 2 dt chr dt 2 3 


where the values of the quantities involving M are the retarded values 
obtaining at a time (t — rjc), c being the velocity of electromagnetic radiation, 
i.e. the wave form of the field change at any distance r from the source will 
be set (a) by the individual wave forms of the electrostatic (M), induction 



and the radiation 


(""5^) chan S es 


and ( 6 ) by the amplitude of each 


at that distance. 


Consider for a moment the wave form of each term in the expression, 
which would result from a discharge similar to that initiating a wave form of 
group 1 . In curve a of fig. 16 the amplitude of thunder cloud moment has 
been plotted against time for a typical case suggested by wave forms 
registered near the discharge (e.g. a, b, fig. 6 ), assuming that these result 
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almost entirely from the electrostatic field. This has been differentiated and 
curve b obtained while second differentiation produced curve c. The relative 
peak amplitude of each term at various distances from the source has been 
computed and is given in Table III. It will be seen that at distances up to 
3 km. the electrostatic term predominates, while beyond 300 km. the radia¬ 
tion term is alone of appreciable amplitude. In fig. 17 the outline of the forms 
resulting from the summation of the appropriate fraction of each term at 



various distances from the source has been drawn. The vertical scale has been 
varied progressively throughout the series, corresponding to the increase in 
amplifier gain as the source becomes more distant. The extent to which 
these theoretical forms follow the outline of the patterns observed may be 
seen by comparison with those in figs. 6 and 7. 

It is interesting to see that at distances between 10 and 100 km., where all 
three fields attain comparable amplitude, additional peaks appear on the 
curves due to the displacement in time of the peaks of the component curves 
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(fig. 17). This offers an explanation of the presence of some of the stationary 
points and additional peaks so often seen on the forms at distances from 30- 
100 km. (figs. 6 , 7), but this process cannot offer a complete explanation of 
the complexity of some of the forms recorded from these intermediate 
distances, as for example, those on fig. 18 (Plate 6 ). Australian workers (Laby, 
Nicholls, Nickson and Webster 1937 ) have suggested that they find evidence 
of reflexions from the ionospheric layers at 30 km. producing a repetition 
and lengthening of the observed patterns. This point has not been examined 
in great detail here because of the difficulties of dissociating this phenomena 
from that of multiple pulses in the discharge channel, comparable time inter¬ 
vals being involved. A reflexion mechanism may be responsible for this 
multiplication of the received peaks from a normal discharge, and conse¬ 
quent production of complex patterns if reflexions from regions at heights of 
10 km. or so can be admitted. Evidence of reflexions from such regions has 
been found (Colwell and Friend 1936 ; Watson Watt, Bainbridge Bell, 
Wilkins and Bowen 1936 ), and this would appear to offer the simplest expla¬ 
nation for this peak multiplication, and explain the reason for the increased 
disturbance in medium wave reception near to thunderstorms. 

Table III. Calculated relative amplitudes of the electrostatic, 

INDUCTION AND RADIATION TERMS AT DIFFERENT DISTANCES FOR A 
TYPICAL ATMOSPHERIC 

Distance of source in km. 



1 

10* 

10 

10* 

I0 2 

10* 

10 3 

10* 

M 

r 3 

14,100 

527 

3-7 

0*15 

0*004 

0*00015 

0*000004 

0*00000015 

dM 1 

dt cr 3 

-232 

-26 

9*7 

1*1 

0*097 

0*01 

0*001 

0*0001 

d*M 1 

dZ 2 c 2 r 

-316 

-107 

29*5 

9*9 

2* 95 

1*0 

0*3 

0*1 

M t 1 dM 
r 3 + ^~dt 

13,552 

394 

43 

11 

3*0 

1*0 

0*30 

0*10 


1 d*M 

IFrUtf 


If these high frequencies were to be found in the records of the forms 
observed near to the source, it might be suggested that additional oscilla¬ 
tions occur in branches of the main channel, with peaks displaced in time 
from those of the main oscillation, but up to date there is no evidence of this. 
At distances of 15 km. and over, this embroidery becomes evident and at this 
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distance reflexion from scattered low ionized regions seems the most probable 
explanation. 

Comparison between theoretical and observed amplitudes 

In fig. 19a- the mean field strength of the forms of groups 1 have been 
plotted against distance of origin, and the curve extended to distances of 
3000 km. by the addition of points from the data of Series I. 


v/m 

5 



Fig. 19 


The distance of origin for the forms at 500 km. is known with accuracy, 
these having been registered at Leuchars whilst storms have been in progress 
at Slough. The mean field strength at this distance has therefore been used to 
set the datum for the computation of the theoretical values of Table IY 
which form the basis of the theoretical curve fig. 196.,The agreement of 
observed means and the computed values will be seen to be close except for 
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distances within* a wavelength of the source, i.e. less than 30 km., the wave¬ 
length of the oscillation recorded. Within this distance the recorded ampli¬ 
tude becomes an increasingly smaller fraction of the theoretical as the source 
is approached. Although such close agreement between mean values and 
the theoretical is obtained it should not be overlooked that there are very 
large deviations about these means (see fig. 10 ), variations of the order of 
10 to 1 between the extreme values beixig found at all distances. 


Table IV. Relation between computed and observed * 

PEAK AMPLITUDE AT VARIOUS DISTANCES 
Distance in km. 



1 

10* 

10 

10* 

10 2 

10* 

10 3 

10* 

Computed. E V/m. 

64,300 

1,870 

204 

52 

15-0 

5 

1*5 

0*5 

Observed E Y/m. 

160 

196 

87 

49 

10 

5 

2 

1 


Current in the discharge channel 

From the values derived above, the mean value of the destroyed moment 
and the cloud charge dissipated by the flash have been computed. The 
average moment destroyed during the first current pulse, the one which 
appears to produce the maximum radiation, is of the order of 10 15 e.s.u. and 
if the height of the charged cloud be taken as 3 km. as in the earlier considera¬ 
tions, then a discharge of about 0-5 coulomb is indicated. This corresponds to 
peak current of the order of 30,000 amp. 

Now in most patterns some three or four pulses are observed and several 
patterns are usually found from one flash. Fifteen pulses each conveying 
half a coulomb to earth would then discharge some 7 or 8 coulombs and give 
fair agreement with the results of earlier workers (Wilson 1920 ) who find 
values of the order of 10-20 coulombs, using methods which essentially 
measure the total charge dissipated. It is probable that some current will 
continue in the channel after the resistance of the channel has become 
such as to suppress oscillation and the rate of discharge too low to produce 
recordable field change with the apparatus described. It is therefore to be 
expected that results slightly lower than the real value would be obtained. 
Here again the wide scatter about the mean values would lead us to expect 
occasional peak values of the order of 3 coulombs and 200,000 amp. for 
single current pulses. 

Relations between growp characteristics and meteorological associations 

In Tables V and VT is set out the number of forms of the several groups 
which were recorded during different periods of the day and in the different 
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months covered by the records. In Section A the actual numbers are given, 
while in Section B they are expressed as a percentage of the total for each 
period. 

Considering Table V it will be seen that there were about four times as 
many positive field changes as negative over the whole recording. It is of 
interest, however, to examine this ratio for each period of the day (as tabu¬ 
lated in the last column). In the forenoon twice as many positive as negative 
changes occurred. As the day progressed the percentage of positive changes 
increased, until during the evening the ratio rose to 7 to 1. 

Table V 

A (numbers) B (percentages) 



Single - 
train type 

Multiple- 
train type 

Single- 
train type 

Multiple- 
train type 

Ratio 











Pos. Neg. 

Pos. 

Neg. 

Pos. 

Neg. 

Pos. 

Neg. 

pos./ 

Group 

la 

16 

2 

3 

la 

16 

2 

3 

neg. 

GALT. 




Slough 





09-13 hr. 

55 

6 

42 

40 

38*5 

4-2 

29-3 

28*0 

2 

14-17 „ 

196 

44 

100 

32 

52-7 

11*8 

26-9 

8*6 

4 

18-21 „ 

86 

8 

41 

16 

57*1 

5-3 

27*1 

10*6 

5 

22-24 „ 

77 

9 

33 

7 

61-1 

7-2 

26-2 

5*5 

7 


414 

67 

216 

95 

52-2 

8-5 

27*3 

12*0 






Leuchars 





09-13 hr. 

14 

— 

8 

5 

51-8 

— 

29*7 

18*5 

4 

14-17 „ 

28 

2 

5 

3 

73-6 

5*2 

13*2 

8*0 

7 

18-21 „ 

30 

2 

8 

— 

75-0 

5-0 

20*0 

— 

19 

22-24 „ 

51 

1 

3 

2 

89-5 

1-7 

5*3 

3*5 

18 


123 

5 

24 

10 

75-9 

3*1 

14*8 

6*2 






Totals 






Positive 

Negative 

Positive 

Negative 


Slough 

630 


162 

79-5 


20*5 


Leuchars 

147 



15 

90-7 



9-3 



Table VI shows that positive changes were obtained more frequently 
during summer than autumn. This suggests that summer storms of the heat 
type produce a high percentage of positive changes, while storms associated 
with meteorological fronts give rise to about equal numbers of positive and 
negative changes. Thus it would appear that storms of the “heat ” type con¬ 
sist chiefly in the destruction of negative cloud moments whils t in storms of 
the frontal type positive moments are destroyed as frequently as negative 
ones. 
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Table VI 

A (numbers) 


B (percentages) 



Single- 
train type 

Multiple- Single - 

train type train type 

Multiple- 
train type 

Ratio 

pos./ 


r - 

Pos. 

-\ 

Neg. 

Pos. 

Neg. Pos. 

- N 

Neg. 

Pos. 

Neg. 

Group la 

lb 

2 

3 la 

lb 

2 

3 

neg. 

1936 May 

142 

25 

47 

Slough 

14 62*3 

11*0 

20*6 

6-1 

5 

„ June 

212 

26 

109 

45 54*1 

6*6 

27*8 

11*5 

4 

„ July 

39 

6 

32 

9 45*3 

7*0 

37*2 

10*5 

5 

1935-6 Sept. 

14 

10 

21 

13 24*2 

17*1 

36*2 

22-5 

2 

1935 Oct. 

7 

— 

7 

14 25*0 

— 

25*0 

50*0 

1 

Total 

414 

67 

216 

95 52*2 

8*5 

27*3 

12*0 


May 




Leuchars 





June 

109 

5 

17 

5 80*1 

3*7 

12*5 

3*7 

7 

July 

9 

— 

3 

4 56*2 

— 

18*8 

25-0 

3 

Sept. 

5 

— 

4 

1 50*0 

— 

40*0 

10*0 

9 

Oet. 

— 

— 

— 

— — 

— 

— 

— 

— 

Slough 

Leuchars 

123 ^ 5 

Positive 

630 

147 

24 10 75-9 3-1 

Totals 

Negative Positive 

162 79*5 

15 90*7 

14*8 6*2 

Negative 

20*5 

9-3 



A particularly interesting case was found in the widespread thunderstorm 
activity of 18-19 June 1936. During observations around 2300G.M.T. on 
18 June, only one of forty-two forms recorded indicated the destruction of 
positive moment. During the forenoon of 19 June, twenty of sixty-eight 
forms registered showed positive moment destroyed. In the early afternoon, 
of thirty-five forms five indicated positive moment destruction while from 
1900 G.M.T. until midnight in'only three out of ninety-five forms was this 
positive. It will be seen that during the early part of the day some 30 % of 
the discharges recorded indicate the destruction of positive cloud moments 
while during the evening negative moments account for practically all the 
forms. Thus it would appear that during a summer day some mechanism is 
active causing an accumulation of negative charge near the earth which is 
discharged to earth during evening thunderstorms. The majority of the 
discharges are of group 1 and have been associated in many cases with 
flashes to earth while some, usually about 20 %, are of the multi-discharge 
type of group 2, probably associated with ‘deader 95 strokes, occurring in 
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some cases without a following down-to-earth flash. Though flashes to earth 
are mentioned it should not be inferred that all the forms of group 1 have been 
definitely associated with such flashes. On many occasions horizontal 
flashes in the cloud have been seen at the time such forms were recorded, 
but on most of these occasions the storm had passed over and was receding 
so that it is possible that the flashes seen may have been associated with a 
down-to-earth channel in the front of the cloud beyond the range of vision 
in the manner discussed earlier in this paper. Two or three forms recorded at 
Leuchars at the time horizontal flashes were seen at Slough are shown in 
fig. 20 (Plate 6 ) and are definitely of the type falling into group 1. 

The individual observation cited above is of interest when compared with 
the records made at Kew and discussed by Simpson and Scrase ( 1937 ). 
When discussing soundings 52-54, made at 2200 G.M.T. on 19 June 1936, 
it was stated that the number of positive and negative field changes recorded 
at Kew due to flashes associated with a storm overhead at that time were 
about equal. This was contrary to the records both at Slough and Leuchars 
where positive changes alone were registered indicating the destruction of 
negative moment in all cases. It would seem then that here is evidence of 
discharge within the cloud itself between an upper region of negative charge 
and a positively charged region below it. The Kew observations showed that 
while the bulk of the cloud was negatively charged a small concentration of 
positive charge lay below it at that time, directly above Kew. Thus de¬ 
struction of positive moment was indicated there and negative destruction 
was registered away from the immediate neighbourhood of the discharge. 

About one-third of the forms recorded at this time had the multiple 
character of group 2 and it would be interesting to investigate in future 
whether these are the forms which are associated with the field reversal 
effect observed and consequently produced by discharge within the cloud 
itself (see p. 296). 


Acknowledgments 

The author wishes to acknowledge his indebtedness to Mr R. A. Watson 
Watt under whose supervision the early part of this work was carried out, to 
Mr G. H. Calver who carried out unassisted the observations at the Leuchars 
station, and to Sir G. Simpson and Professor E. V. Appleton for helpful 
suggestions in connexion with the presentation of the paper. The work 
described was carried out in connexion with the programme of the Radio 
Research Board, and the description is published by permission of the 
Department of Scientific and Industrial Research. 



The nature of atmospherics 


311 


Appendix. Method of synchronization 

The face of the oscillograph W registering the wave form was normally 
covered by a mask M (see fig. 21) except for a narrow horizontal slit 8 
through which deflexions of the spot were visible, and the stationary spot 
was covered by a further mask m . Thus only horizontal deflexions of the spot 



M 


Fig. 21. Masking arrangements covering the face of the cathode ray tube. 


wave form 
equipment 


u 


Iw 






Fig. 22. Equipment for impressing synchronizing marks on the 
records at the two stations. 


exceeding in amplitude the width of mask m were registered on the film. 
Directly above the mask m a narrow slit p was cut. When it was desired to 
indicate a particular atmospheric on the record, depression of key k (see 
fig. 22) connected condenser C and the vertical plate of the oscillograph to 
battery B and the spot was deflected to a position above p. When the key 
was opened, C discharged through resistance R, the rate of the discharge 
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setting the period during which the spot was visible through p whilst return¬ 
ing to its zero. The values of capacity and resistance were adjusted so that 
the spot was visible through p for at least a complete revolution of the 
recording drum and thus a zero line was produced along the record strip 
each time the key was depressed. Key k at the same time short-circuited to 
earth the output of oscillator 0, supplying a 1000 c.p.s. tone to the telephone 
link between the two stations, and the distant observer hearing the interrup¬ 
tion of the tone depressed his key initiating a similar marking process on the 
wave-form record there. Examples of such marked records are given in fig. 1. 

The 1000 c.p.s. tone, applied direct to rectifier Q at Slough and via tele¬ 
phone line and amplifier to rectifier Q' at Leuchars held relays Z and Z\ 
short-circuiting to earth local oscillators Y and Y' which were connected to 
produce horizontal deflexion on the face of the cathode ray oscillograph 
associated with the direction-finding equipment. This horizontal deflexion 
sustained for a fraction of a second produced a bar on the film recording the 
direction of arrival at each station at the time the depression of key h 
suppressed the tone output to the telephone line. 

Sxjmmaby 

The study of atmospherics originating from British storms indicates that 
80 % of the lightning flashes occurring in England destroy negative cloud 
moments. In storms of the heat type destruction of negative cloud moments 
account for almost all the flashes, while in storms of the “frontal 55 type 
positive moments are destroyed as frequently as negative ones. This is 
accomplished in most cases by a sequence of discharges four or five in 
number, probably down the same ionized channel, occurring in about 
yq sec. Two-thirds of these discharges themselves consist of a sequence of 
three or four current pulses in the lightning channel occurring in about 
yyq sec. In the remaining third, the discharge consists of twenty pulses, 
and this type, often preceding the main stroke, is thought to act as leader 
and establish the ionized channel. Further work with two or more stations 
within 20 km. of the source is necessary to establish definitely whether this 
negative moment is in all cases destroyed by discharges to earth. Of the 
remaining 20 % of the flashes, many, although indicating an initial destruc¬ 
tion of positive moment, show finally the destruction of negative moment. 

The average peak current value appears to be about 30,000 amp., while 
the average charge dissipated by each current pulse is about J coulomb. 
Maximum values of 200,000 amp. have been registered. 

The multiplicity of current pulses produce oscillatory wave trains of a 
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Fig. 1. Typical film strips showing the zero lines through the atmospheric wave forms 
produced by synchronizing equipment. 
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few or many cycles depending on the nature of the discharge. Each wave 
train consists of a series of field changes with maximum amplitude up to 
600 V/m. 5 according to the distance from the source. Single oscillations last 
less than a millisecond, while groups may last for see. or more. 

Similar oscillatory field changes arise from more distant storms, those 
from distances of 3000 km. reac hin g 0-5 V/m. From sources over sea the 
duration of the individual oscillatory trains is greater than in the case of 
those originating over land. 

While the predominant frequency of these oscillations is of the order of 
lOkc./sec. reflexions from low ionized regions are thought to produce the 
high frequency embroidery seen on patterns from distances of 10-100 kc./sec. 
and result in such atmospherics being troublesome in the medium wave 
bands. 
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Cosmic-ray bursts at high altitude 
By H. J. J. Braddick:, Birkbeck College 
(Communicated by P. M, S. Blackett , F.R.S.—Received 25 January 1939) 

Introduction 

It is recognized that the frequency of cosmic-ray showers, produced in 
a block of heavy matter and counted by a non-collinear system of tube- 
counters, increases with altitude more rapidly than the general intensity of 
the cosmic rays. The shower intensity measured in this way at different 
altitudes is more nearly proportional to the intensity of the soft, electronic, 
component of the rays. 

Experiments with counters do not give direct information on the size of 
the showers. Experiments made on bursts in an ionization chamber in¬ 
dicate that large bursts increase with altitude more rapidly than small 
(Montgomery and Montgomery 1935 a; Young 1937 ) at least up to an altitude 
of about 4000 m. 

The present experiments were undertaken to study the bursts up to an 
altitude corresponding to 220 mm. Hg (about 9 km.). Facilities for high- 
altitude flying were generously provided by the Air Ministry, and the 
apparatus was taken to the required height in an aeroplane. 

Apparatus 

As in our previous work with counters, the aircraft used was a Vickers 
Vespa with open cockpits (Braddick and Gilbert 1936 ). The apparatus was 
designed to fit into the double-walled aluminium canister used for the 
former work. Thermostatically controlled heaters were provided. 

The ionization chamber was very kindly lent to us by Dr H. Carmichael 
and will be described by him in detail. It consisted of a duralumin cylinder 
which was mounted with its axis vertical and its hemispherical end upwards. 
The internal diameter of the chamber was 10 cm. A lead disk 14cm. diameter 
and 1-4 cm. thick was fixed just above the chamber. The chamber was filled 
with oxygen-free argon at 20 atm. pressure. An inner cylinder fitting close to 
the walls of the pressure chamber was raised to ajpotential of about 1500 V 
supplied by dry batteries. A filter circuit consisting of 1 Mf2 resistors and 
4//F oil-immersed condensers was included in the lead from the high- 
tension supply. The ions produced in the chamber were driven to a central 
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cylindrical electrode which was connected to earth through a high resistance. 
The arrangement is indicated in fig. 1. The average time of collection of the 
ions, i.e. the average time for an ion pro¬ 
duced in the chamber to reach the collecting * 
electrode, was calculated from the dimen¬ 
sions of the chamber, the applied voltage 
and the mobility of ions in argon. It was 
found to be of the order 0-08 sec. A burst of 
ionizing rays therefore gives rise to a pulse 
of potential which has an approximate 
duration of 0*08 sec. This potential was 
applied to the grid of an electrometer valve, 
which was a type ’38 pentode operating with 
reduced plate, screen, and heater voltages. 

The pulses were further amplified by a 
three-stage linear amplifier using ’38 tubes. 

They were recorded by a low-sensitivity 
short-period electromagnetic oscillograph 
on a continuously moving film. This re¬ 
cording system was developed to enable 
burst records to be made in spite of the rather severe vibration of the 
aeroplane. It was tested in a motor-car, in the aeroplane with engine 
running on the ground, and finally in flight at low altitude. The test records 
showed no disturbance due to vibration. 

The estimated electrical time constant of the first valve grid circuit was 
about 1 sec., and the coupling circuits of the amplifier had time constants 
of about 2 sec. These are not very long compared with the time of collection 
of ions (0*08 sec.), so that the pulses are somewhat distorted by the amplifier, 
and in particular they are not recorded at their full amplitude. In order to 
avoid complicated calculations based on doubtful estimates of time con¬ 
stants, the system was frequently calibrated, using pulses of known voltage 
amplitude and of approximately the same shape as the pulse due to the 
collection of a batch of ions. 

These pulses were applied to the outer electrode of the ionization chamber 
through a resistance of 20,000 which formed with the 4/iF smoothing 
condenser a circuit of time constant 0*08 sec. The pulses had then an ex¬ 
ponential rise with this time constant, and were of the same general shape 
as an average pulse from the ionization chamber. The amplitude recorded 
was actually about 55 % of that recorded for a steep pulse of the same 
voltage. 
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The electrostatic capacity of the chamber, calculated from its dimen¬ 
sions, and verified by comparison with a standard condenser was 8*6 cm., 
so that a pulse of 10 mV corresponds to a charge of 2*9 x 10“ 4 e.s.u. and 
to the collection of 6 x 10 5 ions. This was taken as the minimum pulse to 
be recorded. The average path of an ionizing particle in the gas was taken 
as 10 cm., and the number of ion pairs per cm. in argon at N.T.P. as 80.* 

The calibration constant of the apparatus was therefore 

1 mV = 6 x 10 4 ion pairs = 2 = 4 ionizing rays, 

and the minimum size of burst which could be detected with certainty in 
the records contained 40 ionizing rays. 

The application of the formula given by Ehrenberg ( 1936 ) shows that 
the number of spurious bursts of this size, resulting from the accidental 
passage of a number of non-related rays in a time shorter than could be 
resolved by the apparatus, is negligible compared with the actual number 
of bursts observed. 

In order to determine if any spurious bursts were due to a-particles or to 
irregularities in the working of H.T. supply or amplifier, the apparatus was 
taken to an underground laboratory at Holborn Tube Station. No deflexions 
as great as that corresponding to a minimum burst was observed in several 
runs lasting 2-3 hr. each. 

The sea-level experiments were carried out in a small building of light 
construction. Eor the aeroplane flights the pilot was asked to climb as 
quickly as possible to the required altitude and then to fly level. Times 
were recorded by a lamp which was flashed by the pilot and which made a 
signal mark on the film record. Time and altimeter reading were simul¬ 
taneously recorded in the pilot's log. 


Results 

The deflexions on the oscillograph record were measured to 0-1 mm. by 
eye estimation, and reduced to the corresponding number of ions by the 
use of the calibration data. Rig. 2 gives on a logarithmic scale the size 
distribution of the bursts at sea-level. The slope of the line fits roughly with 
a formula 

JW - £i. 

* Young 1936 . Values between 60 and 100 have been used by other workers. 
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where R{N) dN is the number of showers containing numbers of rays be¬ 
tween N, N+dN. This may be compared with the formula 




adopted by Montgomery and Montgomery (1935, 1938). 



1-4 1-5 1-6 1-7 1*8 1-9 2-0 2-1 2-2 log 10 iV 

Fig. 2. Distribution of burst size at sea-level. 

These formulae are of course empirical and approximate, and the experi¬ 
mental value of the exponent may be expected to decrease with increasing 
thickness of lead (cf. Montgomery and Montgomery 1938). The values used 
by Montgomery and Montgomery are mainly derived from measurements 
under thicker layers of lead than we have used. We find the value 3-7 from 
the work of Street and Young (1935, 1937) on bursts at sea-level under 
1*25 cm. lead, and the value 4*4 from the values of Carmichael (1936) under 
1-5 cm. lead. The bursts observed at high altitude are too few (on account of 
the short duration of the flights) to allow the production of a distribution 
curve, so they have been divided into two groups with more and with less 
than 60 rays. The variation of these groups with altitude is shown in Table I. 

It will be seen that the increase in the frequency of bursts with altitude 
is greater for larger bursts than for smaller, and that both groups of bursts 
increase more rapidly than the showers measured by Braddiek and Gilbert 
(1936), col. 5 , Table I. The number of rays corresponding to an average 
shower in these counter experiments is not known, but using the very 
rough method of Montgomery and Montgomery (19356), which assumes 
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that the rays from the lead are uniformly distributed in angle, it appears 
probable that many of the recorded showers contained about 10 particles. 

Table I. Variation of number of bursts and showers with weight 

Bursts Bursts 

>10 6 I<l-5xl0«I > 1-5 x 10 6 J 


4 °- 60rays >6QrayS Showers 



P 


Ratio to 


Ratio to 

ratio to 

Ratio 

Height 

mm. 

A T /hr. 

sea-level 

AT/hr. 

sea-level 

sea-level 

col. 3/ 

km. 

Hg 

(1) 

(2) 

( 3 ) 

W 

( 5 ) 

col. 1 

_ 

760 

3-6 

1 

0-82 

1 

1 

0-23 

6-1 

350 

214 

57 

60 

73 

— 

0*28 

7-6 

280 

282 

78 

99 

121 

— 

0-35 

9*2 

225 

324 

90 

102 

125 

57 

0-31 



In fig. 3 the curve for the vertical intensity is taken from the work of 
Pfotzer ( 1936 ), and that for showers under lead from the paper of Braddick 
and Gilbert. (The lower altitude part of the curve is derived from the data 
of several workers mentioned in the latter paper.) 

The data obtained by Young refer to bursts between 10 and 19 rays and 
20 and 29 rays under 1-27 lead. The data for bursts of the smaller size agree 
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with the shower measurements. The data given hy Montgomery and 
Montgomery are for bursts of more than 40 ions under 4 cm. lead. 

The conclusion that large bursts increase more rapidly than small with 
altitude up to 4000 m. is also confirmed by the cloud-chamber photographs 
taken on Pike’s Peak (4300 m., p = 447 mm.) by Anderson and Neddermeyer 
(i93 6 )- 


Discussion 

It seems probable that bursts of the size considered here are mainly large 
cascade showers (Montgomery and Montgomery 1938 ). If we accept this 
view, the more rapid increase of larger showers with altitude indicates a 
change in the energy distribution of the incident electronic radiation. A more 
energetic electron produces, on the average, a larger shower in a given layer 
of material than a less energetic one, so that the greater proportion of large 
showers high up in the atmosphere implies an increased proportion of very 
energetic particles. 

Heitler ( 1937 ), considering only the electron-photon part of the rays, 
finds provisionally that the theoretical energy distribution does not change 
with altitude, at least between sea-level and p = 450 mm. This calculation 
is only a first approximation, and a comparatively small change in the 
energy spectrum of the electrons entering the atmosphere would probably 
modify the conclusions considerably. 

Further, it is now clear that an appreciable part of the soft radiation and 
showers at sea-level are produced by the hard rays, and this complicates 
the calculation of changes in the energy spectrum. 

While the mountain measurements show a considerable increase in the 
relative number of large bursts between sea-level and 4 km. altitude, it 
appears that the distribution does not change very much between 4 km. and 
the 10 km. reached in our experiments. 

If we take the shower experiments as giving the increase in small bursts, 
we find from Table II that the ratio of large bursts to small bursts does not 
change between 4 and 10 km. The 4 km. data used in the comparison have 
been selected rather arbitrarily, as being the most nearly comparable with 
our burst and shower data at 10 km. altitude. The fact that they are not 
exactly comparable means that the exact equality at the two altitudes of 
the ratio of the large bursts to the showers is rather fortuitous, but it is 
certain that there is no change of the size distribution of bursts in the 
altitude range 4 and 10 km. comparable with the change between sea-level 
and 4 km. Further evidence tending in this direction is provided by the 
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last column of Table I which shows that there is little systematic change 
in the size distribution of bursts of size greater than 40 particles in the 
altitude range between 6 km. and 10 km. 

Table II. Comparison of ratio of large bursts 

TO SHOWERS AT TWO DIFFERENT HEIGHTS 


Bursts and showers at p = 220 mm. Rate 4* sea- 

10 km. level rate 

Bursts 40-60 rays, 1*5 cm. lead (Braddick) 90 

Showers, triple coincidence (Braddick and Gilbert 1936 ) 54 

Ratio 1*65 

Bursts and showers at p = 450 mm. Rate 4 - sea- 

4 km. level rate 

Bursts>30 rays, 1*27 cm. lead (Young 1937 ) 14-1 

Showers, coincidence 1*27 cm. lead (Woodward 1936 ) 8*7 

Ratio 1*65 


It is possible that the large change in the distribution between 0 and 4 km. 
is connected with the fact that near sea-level the soft component contains, 
in addition to the primary cascade electrons, a considerable proportion of 
electrons in equilibrium with the hard component. 

I am glad to thank Professor P. M. S. Blackett for his interest in the work, 
and Mr E. P. George for much assistance in measuring records and pre¬ 
paring this paper. Part of the apparatus was bought with a grant from the 
Dixon Fund of the University of London. I am especially grateful to 
Dr H. Carmichael for the use of the ionization chamber and to the Air 
Ministry for allowing the flights to be made. I thank also the staff and pilots 
of the Royal Aircraft Establishment for their help in making the flights. 

Summary 

Measurements of cosmic-ray bursts have been made in an aeroplane up 
to heights of 9*2 km. The number of large bursts is found to increase more 
rapidly than the number of small bursts, and both large and small bursts 
more rapidly than the number of showers recorded by counters. This is 
taken to indicate a change in the energy distribution of the electrons with 
height. 

At a height of 9 km., the ratios of large bursts, small bursts, showers, and 
singles to the corresponding values at sea-level are approximately 125:1, 
90:1,57:1, and 18:1. 
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High altitude cosmic radiation measurements 
near the north geomagnetic pole 

By Hugh Carmichael,* St John’s College, Cambridge 
and E. G. Dymond, University of Edinburgh 

(i Communicated by E. V. Appleton, F.R.S.—Received 22 February 1939 ) 

[Plate 7] 

During the summer of 1937 , a scientific expedition to Baffin Bay, led by 
Mr J. M. Wordie (1937, 1938) in the specially chartered Norwegian sealer, 
Isbjorn, had as its principal object the measurement of cosmic radiation at 
great altitudes near the north geomagnetic pole in North-West Greenland. 
In this paper we describe the apparatus used in these measurements and 
discuss the results obtained. Detailed discussion of the balloon equipment 
and of the meteorological data obtained will be found in the adjoining paper 
(Carmichael and Dyraond 1939). 

Thanks to the courtesy of Professor E. Regener, we were able to adopt a 
balloon technique (Regener 1935) which has been consistently successful. 
This was a great advantage, as during preparation, and on the expedition 
itself, there was little opportunity for experiment with balloons. Regener’s 

* The work described in Part I was conducted by E. G. Dymond and that in 
Part II by H. Carmichael. 
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method involves the use of two balloons so that when one bursts from the 
reduction of atmospheric pressure, the other, itself insufficient to support 
the load, ensures a gradual descent. In our experiments this method had a 
further important advantage—when the earth was reached on descent, the 
intact balloon floated 15 m. up in the air, and assisted us in finding the 
apparatus. 

The problem of recovery demanded much attention and considerable 
care was taken by the expedition to find suitable launching stations. Regener 
had found in Europe that such balloons, which usually remain about 4 hr. 
in the air, may descend as much as 200 km. away from the starting point. 
By offering a suitable reward he has always recovered his apparatus. Green¬ 
land, on the other hand, is relatively uninhabited, and the inaccessible 
nature of the terrain makes the search of inland places very difficult. We 
planned therefore to conduct the flights so that the apparatus would be 
picked up at sea, and the expedition was equipped with ten sets of self¬ 
registering ionization apparatus specially constructed to withstand pro¬ 
longed immersion in the sea. Our task was unexpectedly simplified by 
the lightness of the upper winds during the summer of 1937 in Baffin Bay 
and West Greenland, so that the drift of the balloons was very much smaller 
than is usual in Europe, amounting sometimes to a few kilometres only. 
In order to make sure that conditions were suitable on any particular 
occasion, high-altitude pilot balloon flights were first made, and the big 
balloons with apparatus were sent up only when the drift of the pilot 
balloons was favourable. 

The expedition was also equipped with five sets of triple coincidence 
counters which transmitted by radio the “counts 55 and the atmospheric 
pressure. These permitted measurements of the number of vertical rays to 
be made and ensured results even if recovery of the self-registering apparatus 
proved to be impossible. The counter apparatus, however, is inherently 
considerably less accurate than the ionization chamber. 

The Stormer theory of the motion of charged particles in the magnetic 
dipole field of the earth, when applied to cosmic radiation, has accounted 
for the main features of the latitude effect, and in particular has indicated 
that only in the neighbourhood of the magnetic poles can low-energy charged 
particles, if present in space, reach the outer atmosphere. Special interest 
therefore attaches to measurements near the geomagnetic poles, which are 
the only places where samples of the cosmic radiation in outer space, rela¬ 
tively unaffected by the magnetic field of the earth, are to be obtained. 

It is, however, of importance to decide just how near to the geomagnetic 
pole balloon flights need be made. At the greatest height which one could 
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hope to reach with the balloons about 1 % of the atmosphere would still 
remain above the apparatus. Now a vertically directed electron loses about 
2*2 x 10 7 eV* of its initial energy by ionization alone in penetrating this 
thickness of air. Since therefore no cosmic electrons of energy less than 
2*2 x 10 7 eV can reach the apparatus, the balloon flights may be made with 
equal success at any place within about 10° of the geomagnetic pole, for in 
this area, according to theory, all electrons with energy greater than 
2*2 x 10 7 eV can reach the atmosphere of the earth from outer space. 

In designing the apparatus allowance had to be made for the registration, 
if necessary, of cosmic radiation of very great intensity. Working at mag¬ 
netic latitude A 52° N., where the lowest energy of electrons penetrating the 
earth’s magnetic field is 2*9 x 10 9 eV, Bowen, Millikan and Neher (1934) 
had found 500 J in the gondola of the manned balloon Explorer I. No 
measurements at great heights had been made at higher latitudes than this, 
but it was possible that the hitherto unexplored range of energies between 
2*9 x 10 9 and 2*2 x 10 7 eV might cause an enormous increase of ionization 
near the top of the atmosphere. 

As we have already briefly reported (Carmichael and Dymond 1938), our 
experiments near the geomagnetic pole in 1937 have shown no such large 
increase, and this result has been confirmed by ionization measurements 
made during the same summer by Bowen, Millikan and Neher (1938) at 
A 51° and A 60°, and by vertical coincidence measurements by Johnson 
(1938) at A 69°. Indeed, more recent measurements of Millikan and Neher 
communicated to us by letter seem to show that their 1938 ionization curve 
at A55°N. has exactly the same shape as our 1937 curve at A85°N. This 
indicates, if comparison between 1937 and 1938 is valid, that no cosmic 
radiation of energy between 3 x 10 7 and 2 x 10 9 eV reaches the earth in 
appreciable quantity. 


Part I. The vertical intensity measurements 
The coincidence counting apparatus 

Measurements of vertical intensity of cosmic radiation by triple coin¬ 
cidence Geiger-Muller counters have previously been made by Pfotzer 
(1936) at A 49°. The principal difference between our apparatus and that of 
Pfotzer was the substitution of a radio transmitter in place of self-contained 
photographic recording of the number of counts. This proved to have 
advantages. It was found, for example, that a radio transmitter of adequate 

* We thank Dr Bhabha for a discussion on this point. 
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power was considerably lighter than the amplifier, mechanical counter and 
camera required for direct recording, and, as already mentioned, it was not 
necessary to recover the apparatus after a flight. 

The counters were 152 mm. long and 23 mm. in diameter, the cathodes 
being brass 0*06 mm. thick, enclosed in pyrex 0*85 mm. thick; the anodes 
were made of 0*05 mm. diameter tungsten wire. They were filled with 
7 cm. Hg pressure of argon and 1 cm. Hg of alcohol vapour according to the 
method of Trost ( 1937 ). The operating voltage was 850-900. This type of 
counter is very well suited for high-altitude work, as the efficiency is high 
and the recovery time very short, being about 5 x 10~ 5 sec. This is an im¬ 
portant point, as at high altitudes the counting rate becomes very great 
and a serious loss would occur with counters of normal design having high 
resistances in the anode circuits. As the alcohol-filled counters are self¬ 
extinguishing, quite low anode resistances are possible, and a value of 10 MQ 
was actually used. Pure gas-filled counters with the Neher-Harper circuit 
proved to be inferior in recovery time and had the added complication and 
weight of an extra valve for each counter. 

The three counters were arranged with centres 5 cm. apart so that the 
angles to the vertical within which particles were recorded were 51° and 13°. 
The solid angle, after allowing for the fact that the full length of the counters 
was not effective for oblique rays, corresponded to a cone of semi-angle 20 °, 
which was almost the same as that used by Pfotzer, although the shape of 
his counters was somewhat different. The ground-level individual counting 
rate was about 100 per min., including the effect of the local radioactive 
radiation, while that for triple coincidences was 4*0 per min. The total 
thickness of material to be traversed by a particle operating all three counters 
was 4*25 mm. of pyrex and 0*3 mm. of brass. 

As the pressure of alcohol vapour in these counters corresponds to a 
temperature of — 3° C, the temperature of the counters must be maintained 
well above this figure. Tests showed that they began to fail at about + 4 °. 
In order to maintain the temperature above this point during the flight, 
the apparatus w 7 as enclosed in a double-walled gondola of cellophane, 
designed like those of Regener, and some black paper surrounding the 
apparatus increased the absorption of solar radiation. No trouble was 
experienced during the flights from cooling of the counters. 

The complete coincidence apparatus is shown diagrammatically in fig. 1 . 
The three counters were coupled to a conventional Rossi discriminating 
circuit, using Milliard midget DA 1 valves, chosen for their low filament 
current consumption (50 m A). These valves do not give very good discrimina¬ 
tion between double and triple impulses, and rather careful bias of the next 
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stage was required. Later work has shown that the superiority in perform¬ 
ance of pentodes at this point outweighs the disadvantages of increased 
weight and filament-heating current. After an amplifying stage the impulses 
were fed through a phase-reversing transformer to the grid-modulated 
oscillator. The heavy negative bias on the grid of the valve L 2 prevented 
oscillation except when an impulse was received from the preceding stages, 
so that a short pulse was transmitted whenever a particle traversed all 
three counters. 



Fig. 1 . The coincidence apparatus. 10 M-Q, i ? 2 0*5 i ? 3 1 >LQ, i ? 4 50,000 Q, 

R 5 1 MQ, R s 0*5 M Q variable. G 1 0-001 [iF, C 2 0*01 jiF , C 3 0*5 ^F. 


Several methods of recording the air pressure by radio transmission have 
been adopted by various workers. Korff, Curtiss and Astin ( 1938 ) have 
recently used the Olland system where the pressure determines the time 
interval between pulses, while Johnson ( 1937 ) has used a device whereby 
an audible note is transmitted, the frequency of which is varied in fixed 
steps as the pressure changes. The method we have adopted is that of 
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Vaisala (1937) in which an aneroid element controls the spacing of the 
plates of the oscillator tuning condenser, thus altering the frequency of 
transmission. This method gives a continuous measure of the pressure; the 
mechanism is very simple, reliable and also light in weight; further, if it is 
arranged that the condenser plates approach each other as the pressure is 
reduced, the sensitivity is a maximum where the need is greatest, that is at 
low pressures, and also can easily be adjusted to any value required. Dis¬ 
advantages of the method are the difficulty of calibration, which will be 
discussed more fully below, and the fact that as the frequency is not constant 
the aerial system can only operate at its maximum efficiency at one pressure. 
However, a doublet aerial with direct tapping to the oscillator coil has a 
very flat resonance curve, and the signal strength could in practice be 
maintained reasonably constant over the frequency range used. 

The actual pressure-measuring device was an exhausted metal bellows 
controlling directly the condenser C 4 . A second fixed condenser C 5 served 
as a standard should the frequency tend to wander, from variation of 
battery voltage or other causes. Owing to the size of the aerial system it 
was not possible to calibrate the pressure recorder by the usual method of 
placing the whole apparatus in a vessel, which could be evacuated. The 
reverse procedure was adopted of suspending the apparatus freely in the 
air and varying the pressure inside the bellows attached to (7 4 . Afterwards 
the bellows were completely evacuated and sealed off. These operations 
were carried out shortly before each flight so that an alteration of the 
calibration after sealing off was unlikely. The pressure was recorded at fixed 
intervals of time by a clock-operated switch S ± which substituted the 
variable for the fixed condenser, and at the same time a switch $ 2 inserted 
the “squegging” circuit C 3 R 4 into the grid circuit of the oscillator, which 
then gave a steady signal of uniformly spaced pulses. The whole cycle of 
operations was repeated every min., of which about 5 were available for 
measuring cosmic rays and the remainder for pressure measurement and 
standardization. The signals whose frequency varied from 30 to 45 Mc./sec. 
were received at the ship on a commercial superheterodyne ultra-short wave 
receiver and the impulses were counted on a three-stage scale-of-two vacuum 
tube counter* (Lewis 1937). The resolving time of the counter was about 
10 -4 sec., so that with a maximum rate of counting of under 200 per min. 
there was no sensible loss in the number of counts at this stage. A full account 
of the oscillator and associated technique has been published elsewhere 
by I. M. Hunter (1938), who assisted us in this work. 

Batteries for operating the amplifier and oscillator and for providing the 
* We thank Dr C. B. Childs for the construction of this unit. 
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high tension for the counters were of the type described by Vaisala and 
were supplied by him. They were very small accumulators with the usual 
lead negative replaced by amalgamated zinc, which results in a saving of 
weight and in an increase of potential to 2-4 V/cell. When filled with acid 
they weigh 1-3 g./V and have a capacity of 30 mA-hours. The counters 
required 850 V and the oscillator 190. Filament-heating current was supplied 
by larger cells of the same type, also supplied by Vaisala. The batteries 
weighed in all 1-5 kg., and the total weight of apparatus, with gondola, 
parachute and cords for attaching to the balloons, was 3*7 kg.* 

Although it was not possible, owing to lack of time, to make a full test of 
the apparatus before the start of the expedition, later work in this country 
has shown that the signals are audible above the heavy interference in a 
town when the apparatus is 110 km. distant. In the quiet conditions of the 
Arctic a range of double this distance is to be expected. Such a range was, 
in fact, never required, as the maximum distance from which signals were 
received during the expedition was only 26 km. 


Reduction of coincidence counter observations 


Two corrections must be applied to the observed counting rates. At very 
high rates two particles may traverse a counter within the recovery time r 1 
of the counter and will therefore give rise to only one impulse. This effect 
reduces the efficiency of the counter by a factor e~- Vr i, where N is the rate 
of a single counter. The time r 1 was determined directly by a cathode-ray 
oscillograph and was found to be 5 x 10~ 5 sec. The number N, however, 
cannot be directly measured except at ground level. Its approximate value 
can be arrived at by comparison with the results of the ionization chamber. 
The maximum ionization is some 200 times the value at ground level due 
to cosmic rays alone, and a similar factor should operate on the rate of a 
single counter. If we assume that half the impulses at ground level are due 
to cosmic rays, this gives a value of N of about 8000 per min, at the maxi¬ 
mum, and the correcting factor e~ Xr i is 0*993. The other correcting factor 
due to chance triple coincidences works in the opposite direction. The true 
number of triple coincidences N 123 is given (Eckart and Shonka 1938 ) by 
the expression 


-^123 “ 


N' — 3r$JV 3 


1+2T2 n(^± 

\ Al23 / 


* The laborious task of testing and patching the balloons was carried out by 
Mr J. Paton and Mr W. A. Carmichael, whom we cordially thank. 
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where N f is the observed number of triple coincidences, and N 12 the number 
of true double coincidences in counters 1 and 2 . The ratios N 12 /N 123i e ^ G - 
depend only on the geometry of the counter system and can be determined 
experimentally at ground level. r 2 is the resolving time of the discriminating 
circuit, and was found to be 2*6 x 10~ 5 sec. by observing the number of 
chance double coincidences between the counters operated in pairs and 
stimulated by y-rays. At the maximum value of N , this correction amounts 
to 4-5 %, so that the total correction to be applied due to both factors is 
3*8 %. This is likely to be too large rather than too small, and is trivial in 
view of the statistical errors of the individual measurements. 


Observations with counter apparatus 

Four flights were made with the counter apparatus. Owing to the short 
time available before the start of the expedition, no complete trials were 
possible, and the first two flights may be regarded as experimental. The 
third flight, D 3 , was carried out from Wolstenholme Island, near Thule, at 
A 88 ° and yielded useful results. The pressure measurements were thrown 
out of action at the last moment by a leak in the aneroid, so all transmissions 
were made on a fixed frequency. But a good pressure record was obtained 
from a Bosch meteorograph attached to the apparatus, which was recovered 
on the mainland a few hours after the flight. The details of the meteorograph 
record are discussed in the adjoining paper (Carmichael and Dymond 1939 ). 
The pressure measurements may be accepted with considerable confidence. 
The balloons were under continuous observations by theodolites at either 
end of a base line, so that the heights at all times were directly determined 
(see fig. 6 of adjoining paper). The heights were also computed from the 
pressure and temperature records of the meteorograph. Close agreement 
was found between the two sets of measurements up to the maximum height 
of 19-8 km. (52 mm. of Hg pressure), thus confirming the accuracy of the 
meteorograph. 

The fourth flight D 4 was carried out from Godhavn, A 80°, but the mea¬ 
surements were seriously marred by interference from the Godhavn Radio 
Station, which was only a mile from the receiving station. The harmonics 
of the transmitter covered the whole wave band and it was possible to 
obtain only a few isolated measurements. The points obtained are in agree¬ 
ment with those found in flight D 3 . 

The curve obtained from D 3 is shown in fig. 2 . The number of counts per 
minute has been reduced as explained above, and the statistical errors are 
indicated by vertical lines. The curve obtained by Pfotzer in A 49 ° is shown 
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for comparison. The two sets of measurements have been fitted at ground 
level. 



pressure 

Fig. 2. Vertical intensity. Results of flight D 3 at A 88° compared 
with those of Pfotzer at A 49° (dashed curve). 


It is apparent that they agree well and that there is no indication of a 
great increase of intensity at the magnetic pole. Pfotzer’s curve in fact 
seems to lie somewhat above ours at the lower pressures, but this difference 
is hardly significant, when one considers the statistical errors and also the 
difficulty in accurately fitting the two curves at ground level where the 
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counting rate is so small. It is significant that the maxima at the two 
latitudes seem to lie at about the same pressure. 


Part II. The ionization measurements 
The ionization chamber apparatus 

Self-registering ionization chambers for balloons have previously been 
made by Regener (1933) and by Millikan, Keher and Hayes (1936). In 
Regener’s apparatus a single charge is given to the electroscope and its 
deflexion is recorded at regular time intervals on a fixed photographic 
plate, whereas in the Millikan-Neher system the electroscope is recharged 
at regular time intervals, and its excursions are recorded on a moving 
photographic film. Both instruments employ the electroscope itself as the 
inner collecting electrode of the ionization chamber. 



Fig. 3. Diagrammatic dr awing of the ionization apparatus. 


The instrument constructed for the expedition worked on the principle 
of the “ticking 55 electroscope of Zeleny. When the potential of the electro¬ 
scope fell to a volts the needle (see diagrammatic drawing, fig. 3) touched a 
recharging wire connected to a condenser and was thereby charged to a 
potential of b volts which gave a full-scale deflexion. The potential on the 
ionization chamber therefore never fell below a volts. The potentials a 
and 6, which varied somewhat from one apparatus to another, were about 
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130 and 150 V. A photographic record of the position of the electroscope 
needle was obtained on a slowly moving strip of film as shown. 

This system of recharging necessitated having the electroscope outside 
the ionization chamber and so increased the capacity of the system, but 
there was the advantage that a large spherical inner electrode was then 
possible, giving a strong and relatively uniform collecting field. The larger 
capacity of the system was offset by having an unusually large collecting 
volume and high pressure in the ionization chamber and by making the 
electroscope more sensitive than those used by Millikan and Neher or 
Regener. 

A detailed scale drawing of the apparatus* is reproduced in fig. 4. 

The electroscope, which was modelled to some extent on the one described 
by Neher ( 1936 ), was made of fused quartz and had a gravity balanced 
needle mounted on a torsion fibre. The whole electroscope (except a pro¬ 
jecting quartz arm which supported the recharging wire) was made con¬ 
ducting by a thin coat of sputtered gold. The recharging wire was painted 
with “aquadag” graphite suspension and it was found that recharging 
usually took place many hundred times before the needle developed any 
tendency to stick. The electroscope chamber had a double wall to mini m ize 
convection of the air inside and the outer wall was airtight so that during 
a flight the air inside remained at normal atmospheric pressure. The electro¬ 
scope and the inner electrode of the ionization chamber were mounted on an 
insulator of amber as shown, the inner amber disk having washers of ex¬ 
tremely thin rubber on each side for gas tightness. The wall of the ionization 
chamber was spun from mild steel 0*5 mm. thick. The finished hemispheres 
varied from 0*5 mm . at the centre to 0*36 mm. near the edge. 

The connecting box and film holder (fig. 3) were made of very light tinned 
steel and could not withstand air pressure, so during a flight it was neces¬ 
sary to allow the exit and re-entry of air. On the other hand, the apparatus 
was to be flown over the sea and it was necessary to ensure that no sea 
water would enter the film holder even if the apparatus floated for a long 
time on the sea. A little water in the camera bos, however, would do no 
harm, so the film holder was connected to the camera box by a thin rubber 
tube R (fig. 4 ) and there was a small aperture in the camera box at S. This 
aperture was also necessary for the proper working of the manometer M, 
Whenever the apparatus was picked up on the sea some water was found 
between the baffles in the camera box but none had ever entered the film- 
holder. 

* We feel very much indebted to C. G. Tilley of the Cavendish Laboratory for 
assistance in the planning and construction of this apparatus. 
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Fig. 4. Detailed drawing of the ionization apparatus. 
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A photographic lens* (focal length 12-5 mm., aperture/2*5) and a con¬ 
densing lens were mounted in the inner wall of the electroscope chamber and, 
by indirect daylight from a white-painted surface T, an image of the electro¬ 
scope needle was formed on a transverse watertight slit in front of the film . 
This slit was made by removing silver from a thinly silvered glass plate and 
was 0*2 mm. wide. Stray reflexions were prevented by the baffles in the 
camera box. A single loop of Kodaline Rapid filmt was used in the film holder, 
the clock being made to stop after hr. to avoid overlapping the record. 

The manometer M was an evacuated ‘ : Hydroflex 5 5 bellows which at 
normal atmospheric pressure was held against the end of a stop inside it. 
The movement of the manometer was guided by a smooth steel rod freely 
sliding in a guide hole. A bimetallic thermometer strip B served to record 
the temperature of the apparatus. The positions of both manometer and 
thermometer were continuously recorded on the film along with the in¬ 
dication of the electroscope. 

The condenser was a quartz bulb Q silvered electrically^ inside and out¬ 
side, like those first used by C. T. R. Wilson (1906). The walls were blown 
extremely thin (< 10 /j) and capacities of the order of 5000-10,000 cm. were 
obtained. This condenser is evidently much lighter and simpler than that 
made by Hayes for the Millikan-Neher apparatus (Millikan, Neher and 
Hayes 1936). 

The apparatus was surrounded by a double-walled heat-insulating 
gondola § of cellophane like that used by Regener, the inner cellophane 
being covered with tinfoil to minimize radiation of heat except where 
daylight was admitted to illuminate the electroscope. A piece of black paper 
placed over the top of the inner cage absorbed heat from the sun and so 
kept the temperature of the apparatus from falling when if was in the 
stratosphere. The apparatus without the gondola weighed llOOg. 

Flights with the ionization apparatus 

Although the winds at different levels in the atmosphere were remarkably 
fight (see the adjoining paper) throughout the time the expedition was in 
Baffin Bay, flights with the ionization apparatus were attempted on three 
occasions only. Many days otherwise suitable for flights were spoiled by 

* Specially made for us by Messrs Taylor, Taylor and Hobson, Leicester. 

t We thank Mr E. A. Maitland of Kodak, Ltd., for helpful advice and Messrs 
Kodak, Ltd., for presenting these loops of film. 

f We thank Mr H. G. Stansfield for skilfully silvering these condensers. 

§ Gondolas were constructed by Mr J. R. Atkinson and Mr R. Smith whom we 
cordially thank. We also thank Cavendish undergraduates, Mr M. W. Thring and 
Mr J. A. Jukes, for helping us. 



334 H. Carmichael and E. G. Dymond 

fog and cloud. On other days the drift of the pilot balloon showed that an 
apparatus which took two hours to ascend and two hours to descend would 
travel too far inland if launched from the coast or islands near the coast. 
We had hoped that on such days as these the balloons could have been 
launched from pack ice at some distance from the coast, but in the summer 
of 1937 there was an unusual absence of pack ice in Baffin Bay. 

The first successful flight, C l5 was made from North Ryder Island, 
A 85° N., in the night of 3-4 August. (At this latitude the sun remained above 
the horizon all night.) The weather conditions were perfect and the appar¬ 
atus was recovered on the sea within 3 km. of the starting point. Another 
flight C 2 was made from Thule A 88° N. on 13 August, but there was a defect 
in one of the balloons and they ascended only 13 km. This apparatus was 
recovered on the sea at a distance 40 km. of from Thule. The height reached 
was insufficient, so the ionization measurements here given are the result 
of the single C x flight. We must therefore discuss their validity in some detail. 

The measurement of air pressure 

The calibration curves of the ‘'Hydroflex’ 5 manometers used for pressure 
recording showed a considerable hysteresis effect. A smaller bellows or steel 
aneroid chamber used in conjunction with a steel spring would have been 
more satisfactory, but the task of designing and constructing ten sets of 
apparatus in 6 months did not allow of this improvement. 

The manometer of the C x flight was newly evacuated and calibrated* on 
4 June 1937, the flight took place on 3 August and the manometer was re¬ 
calibrated on 18 November. The maximum length of the manometer was 
found to have decreased by 1 part in 20 and indeed all the other mano¬ 
meters were also found to have shortened a little on account of being con¬ 
tinuously compressed. It was concluded that most of the change probably 
took place just after evacuation and before the flight was made. This con¬ 
clusion has been strengthened by a third calibration of the manometer 
(November 1938) which shows very little further change in a year. 

As the temperature of the apparatus was not constant during the flight 
(see fig. 5) the effect of temperature on the manometer of the G 1 flight was 
also investigated. A complicated but not very large effect was found and 
it has been neglected, especially as the temperature of the apparatus near 
the top of the flight was the same as at the start. 

Using the calibration curve made after the expedition on 18 November 
1937, the lowest pressure reached by the C x balloons appears to be 12-5 mm. 

* We thank Mr I. R. Bihby and Mr D. C. Smith, undergraduates in the Cavendish 
Laboratory, for making the initial calibrations of all the manometers. 
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Hg. It is of great importance to estimate the probable error of this pressure 
because of the shape of the cosmic ray ionization curve near the top of the 
flight and fortunately it is possible to do this from the general character¬ 
istics of the flight almost independently of the manometer. 

It is well known that rubber balloons which are not leaking ascend 
approximately at constant speed. The observed decrease of pressure with 
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time should therefore be nearly exponential. In fig. 5 the logarithms of the 
pressure, according to the manometer calibration of 18 November 1937, 
have been plotted against time. It will be seen that there is only one sudden 
change of slope in the curve at 44 min. after the start and that there is at 
nearly the same time a reversal of the temperature change of the apparatus. 
This discontinuity is to be associated with the entry of the apparatus into 
the stratosphere. The important feature of the curves is that between the 
entry into the stratosphere and the bursting point at 124-5 min. after the 
start both the log pressure and the temperature curves are almost linear, 
showing that nothing disturbed the uniform rate of ascent of the balloons. 
(It follows also from the linearity that the clock was driving the film very 
uniformly.) 

But from the linearity of the log pressure curve it can be inferred that the 
pressures near the top of the flight, as deduced from the manometer readings, 
are probably very nearly correct. The logarithmic curve is very sensitive 
near the top of the flight to a small change in the lowest pressure reached. 
Thus the small deviation from linearity in the last 10 min. before bursting 
can be removed by adding only 1*5 mm. to the pressure. 

This deviation, however, is such as might be produced by a speeding up 
of the rate of ascent of the balloons, and we are perhaps not justified in cor¬ 
recting it because some of Regener’s best flights have shown a similar effect, 
and because during the last 10 min, of their flight the balloons, which were 
nearly overhead and under continuous observation in a powerful 2f in. 
telescope, were seen to change the swaying character of their ascent and 
become remarkably steady. Such a change could perhaps be associated 
with a somewhat greater rate of ascent. 

Again, the above values of the pressure throughout the G 1 flight have 
been used to determine corresponding heights up to 19-5 km. using the data 
of temperature and pressure obtained from the meteorograph flown on the 
D 3 flight. These data were well checked by direct observations of the height 
of the D 3 balloons with theodolites (see figs. 6 and 7 in the adjoining paper). 
The height-time curve of C 1 thus found is given in fig. 6 with those of the 
other flights for comparison. The dotted extrapolation from 20 km. to the 
bursting point gives a very similar curve to that of D 4 obtained by direct 
observation and indicates that the maximum height reached by the C x 
balloons was 28-2 km. An atmospheric pressure of 12*5 mm.* at this height 
in fact differs from the generally accepted value by less than 1 mm. Hg. 

Trom the above considerations it is reasonable therefore to conclude that 

* Extrapolation of the data given by Wagner (Handbuch der Klimatobgie, 1, 
67f) to 28*2 km. gives a pressure of 13-2 mm. Hg. 
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the probable error of the pressure, as given by the manometer calibration 
of 18 November, 1937, is not more than 1 mm. Hg. 

Incidentally we should mention here that the variation of speed of ascent 
characteristic of the early part of all the flights is readily explained. In the 
troposphere the balloons were moving into colder air and were being heated 
by the sun and so tended to lift strongly because they were warmer than the 
surrounding air, but at the tropopause they passed into a marked tempera¬ 
ture inversion (see fig. 7 of the adjoining paper) which suddenly decreased 
their lift and so diminished their speed of ascent. 

The relative values of the ionization 

Two parts of the film record of the C x flight are reproduced in fig. 7 (Plate 
7 ) and also part of a comparison film made with the same apparatus using 
y-radiation from one of the Cavendish Laboratory standards at a certain 
distance from the apparatus. The 44 spectrum plate 55 appearance of the 
balloon film is due not to non-uniformity of the film motion but to inter¬ 
mittent reflexions of sunlight which entered the apparatus as it swung below 
the balloons. The record also shows considerable irregularity of the electro¬ 
meter, especially in the lower atmospheric levels. Such defects are to be 
expected in a flight which was actually the first trial of the apparatus. 

It will be seen that the rate of movement of the electroscope needle is not 
constant even with constant y-ray ionization current in the ionization 
chamber. This is due to the steadily increasing attraction of the fixed 
potential recharging wire as the electroscope needle approaches it. From 
the y-ray film a table of corrections for straightening the discharge slope was 
determined. These corrections were then applied to smooth lines drawn 
through the fourteen discharge slopes on the balloon record (photographic* 
enlargements of the record were used) and hence relative values of the cosmic 
ray ionization current throughout the ascent of the balloons were obtained. 
These are given with the corresponding pressures in the first two columns of 
Table I, the y-ray ionization being taken as unity. The accuracy of the 
determinations of the gradients is greatest nearer the top of the flight. No 
measurements of ionization were possible during the descent owing to the 
shaking of the electroscope. 

The absolute value of the ionization 

On the day after the successful flight -with the C x apparatus the pressure 
of argon in the ionization chamber was determined with a Bourdon gauge. 
The pressure was then raised preparatory to another flight. The Bourdon 
gauge was tested on return against an absolute pressure balance and the 
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pressure of argon during the flight found to be 5*85 atm. at 0 ° C (including 
the sea level atmospheric pressure not indicated by the gauge). But it was 
also found that the reading of the high quality Bourdon gauge depended to 
a most surprising degree on the position in which the gauge was held. As 
this defect had unfortunately not been noticed during the expedition a 
possible error of ± 4 % must be added. Most of the uncertainty of the 
absolute value of the ionization lies in this pressure determination. 



Table 1 

Ionization J 

Pressure 

Relative 

ion -pairs / c.c. / sec. / 

mm. Hg 

ionization 

atm. of normal air 

39-3 

0*055 

21 

31-0 

0*110 

41 

24*2 

0*219 

82 

19*3 

0-339 

127 

15*4 

0*437 

163 

12-2 

0*525 

196 

9-6 

0-705 

264 

7*7 

0-756 

2S3 

6-5 

0-831 

311 

5*4 

0-860 

321 

4-5 

0-890 

333 

3-8 

0-905 

338 

3-25 

0-945 

354 

2-75 

0*955 

357 

2-35 

0-955 

357 

2-00 

0*968 

362 

1-65 

0*955 

357 

1-35 

0*927 

347 

(y-raj-s) 

1*000 

374 


The comparison film fig. 7 (c), already referred to, was made with the 
radium standard at a certain distance from the C x apparatus and argon 
pressure 5*85 atm. at 0 ° C in the apparatus. It was not convenient to measure 
the y-ray ionization current directly in the C x apparatus, so an exactly 
similar ionization chamber with the same argon pressure and a more con¬ 
venient electroscope with no recharging device was put in exactly the same 
position with respect to the radium. An absolute determination of the 
current in this chamber was made by means of a large variable cylindrical 
condenser of the type described by Clay ( 1936 ). The y-ray ionization current 
was found to be 8*88 x 10 6 ion pairs/sec. with a probable error of less than 
1 %. This current was then reduced to ion pairs per c.c. per second per atm. 
of normal air as follows. 
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Reduction to ionization in normal air ( J) 

The following factors were used: 

(а) Volume of the collecting space between spheres: -r- 3000 c.c. 

( б ) Pressure of the argon at 0 ° C: -f- 5*85 atm. 

(c) Loss of ionization in argon due to recombination at this pressure for 
a collecting field of 30 V/cm. (Cox 1934 ): x 1 * 02 . 

(d) Ratio of io niz ation in air to ionization in argon at atmospheric pres¬ 
sure for a collecting field of 30 V/cm. (Cox 1934 )* x 0*72. 

Hence J for the y-radiation was found to be 374 ion pairs/c.c./sec./atm. 
of normal air and the corresponding absolute values of the cosmic radiation 
will be found in Table I, col. 3. 

The absolute values of the ionization here given are 7*3 % higher than the 
preliminary values given in Nature (Carmichael and Dymond 1938 ). This 
difference is not due to error in determining the constants of the apparatus 
but to a mistake made in identification of the proper part of the y-ray 
comparison film. This film contained runs made with the radium at several 
different distances from the ionization chamber and the mistake was dis¬ 
covered when the calibration of the apparatus was being repeated. 

It will be seen below that these results are somewhat lower than those of 
others, and so it may be of interest to say that in order to check the factors 
(c ) and (d) used above in converting from ionization in argon at 5*85 atm. to 
ionization in normal air direct tests were made with the argon at atmospheric 
pressure and with air at atmospheric pressure in the ionization chamber. 
These direct tests were somewhat uncertain because of the correction for 
ionization in the air in the side chamber containing the electroscope but they 
gave 1*05 and 0*71 instead of 1*02 and 0*72. The effect of using these directly 
determined factors is to increase the values in Table I, col. 3 by 2 % only. 

Comparison with observations in lower latitudes 

High altitude observations by Bowen, Millikan and Neher ( 1938 ), made 
independently a few days later in North America at A 51° N. and A 60° N., 
can be used for comparison. We have also received from Professor Regener a 
mean curve of all his flights at A 49° N. taken from a paper by Auer ( 1939 ). 
And from Professor Millikan, by letter, we have some data of recent flights (in 
summer 1938) by Millikan and Neher at A 55° N. All these results are plotted 
in fig. 8 along with the curve at A 85° N. from Table I. In order to obtain a 
good fit with our curve at the lower heights where the ionizing effect of the 
cosmic radiation is almost certainly constant in this range of latitudes it 
has been necessary to reduce all the other observations by 6 %. In the case 
of the observations of Bowen, Millikan and Neher this means effectively a 
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pressure 

Fig. 8. Ionization. Results of the flight C x at A 85° compared with the 
results of others between A 49° and A 60°. 
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reduction of 12-5 % as their results are given for air at 20 ° C in their ionization 
chamber. 

In fig. 8 the curve (unreduced) obtained on the Explorer I manned balloon 
flight is also indicated (Bowen, Millikan and Neher 1934 ). This curve, as 
already mentioned in the introduction, reaches 500 J at 50 mm. Hg, and led 
us to expect much greater intensities near the magnetic pole than we actually 
found. It is now clear, as Bowen, Millikan and Neher have pointed out 
( 1938 ), that the large amount of matter near the apparatus in the gondola 
of their balloon greatly increased the ionization. The effect also, as would be 
expected, increases with height. It follows that the material of a free balloon 
apparatus must to some extent exert a similar influence on the ionization 
and we may remark that Regener’s ionization chamber, though mostly of 
the same wall thickness as the other two, has some fairly thick metal on the 
side on which the electroscope is mounted. It is possible that the slightly 
broader shape of Regener’s curve where it intersects the others is to be 
explained in this way. 

The similarity of shape between the curve of Bowen, Millikan and Neher 
at A 60° N. and ours at A 85° N. is remarkable and indicates that very little 
cosmic radiation of energy between 10 9 and 2*2 x 10 7 eV was reaching the 
earth in summer 1937. Our curve at A85°N. has a slightly more pointed 
maximum, but the maximum is not displaced nearer to the top of the atmo¬ 
sphere as it would be if radiation of very much lower energy than 10 9 eV was 
present. Three points on the more recent unpublished curve obtained by 
Millik an and Neher at A 55° N. are indicated in fig. 8 . These seem to show 
that this new curve is even more nearly similar to ours and the conclusion 
to be drawn, if the comparison of curves obtained in summer 1937 and 
in summer 1938 is valid, is that no cosmic radiation whatever of energy 
between 2*2 x 10 7 and 2 x 10 9 eV was reaching the earth in summer 1938 
The first indication of this absence of low energy particles was obtained by 
Cosyns ( 1935 ) in manned balloon flights in Europe. 

Discussion 

Our experiments with coincidence counters and with the ionization 
chamber, when compared with those of others at lower latitudes, therefore 
indicate that in a certain energy range no cosmic radiation is reaching the 
earth. Moreover, the ionization chamber measurements in conjunction with 
those of Millikan and his collaborators fix this energy range as from 3 x 10 7 
to about 10 9 eV for summer 1937 and from 3 x 10 7 to 2 x 10 9 for summer 
1938, the lower energy limit depending merely on the height reached by our 
balloons. 
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On the other hand it is improbable on general grounds that the cosmic 
radiation in distant space contains no charged particles with energy between 
3 x 10 7 and 2 x 10 9 eV, and so the absence of such particles in our experiments 
must be attributed to a cut off produced locally, if not by the sun perhaps by 
the galaxy. It is also conceivable that the magnetic field of a system of ring 
currents round the earth itself in conjunction with the usual magnetic 
dipole field might produce a cut off. 

It has been suggested by Janossy ( 1937 ) and by Vallarta ( 1937 ) that the 
cut off is produced by the magnetic field of the sun. Epstein ( 1938 ) has shown 
that the field of a dipole which produces 30 gauss at the pole of the sun is 
sufficient, when acting over enormous distances beyond the orbit of the 
earth, to produce the observed cut off at the earth. That a field of this 
magnitude does in fact exist at the sun does not yet seem to be established 
astronomically (Carnegie Institution 1935 and 1936 ). 
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SXJMjMABY 

Measurements of cosmic radiation have been made at very high altitudes 
ar the north geomagnetic pole with two kinds of apparatus, namely a 
pie coincidence apparatus with radio transmission of the data and an 
lization apparatus which was self-recording. The lowest atmospheric 
essure reached by the vertical coincidence apparatus was 52 mm. Hg, and 
r the io niz ation apparatus 12*5 mm. Hg. Comparison of our results with 
ose obtained by others between geomagnetic latitudes 49 and 60° N. 
ows that no appreciable quantity of low energy cosmic radiation is reaching 
e earth from outer space. In particular the very good agreement between 
L e shape of the curve showing ionization against pressure at geomagnetic 
titude 85° 1ST. and similar curves of Millikan and his co-workers at geo- 
.agnetic latitudes 55 and 60° N. indicates a complete absence of incoming 
idiation in the energy range from 3 x 10 7 eV to about 10 9 or 2 x 10 9 eV* 
ossible causes of the absence of such low energy rays are indicated. 
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Fig. 7. (a), ( b) Portions of the film record obtained on the C x flight: ff, fiducial line; 
pp, pressure line; TT, temperature line: AB, lowest pressure reached, (c) Part of a 
comparison film made with y -radiation, showing six electroscope discharge slopes 
comparable with those in (6). 
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Upper air investigations in North-West Greenland 

By Hugh Carmichael, St John's College , Cambridge 
and E. G. Dymond, University of Edinburgh 

(Communicated by G. G. Barlcla , F.E.S,—Received 24 February 1939) 

The observations here described were made during the Wordie 1937 
Expedition to North-West Greenland and to the Canadian Arctic (Wordie 
1938). They were not undertaken primarily with a meteorological end in 
view, but were incidental to the main purpose of the expedition, which was 
an investigation of cosmic radiation at great altitudes and high latitudes 
(see the adjoining paper, Carmichael and Dymond 1939). A knowledge 
of upper winds was necessary before the balloons carrying cosmic-ray 
apparatus could be launched with a reasonable chance of recovery, and 
accordingly from July to September 1937 a number of pilot balloon flights 
were made, the results of which are sufficiently interesting in themselves 
to be discussed. The cosmic-ray balloon flights also yielded information 
about upper winds and on one occasion made possible a meteorograph 
sounding. 

Aerological observations in the polar regions are somewhat scanty and the 
conditions, particularly in the stratosphere, are practically unknown. 
De Quervain, Mercanton and Jost (1920) and Hobbs (1931) have previously 
made extensive series of pilot balloon flights in West Greenland. Our 
observations were necessarily more limited in number than theirs, but 
extended some 10° further north (to latitude 79°) and on the average to much 
greater heights. The greatest altitude reached was 30*4 km., and twenty-two 
flights were followed to over 20 km. We believe that this is the first occasion 
when systematic observations of the winds above the 15 km. level have been 
made within the Arctic circle. 

Our wind-speed determinations indicated that a remarkably small wind 
velocity persisted throughout the summer of 1937 in west Greenland at 
heights above 15 km., and the meteorograph showed a stable troposphere, 
a marked temperature inversion at the tropopause and an unusual increase 
of temperature with increasing height in the stratosphere. 

The pilot balloons 

As a knowledge of the wind conditions to very great heights was required 
we used large balloons as pilots and gave them a high speed of ascent. The 
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balloons were seamless and of 350 g. weight, made by Messrs Dewey and 
Almy, Cambridge, Mass., U.S.A., and were filled to give a free lift of 800 g. 

The majority of the pilot balloon observations were made by the single¬ 
theodolite method in which the balloon is assumed to have a constant rate 
of ascent. This rate of ascent was determined and its constancy was checked 
by several flights in which the height of the balloon was determined directly 
by observations with two theodolites. Watts 3|" survey theodolites,* one at 
each end of a base about 2 km. long, were used, the angles being read to 
the nearest minute of arc. Readings to the nearest 0 * 1 ° by ordinary balloon 
theodolites were found to be insufficiently accurate. 

The results of three flights in which the heights were thus directly deter¬ 
mined are given in fig. 1 . The rates of ascent were independent of height 
within our experimental error and equal to 20*5 km./hr. The double theo¬ 
dolite method was in fact used on eight of the pilot flights, but the obser¬ 
vations for finding the rate of ascent have had to be discarded for various 
reasons on all but the three given above. It is however worth mentioning 
that the discarded observations showed no anomalies in the uniform ascent 
of the balloons that could not be explained by observational errors. 

The above rate of ascent may be compared with that given by J. S. Dines 5 
formula 

V = qL*/(W + L)*, 

where V is the velocity of ascent, L is the free lift, W is the weight of the 
balloon, and q is a factor which varies slowly with the free lift as shown by 
L. H. Gr. Dines ( 1935 ). Using q = 2*3 as determined by L. H. G. Dines for 
unweighted balloons with a free lift of 800 g. we find, 

V = 6 * 2 m./sec. = 22*4 km./hr. 

This figure is some 10 % greater than the rate of ascent we have found by 
theodolite. In view of the extrapolation of the formula the agreement is 
satisfactory. 

The pilot balloon observations were greatly facilitated by the clearness 
of the air and the fact that the horizontal drift of the balloons was small. The 
balloons could always be seen by the naked eye even at their greatest height; 
they were then some 4-3 m. in diameter and in the telescope of the theodolite 
the actual bursting was nearly always observed. When a balloon burst at 
20 km. a few large fragments were usually formed, but when it burst near 
30 km. a tenuous veil of numerous small fragments was always produced. 

* Our thanks are especially due to Mr T. T. Paterson for organizing this theodo¬ 
lite work and to all the other members of the expedition for assisting. The names of 
those who made the observations are given in figs. 1, 2 and 6. 



height 


Upper air investigations in North-West Greenland 347 



time 


Fig. 1. Double theodolite observations of the heights of pilot balloons. (Observations 
by H. I. Drever, A. H. Robin and H. Carmichael.) (In P 5 the observations were 
accurate only to the nearest 5 ' graduation.) 


The apparatus-carrying balloons 

The balloons used on flights with apparatus were made by the firm of 
Saul, Aachen, Germany, and were similar to those used by Regener ( 1935 ). 
Regener’s method* was followed exactly, with two balloons on each flight 
and a small reversible stabilizing parachute between the balloons and the 
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apparatus. The balloons, of 6 or 8 kg. weight, were fitted with eight lugs 
mounted equatorially for attaching the connecting cords. The distance 
between the balloons during a flight was 15 m. and the parachute and 
apparatus were at distances of 15 m. and 35 m. respectively below the 
lower balloon. 

Three of the cosmic-ray balloon flights have been used for wind-speed 
determinations. On two of these, D 3 and D 4 , the balloons were under double 
theodolite observation and so the wind speeds were directly obtained. 
On the other flight, C 1? the wind speeds were obtained from single theodolite 
observations after the height has been determined from the pressure readings 
of the self-recording cosmic-ray apparatus. The pressure-height data 
obtained from the meteorograph attached to the D 3 balloons was used. The 
height-time curve of C x can be seen in the adjoining paper (fig. 6) along with 
those of the other apparatus balloon flights. 


The wind-speed observations 

The wind speeds and wind directions are presented graphically in figs. 2 
and 3. Altogether thirty-four flights were made, including six with apparatus. 
Observations above the 15 km. level were obtained on twenty-four flights, 
all of which are plotted except pilot balloon P 10 which was released from the 
ship at sea and observed by sextant only. 

The date and time (Greenwich mean time) of all the flights can be obtained 
by reference to fig. 4 which also has a continuous recordj of the barometric 
pressure at sea level during the time when pilot flights were being made. The 
names of the stations are also given in fig. 4 and their positions can be found 
from the map of the route of the expedition in fig. 5. 

An effort was made to fly pilot balloons on every possible occasion, so it 
may be taken that on all the days when the ship was at anchor and no pilot 
flight was made there was fog or cloud. Also on all the flights which did not 
reach 15 km. the balloon was lost sight of in fog or cloud, except in the case 
of the C 2 apparatus flight in which a balloon failed at 13 km. (see fig. 6 in 
adjoining paper). 

* We are most grateful to Professor Regener for giving us personal instruction 
in this connexion. 

f This was obtained from a Millikan-Neher ionization apparatus carried by the 
expedition on behalf of Professor Millikan. We thank Mr M. de Souza Santos for 
making the necessary measurements of the record. 
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speed and direction 

Fig. 2 . Wind speeds and wind directions. (Theodolite observations by H. I. Drever, 
E. D. W. Leaf, T. T. Paterson, A. H. Robin, J. M. Wordie, H. Carmichael and 
E. G. Dymond.) 
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Fig. 3 . Wind speeds and wind directions. 
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Fig. 5 . Sketch map, reproduced by permission of the Royal Geographical Society, 
showing the route of the Isbjfim with the names (underlined) of the balloon stations. 


The meteorograph sounding 

A Bosch and Bosch type-0 meteorograph was attached about 2 m. above 
the cosmic-ray apparatus on the flight D 3 on 8 August. The balloons were 
released from Wolstenholme Island (76° 26' N., 70° W., fig. 5) at 14.30 local 
time and the record extended for If hr. to a maximum altitude of 19*8 km. 
when the clock stopped. Anticyclonic conditions prevailed at the time. 

The instrument was calibrated by the makers before the start of the 
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expedition and we ourselves on return to this country made a more complete 
calibration. A slight change was found in the pressure element indicating 
that it had acquired a permanent set. The later calibration was adopted as 
it was more likely that the permanent set had been acquired before than 
after the flight. 



Fig. 6 . Curves P, T, pressure and temperature from the meteorograph, flight D 3 . 
Curve H, height calculated from P and T. Points on H, independent double theodo¬ 
lite observations of height. (Theodolite observations by E. D. W. Leaf and A. H. Robin.) 
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The results of the measurement of the record are given in fig* 6 . The 
curves p and T show the pressure and temperature during the flight and the 
curve H shows the height in kilometres calculated therefrom. But in 
addition the balloons on the D s flight were under double theodolite observa¬ 
tion and the circles on the H curve show the independently determined 
heights. In the region between 10 and 13 km. there may be a slight system¬ 
atic error, as here the balloons were travelling rapidly and crossing the base 
line—see the inset drawing of the track (fig. 6 ). When the angles to be 
measured are varying quickly, accurate following is more difficult and any 
lack of simultaneity in the readings introduces appreciable errors. Within 
our experimental error, however, the agreement is good throughout and 
emphasizes the accuracy of the meteorograph. The changes in the speed of 
ascent of the apparatus balloons have already been discussed in the accom¬ 
panying paper. 

The temperature-height curve is shown in fig. 7. Features to be noticed 
are the tropopause at 11*2 km. with a marked temperature inversion, and 
the rise of temperature in the stratosphere from 221 ° K at the tropopause 
to 246° K at 19*5 km. 

The rate of ascent of about 3 m./sec. was less than is usual for meteorograph 
flights and so it is possible that the temperature element was not properly 
ventilated at the higher levels. If this was the case the readings in the strato¬ 
sphere will be affected by radiation error and will be somewhat too high. 
But the error cannot be very great as otherwise the height computations 
would not agree with the direct determinations. A maximum concession 
in this direction is an error of 5° at 19 km. height. But even with this allow¬ 
ance the increase of temperature with height in the stratosphere is preserved, 
in contrast with the normal behaviour in temperature latitudes of a constant 
or slowly falling temperature. A long series of soundings by Rolf ( 1932 ) at 
Abisko (lat. 69° N.) show during the summer a similar though less pro¬ 
nounced temperature rise. 


Discussion or the meteorograph observations 

The result of this meteorograph sounding is of great interest in connexion 
with the theory of temperature equilibrium in the atmosphere. Brunt 
( 1934 ) has discussed the effect in the stratosphere of absorption of long-wave 
radiation from the earth below, and of short-wave radiation from the sun 
above. He has shown that constancy of temperature with height in the 
stratosphere can be maintained by these two heating effects acting together 
but that the solar effect, which tends to produce temperature increasing with 
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height, becomes the more important at low solar altitudes and when con¬ 
ditions in the lower levels such as clouds, ice or sea, favour reflexion of the 
short-waves. It is significant in this connexion that the flight in question 



temperature 

Fig. 7. Temperature-height curve from meteorograph with 
saturated adiabatic lapse rates for comparison. 


was made in a high latitude, on the coast and at a time when the sun was 
constantly above the horizon. There was very little bare ground, as one 
quadrant of the horizon was filled by the inland ice and most of the remainder 
by sea. 
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The troposphere was in a very stable condition as can be seen by reference 
to the saturated adiabatics in fig. 7. Except near the ground the lapse rate 
is everywhere less than that of the saturated adiabatic. Such stability must 
prevent thermal convection in the troposphere and in the absence of con¬ 
vection the extraordinarily sharp boundary of the troposphere is hard to 
explain. Present radiation theory cannot account for such a discontinuity 
in the lapse rate. An examination of the original trace shows that the 
thickness of the transition layer at the tropopause in which the lapse rate 
changes sign cannot be much more than 50 m.* 

The wind speed during flight D 3 (see fig. 3) reaches a maximum of 15 m./sec. 
at 9*8 km. } a little below the tropopause and then falls very rapidly. Dobson 
( 1920 ) has studied cases of similar pronounced maxima and has found that 
the maximum is always at or immediately below the tropopause. The latter 
cases he ascribed to observational inaccuracies. In the D 3 flight, however, 
the maximum wind speed was directly observed to be 1*5 km. lower than the 
tropopause and in this case the difference is too great to be due to experi¬ 
mental error. 

The tropopause itself is therefore situated in a steep velocity gradient. 
In the layer of strong wind below there must be some vertical transport of 
air by eddy motion, perhaps sufficient to maintain the lapse rate. The tem¬ 
perature inversion at the tropopause however should prevent any inter¬ 
change of air between the troposphere and stratosphere. If this is the case 
we should expect an almost discontinuous change of wind velocity with 
height at and immediately above the tropopause. This may in fact happen 
but it is unfortunate that much more closely spaced observations were not 
taken in this interesting region. 

Discussion of the wind-speed observations 

The synoptic charts of the northern hemisphere published by the Meteo¬ 
rological Office are necessarily incomplete in the Baffin Bay region but they 
can be amplified or corrected from our barometer observations (fig. 4 ). Only 
for the last flights at Godhavn in September were the weather conditions 
much disturbed. Strong wind in the upper air was then found some time 
before the onset of the east-south-east gale at sea-level associated with the 
depression on 16 September. 

* Radio wave reflexions of extremely small intensity have occasionally been 
observed (Appleton and Piddington 1938 ) from heights of about 10 km. It is possible 
that a boundary of the kind found here, persisting for a few days, could gives echoes 
of the kind observed. This point was raised by one of us (H. C.) in a discussion with 
Professor Appleton. 
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It was noticeable throughout the summer that a layer of relatively calm 
clear air tended to persist on and near the inland ice while far from the land 
(see the flights at the Cary Islands) there were fairly strong surface winds and 
much fog. Residents say, “The nearer the ice cap the better the weather”. 
This layer of calm air was often several kilometres thick near the Greenland 
coast but was much thinner at Turnstone Beach in Ellesmere Land. 

The wind velocity curves can be divided into two groups; (a) those in which 
the wind velocity does not vary much with height and seldom exceeds 
5 m./sec.; ( 6 ) those in which a normal feature is a maximum in velocity at 
8 to 11 km. height followed by a quick fall at greater altitudes. If the height 
of the maximum in group (b) is to be associated with the height of the 
tropopause, as discussed above for the flight D 3 , we should find some corre¬ 
lation between height of the maximum and weather conditions. That such 
a correlation exists may be seen from the following table which includes all 
the flights in which pronounced maxima occur. 


Height of 

m aximum [No. of 

km. Weather conditions flights 

8-9*5 In low-pressure areas 5 

9*5-10 Borders of low-pressure areas 5 

10-11*5 In high-pressure areas 4 


The association of the wind maximum with the tropopause is thus con¬ 
firmed. 

The mean wind velocity of all the flights shows a well marked maximum 
at 9*0 km. (fig. 8 ). If we deduce from this that the mean height of the tropo¬ 
pause during the period of the observations w r as about 10 km. this height 
may be compared with the mean height of 10-7 km. found by Rolf for the 
tropopause at Abisko (lat. 69° N.) in the month of August. The agreement is 
satisfactory. We can also compare with the results of de Quervain, Mer- 
canton and Jost in winter at Godhavn (September to May). Their mean 
velocities show a maximum at a height of only 7 km. (fig. 8 ). The difference 
is probably connected with the known difference in the height of the tro¬ 
popause in summer and winter. Few of their balloons reached heights 
greater than 10 km. so it is not possible to compare the conditions higher 
than this. 

The wind directions at different heights are shown in the following 
frequency table. It can be seen that the wind directions were quite variable. 
At heights above 20 km. the drift was most often from the east or south¬ 
east but at these heights the velocities were so small that the prevailing 
wind direction has little significance. 



358 


H. Carmichael and E. G. Dymond 



average wind velocity 

Fig. 8. Full line, Carmichael and Dymond, average of summer observations. Broken 
line, de Quervain, Mercanton and Jost, average of winter observations. 


Height 

km. N. N.E. E. S.E. 


No. of 

S. S.W. W. N.W. flights 


0-2 5 2 

2-4 4 3 

4— 6 4 2 

6-8 2 3 

8-10 2 3 

10-12 3 2 

12-14 2 1 

14-16 2 — 

16-18 2 — 

18-20 1 1 

20-22 2 — 

22-24 2 — 

24-26 — 2 

26-28 — — 

28-30 — — 


6 3 5 1 
4 5 2 — 
15 2 2 
13 4 2 
3 12 3 
13 3 2 
15 3 1 
2 6 2 2 
17 2 2 
— 733 

3 6 — 2 

4 4 — 3 
4 111 
4 2— — 
2 — — — 


— 1 23 

4 1 23 

3 4 23 

4 4 23 

6 3 23 

7 2 23 

7 3 23 

7 2 23 

7 2 23 

5 2 22 

4 1 18 

1 — 14 

1 — 10 

— — 6 

— — 2 
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Summary 

The winds on the coast of North-West Greenland have been investigated 
during summer 1937, and a meteorograph sounding to a height of 19*5 km. 
has been made in latitude 76° N. Large balloons were used as pilots and then- 
rate of ascent was determined directly by double theodolite observations. 
The average bursting height of the balloons was 24*5 km. 

The meteorograph revealed a well-marked tropopause at 11*2 km. and an 
unusual rise of temperature in the stratosphere. The pilot balloons showed 
very still air in the stratosphere throughout the summer and a marked 
velocity maximum at 9 km. in the troposphere. 
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[Plates 8, 9] 

1 . Introduction 

Recent work in the field of induced radioactivity has revealed a number 
of interesting phenomena. Thus it has been shown that certain nuclei which 
emit positrons may also transform to the same final nucleus by capturing 
an electron from the extra-nuclear structure. Another effect, closely linked 
with this, and for which experimental evidence has recently been obtained, 
is that if two nuclei with the same atomic weight A (isobars) but with atomic 
numbers Z and Z + 2 respectively, are both stable, the intermediate nucleus 
of atomic number Z+1 (atomic weight A) is unstable with respect to both 
of them and so decays by “ branching The intermediate nucleus in general 
transforms to the nucleus of atomic number Z by electron capture and 
to the nucleus of atomic number Z 4-2, by emitting a negative electron. 
More unexpected amongst recent results is the not uncommon occurrence 
of nuclei with the same atomic number and atomic weight but with different 
activities. This is known as nuclear isomerism. Before its discovery in in¬ 
duced radioactivity its existence was, however, already known from Hahn’s 
work on the naturally radioactive substances uranium Z and uranium Y. 

The present paper is' an account of experiments on the radioactive sub¬ 
stances of long half-period obtained by bombarding titanium and scandium 
with high-energy deuterons. The investigations have disclosed examples 
of each of the phenomena mentioned in the previous paragraph. With regard 
to transformation by electron capture the experiments have provided 
conclusive proof of its occurrence and some quantitative data concerning 
the ratio of the probability of electron capture to that of the emission of a 
positron. The example of the branching decay of an isotope to neighbouring 
isobaric nuclei has also confirmed certain predictions concerning nuclear 
stability made by Wigner on the basis of mass-defect considerations* 

[ 360 ] 
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2 . Experimental methods 

The general nature of the radiations emitted by the various radioactive 
bodies was investigated by means of the large expansion chamber recently 
described by one of us (Williams 1939 ). This chamber besides having a large 
effective volume has a sensitive time of about 0*4 sec. which is considerably 
greater than that of the average expansion chamber. It has, indeed, proved 
a very sensitive detector of weak radiations. The radioactive sources to be 
investigated were placed inside the chamber, thus reducing to a minimum 
the absorption between the source and the region where tracks could be 
observed. In most cases the radioactive material was covered by a shutter 
which was timed to open during the sensitive period of the chamber. The 
radiations emitted were in general collimated by a slit placed 5 cm. or so 
above the source. This collimation served to keep the radiations within the 
depth of focus of the camera used. A magnetic field was used to determine 
the sign of the electrons emitted, and also to clear the chamber of electron 
tracks when investigating X-radiation from the source. For the latter 
purpose the maximum field available, viz. 2200 G, was used. This was 
sufficient to bend away all the electrons and thus give a clear background 
for any photoelectron tracks produced by X-rays. The X-radiation con¬ 
cerned in the present investigations is the X-radiation from elements of 
atomic number around 22 , whose quantum energy is about 5000 V. The 
corresponding photoelectrons in air at atmospheric pressure have a very 
short range, appearing as spots in the photographs.* The rate of decay of 
the long-period activity associated with this X-radiation was obtained by 
counting the “spots 55 on photographs taken at different intervals over a 
period of about 8 months. In these measurements precautions were taken 
to ensure that the photographs were taken under identical conditions, in 
particular that the time (- 0*3 sec.) for which the shutter was open was the 
same throughout. This time was controlled by switches placed in the path 
of a falling weight and could be reproduced at long intervals with an accuracy 
of 0*01 sec.f 

With the exception of the X-ray activity the rate of decay of the various 
activities was obtained from measurements of the ionization produced 
using a standard Lauritsen electroscope. The electroscope had a window of 
aluminium 0*0013 mm. thick, equivalent in stopping power for yff-rays to 
about 4 mm. of air. 

* See reproductions, figs. 6 and 7 (Plate 8). 

f It is a pleasure to thank Mr F. C. Thompson for assistance in taking some of 
the photographs. 
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The absorption in aluminium of the electrons emitted by several sources 
was measured using a Geiger-Muller counter as detector. The data thus 
obtained give a fairly accurate estimate of the maximum energy of the 
electrons. The absorption in aluminium of the X-radiation referred to 
above (and hence the atomic number of the emitting atom) was also measured 
using as detector a Geiger-Muller counter with a very thin cellophane 
window. In some of these experiments the source was placed between the 
pole-pieces of an electromagnet in order to prevent electrons from the source 
reaching the counter and thus increasing the background. 

The quantum energy of the y-rays emitted by some of the sources was 
obtained from measurements on the ranges in aluminium of their recoil 
electrons. The method adopted for this purpose was the standard one of 
counting coincidences in two thin-walled counters between which aluminium 
foils could be placed, the recoil electrons being ejected from the wall of the 
counter nearer the source. The arrangement was calibrated by measure¬ 
ments on the y-rays of 2*62 x 10 6 V quantum energy emitted by thorium C". 
We wish to thank Mr V. A. Stanley and Mr J. R. Holt for assistance in these 
counter experiments. 

The chemical separations in the investigations described here were 
carried out by Professors E. Segre and C. Perrier of the University of Palermo, 
and we wish to take this opportunity of expressing our thanks to them for 
their assistance. 


3. Transformation by electron capture 

It follows as a general consequence of current theory of nuclear ^-trans¬ 
formation that a nucleus which is capable of emitting a positive electron 
has a certain probability of making the same transformation by capturing 
an electron from the extra-nuclear structure, the atomic electron most 
likely to be thus captured being one of the A-electrons. The relative prob¬ 
ability of these alternative modes of transformation depends on certain 
detailed features of the theories and, as was first shown by Moller ( 1937 ), 
the requirements in this respect of Fermi’s theory of ^-transformation are 
very different from those of the modification of Fermi’s theory by Uhlen- 
beck and Konopinski ( 1935 ). The present work on transformation by elec¬ 
tron capture concerns (a) the proof of the occurrence of the phenomenon, 
thus supplementing earlier work particularly that of Alvarez ( 1938 ), ( b) the 
details of the activity under investigation (half-life, etc.), (c) the relative 
probability of electron capture and of positron emission. 
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{a) Occurrence of transformation by electron capture 

The capture of a K-electron by an atomic nucleus would be followed by 
the emission of irradiation. due to the filling up of the IT shell. This radiation 
is indeed the most distinguishing external effect that would be produced, 
and its observation constituted the first evidence for the phenomenon. This 
was made by Alvarez ( 1937 ), who found that titanium after bombardment 
by deuterons emitted a radiation with an absorption coefficient in excellent 
agreement with that of the irradiation of titanium. Later, Williams and 
Pickup ( 1938 ) examined with the cloud chamber the radiations from a 
sample of titanium which had been bombarded by deuterons 5 months 
previously. They observed a large number of short-range photoelectrons of 
just the type expected from the absorption of the irradiation of titanium 
(or a neighbouring element), their appearance providing striking evidence 
for the emission of this radiation by the active material. 

Strictly speaking, however, the observation of the irradiation provides 
evidence only for the removal of ^-electrons from the atoms concerned, and 
in order definitely to establish the phenomenon of nuclear transformation 
by electron capture it must be proved, as Alvarez has emphasized, that no 
other process is responsible for their removal. In the above-mentioned 
observations of Williams and Pickup the number of ^-electrons removed— 
as determined by the number of photoelectron tracks observed—was so 
much greater than the observed numbers of electrons and y-ray quanta 
emitted from the titanium target due to other activities, that their removal 
in a secondary process associated with such activities was extremely im¬ 
probable. We now have further evidence which leaves no alternative to the 
conclusion that in the case concerned the emission of the irradiation is due 
to electron capture. 

This evidence consists mainly in the observation that the active body 
which gives rise to the irradiation is an isotope of vanadium (Z= 23), while 
the IT-radiation is that of titanium (Z = 22). The first of these results was 
established by chemical analysis. The active surface layer of the titanium 
was dissolved in dilute sulphuric acid to which was added a few c.c. of 
hydrofluoric acid. Inactive calcium (2= 20 ), scandium (Z = 21 ), vanadium, 
and chromium (Z = 24) were added to the solution and chemically pure 
samples of the oxides of all four elements were recovered. Observations 
with the cloud chamber showed that the Irradiation came only from the 
vanadium precipitate. (No ionizing particles at all have been detected 
from this precipitate.) 

The atomic number of the atom emitting the irradiation was determined 
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by me as uring the absorption coefficient of the radiation in aluminium, using 
a Geiger-Miiller counter as detector as explained in § 2 (a). Alvarez s measure¬ 
ments in this respect showed that the .K-radiation is that of titanium, but 
as his measurements were made on newly activated titanium while we are 
here concerned with long-period products we deemed it desirable to make 
new measurements. The results of these are shown in fig. 1, where the log 
of the intensity of the radiation corrected for y -ray background is plotted 



thickness of aluminium (mm.) 

Fig. 1. O Vanadium precipitate; + titanium metal (countsx 10 _1 ). 


against the thickness of aluminium traversed. The crosses refer to the 
radiation from the complex titanium source, the circles to the radiation 
from a vanadium precipitate. In both cases the points lie on straight lines, 
indicating practically homogeneous radiation. The straight lines drawn, 
A (22) and B (22) are actually those corresponding to the absorption of 
titanium Z'-radiation.* The lines A (21),^. (23) and B (21), B (23) correspond 

* The difference in wavelength between the Koc and Kfi radiations is so small that 
the departure from exponential absorption may be neglected. 
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to the absorption respectively of scandium and vanadium X-radiation. 
The accuracy with which the points lie on A (22) and B (22) shows that 
the responsible atom has an atomic number 22 + 0-1, and is therefore 
undoubtedly titanium. 

The above results are consistent with the supposition that the X-radiation 
results from the capture of a if-electron by the nucleus of a vanadium atom, 
for in that case the if-radiation emitted would be that of the titanium atom 
resulting from the capture. No other hypothesis fits the facts. Let us sup¬ 
pose, for instance, that the if-electron of a vanadium atom is removed by 
electronic or quantum radiation from other vanadium atoms.* In this case 
the if-radiation emitted would be that of vanadium . This would also be so 
if the if-electron w r as removed by internal conversion of y-radiation from 
the nucleus of the same atom. If it was removed by a disintegration electron 
from the nucleus of the same atom the if-radiation emitted would be that of 
chromium. Thus the fact that the if-radiation is that of titanium rules out 
all these processes. There remains, however, the possibility that the vana¬ 
dium nucleus emits a slow positive electron which either removes a if- 
electron in leaving the atom, or leaves the product titanium nucleus in an 
excited state, the y-ray quantum subsequently emitted being highly intern¬ 
ally converted. The if-radiation emitted would in this case be that of 
titanium. However, owing to the annihilation of the positrons two quanta 
of 0-5 MV energy would also be emitted for every nuclear transformation. 
This gives an intensity of y-radiation at least a 1000 times greater than that 
observed.! Thus no hypothesis other than that of nuclear transformation 
by electron capture will explain all the observations, which therefore 
conclusively prove the occurrence of the phenomenon. 

(b) Further properties of the electron-capture activity found 
hy Williams and Pickup and established in (a) 

The actual rate of decay of this activity has been determined by means 
of the cloud chamber, by counting the number of photoelectron tracks 
produced by the X-radiation at different times, viz. about 6,9 and 14months 
respectively, after activation. About 2500 of the photoelectron tracks were 
counted on each occasion, thus reducing the statistical error to 1 or 2 %. 
To facilitate the counting, and also to exclude consistently regions close to 
the source and to the walls of the chamber, a glass plate divided into sectors 

* Very soft radiation of these types would not make themselves evident and their 
existence cannot be ruled out. 

f The determination of the relative intensity of y-rays is described below in the 
discussion of the relative probability of electron capture and the emission of positrons. 
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was placed over the photographic plates, and the number of tracks within 
a definite area was counted. Both plates of each stereoscopic pair were 
examined in this way. The fluctuations in the number of tracks in the 20 or 



Fig. 2. O X-rays from V 47 ; A electrons from Ti 51 x 10. 


so different plates in each “run 55 were found to be within the statistical 
limits. The results are plotted in fig. 2.* The three points lie very nearly 
on a straight line corresponding to a half-life of 600 ± 50 days. 

* The decay curve of the electrons refers to the isomer of Ti 51 , see § 5. The half- 
life obtained from the cloud chamber photographs, viz. 77 + 3 days is in good agree¬ 
ment with that observed from electroscope measurements, viz. 72 ± 2 days. 
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It is not possible from the present experiments to identify with certainty 
the mass number of the vanadium isotope which is responsible for the above 
activity. The bombarded element, viz. titanium (Z = 22), has five stable 
isotopes with mass numbers of 46, 47, 48, 49 and 50 respectively. Earlier 
work by Walke (1937 a) has shown that bombardment of titanium by fast 
deuterons produces three positron activities with half-lives of 33 min., 
3*7 hr. and 16 days respectively. Chemical analysis showed that these 
activities belong to vanadium isotopes, and are therefore in all probability 
produced by reactions of the now well-known type 

Ti A + H 2 -> V ^ 1 + n 1 : V A+1 Ti A+1 + e+. 

Since V 51 is the only stable isotope of vanadium, the values of A corre¬ 
sponding to the above three activities must be three of the four possible 
values left, viz. 46, 47, 48 and 49. Further evidence obtained by bombard¬ 
ment of titanium and scandium with a-particles and vanadium with fast 
neutrons led Walke to attribute the 16-day activity to V 48 (A = 47) and the 
other two activities to V 49 and V 50 (A — 48 and 49). Thus there was no evi¬ 
dence of an activity due to V 47 produced by the bombardment of Ti 46 , 
Walke concluding that any such activity “must have a half-life less than 
one minute or greater than several months”. The above electron-capture 
activity with a half-life of 600 days probably constitutes the “missing” 
activity. Accordingly the responsible reactions are 

Ti 48 + H 2 -> V 47 + n 1 : V 47 + <r Ti 47 . 

A possible alternative to this is to assume that a vanadium isotope can have 
two different activities. Though isomeric nuclei do exist they are however 
exceptions rather than the rule, so that in the absence of further evidence 
there is every reason to accept the above reaction. 

On general grounds the assignment of the positron stable isotope to V 47 
is difficult to understand. Professor Wigner has pointed out in a private 
communication that one would have expected the mass difference between 
V 47 and Ti 47 to be greater than 2 m 0 c 2 s and, moreover, that the difference 
between V 49 and Ti 49 should certainly be smaller than between V 47 and 
Ti 47 so that V 49 should be much more stable against positron emission 
than V 47 . It is therefore possible that this new isotope is an isomeric form 
of V 49 . If this should prove to be the case it must be the ground state of V 49 , 
the isotope of half-life 33 min. being then due to decay from a metastable 
level. Further experiments should enable us to establish more definitely 
the mass number of this new active body. 

A noteworthy feature of the 600-day electron-capture activity under 
consideration is that it is not accompanied by the emission of any detectable 
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radiation o ther tha.n the A-radiation (see next section). This shows that the 
electron is captured into the ground state of the final nucleus, Ti 47 . But 
the circ umstan ce has additional interest. Usually when a system drops 
from one state to another the energy difference is emitted in the form of 
radiation, and the absence of any such radiation in the transition represented 
by the above electron-capture process would appear to be a very striking 
exception to this rule. The result is explained on the current theory of /?- 
transformation by the emission of a neutrino which takes away the energy 
difference between the initial and final states of the atom. 

The relative efficiency, or “cross-section”, <r, of the reaction which pro¬ 
duces the 600-day electron-capture activity has been established as follows. 
According to certain results given in the next section the number, %, of 
atoms of V 47 transforming by if-electron capture is about 2-3 times the 
number n 2 , of V 48 atoms transforming by emitting positive electrons at a 
time t =53 days, after activation. Denoting the abundance of the titanium 
isotopes which give rise to these activities by/ x and / 2 respectively, the ratio 
of the corresponding cross-sections is 

Wo*) = (Mi) ( 2_</Ts / 2_</Tl ) M2) W» 2) 
t x and r 2 represent the respective half-lives of 600 days and 16 days respec¬ 
tively. Nier’s ( 1938 ) measurements give (/ 2 //i)~l*l. Hence 10 . 

According to the earlier work of Walke the cross-section, <r 2 , for producing 
V 48 is greater than that of any of the other reactions then found to 
take place when titanium is bombarded by fast deuterons (energy - 6 MV). 
Thus the reaction which produces the 600-day electron-capture activity has 
the greatest cross-section of all, a result which is rather unexpected. 

(c) Relative probability of electron capture and emission of positrons 

The relative probability of electron capture and positron emission by a 
given nucleus is a matter of considerable interest particularly as the current 
theories of /^-transformation, viz. that of Fermi ( 1934 ) and its modification 
by Uhlenbeck and Konopinski ( 1935 ) have appreciably different require¬ 
ments in this respect. There is, however, as yet very little data on this point. 
Jacobsen ( 1937 ) using the expansion chamber found no evidence for the 
emission of if-radiation from the scandium isotope, Sc 43 , though the 
emission of some 500 positrons was observed, the upper limit to their energy 
being about 1-4 MeV. Alvarez ( 1937 ) made an estimate of this ratio for V 48 , 
but the subsequent discovery of the strong 600-day if-capture activity in 
the same active material invalidates his results. 

In the present experiments we have made observations in this con¬ 
nexion on V 47 which exhibits the 600-day if-capture activity, and on V 48 
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which has the 16-day positron activity. Observations on the former were 
made about 400 days after activation, using the cloud chamber method. 
To increase the efficiency of each expansion the collimation mentioned in 
§2 was dispensed with. Under these conditions about 400 photoelectron 
tracks appeared on every photograph. Even so, no positron tracks were 
observed to leave the source in a dozen or so photographs. This does not rule 
out the emission in these experiments of positrons with energies less than 
about 40,000 V, as these would not have sufficient range and uniformity of 
curvature to be detectable as such. It does however set a lower limit for 
the case under consideration of the order of 100,000 to the ratio of the 
probability of A-capture to that of the emission of positrons with more 
than 100,000 V energy. 

A n um ber of factors enter into an estimate of this kind. Actually the 
ratio, R, of the number, n. of A-captures to the number, n', of positrons 
emitted is R = n/n' = (n obs /n^ h8 ) (o) f fi r loccofi^), n ohs represents the number 
of photoelectron tracks observed in the cloud chamber, n' ohs the number of 
positrons observed in the same photographs, cc is the probability that a 
A-quantum is not internally converted, co is the fraction of emitted A-quanta 
which are directed towards the region where tracks can be observed, co' is 
the correspon ding fraction for the positrons. fi 1 represents the fraction of 
the appropriately directed quanta which are not absorbed before reaching 
the region of tracks and y is the fraction of these which are absorbed in that 
region. /?' is the fraction of positrons which reach the region of tracks. In 
the case considered above (n oh Jn' oh3 ) is so big that the exact value of the 
factor is not of much consequence. Actually cc = 0-21, G)~a) r , fidfi'~ 0*4, 
7~ 1, g^g i0 Kbs/<bs) > 100,000. 

As we have already stated this result refers only to the emission of posi¬ 
trons with energy greater than about 100,000 V. An upper limit to the 
number of low-energy positrons was obtained from observations on the 
intensity of y-rays emitted Owing to its ultimate annihilation every posi¬ 
tron emitted gives rise to two quanta of 5 x 10 5 V energy. Therefore, if 
positron emission was an alternative to the electron-capture, y-rays of this 
quantum energy and with a 600-day half-life would be observed. Obser¬ 
vations on the relative intensity of the y-rays emitted were made about 
300 days after the activation of the titanium, by counting the number of 
recoil electrons ejected from al uminium placed over the source in the cloud 
chamber. It was thus estimated that the number of A-capture was at least 
30 times the number of positrons emitted. This upper limit was obtained, 
ass uming all the recoil electrons to be due to annihilation radiation from 
positrons belonging to the 600-day activity. However, measurements with 
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an electroscope showed that for the next 200 days the y-rays decayed with 
a half-life of 72 days, so that the upper limit may be increased by a factor 
2200 / 72 ^ ^y e ma y therefore conclude that the number of electron captures 
with the 600-day half-life is at least 500 times greater than the number of 
positrons emitted as an alternative mode of transformation, i.e. R > 500.* 

Actually this result by itself is of no value for testing the theory because 
the theoretical value of R depends on the excess, SE, of the energy of the 
initial nucleus over that of the final nucleus, and in the absence of any 
positrons, SE cannot be ascertained. The ratio R increases rapidly with SE. 
Taking the rest mass of the neutrino as zero, R is infinite for — me 2 <8E < me 2 
because such SE is insufficient to enable positrons to be emitted, though 
s uffi cient to permit electron capture. Thus the fact that in the above case 
at least 500 ^-captures take place without the emission of any positrons, 
probably means that SE<mc 2 , i.e. that positron emission is energetically 
impossible. 

The upper limit to the spectrum of the positrons emitted by V 48 (half- 
life =16 days) is about 1-0 MeV, i.e. SE— 1*0 MeV + me 2 = 1-5 MeV. The 
atomic number is 23. For this case according to calculations carried out by 
Moller (1937) R~ 0*10 in Fermi’s theory of ^-transformation, R ~ 1*0 in the 
modification of it by Uhlenbeck and Konopinski. We have estimated the 
actual value of R for this case as follows. 

The half-life of the V 48 activity, viz. 16 days, is such that the old sample 
of bombarded titanium used in the experiments of Williams and Pickup, 
and which has also been used in many of the present investigations, showed 
very little of the activity. For the purpose of the following measurements 
Dr Alvarez kindly prepared and sent us a new titanium sample. The radia¬ 
tions from this were investigated, using the cloud chamber, the radiations 
being collimated as described in §2. 54 days after activation 28*4 ±0-5 
photoelectron tracks were observed per photograph. The positrons then 
emitted were too many to be counted. 44 days later, i.e. 98 days after 
activation 24*6+ 0-5 photoelectron tracks and 14 positrons were observed 
per photograph.f If the photoelectron tracks were all due to the 600-day 
activity of V 47 the number expected 44 days earlier would be 

(24*6 ± 0*5) x 2 44 / 600 = 25*9 + 0*5 

* The result of course also means that the number of iT-captures is of the order 
of 500 times greater than the number of any quanta emitted during the process, with 
energy of the order of or greater than 5 x 10 5 V. This result has already been dis¬ 
cussed in § 3 (6). 

t For counting the photoelectron tracks a strong magnetic field was used, as 
explained in § 2, to clear the chamber of electron tracks. In the observation on the 
electrons a low field of about 300 G was used. 
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as compared with the actually observed number 28-4 + 0-5. The errors 
indicated are only the statistical errors due to the finite number of tracks 
counted. We believe, however, that the excess of the actual number observed 
54 days after activation, viz. 28-4, over 25*9 is outside experimental error. 
The excess indicates the presence of an electron-capture activity of shorter 
half-life, and is consistent with the supposition that V 48 , which has a half- 
life of 16 days, transforms by electron-capture as well as by emitting 
positrons. Assuming this to be so the ratio, -R obsJ of the number of observed 
photoelectron tracks due to A-capture by V 48 to the number of positron 
tracks is 0-032 + 0-01. To obtain the true value of R we must subtract from 
this the effect of the secondary A-radiation emitted by the active material 
due to its traversal by the positrons and then multiply by the factor 
(co'fi'/otcofi-Ly). Since the positrons and A-radiation are subjected to the same 
collimation G) = co'. j3\ which represents the fraction of positrons which reach 
the effective region of the chamber, is about 0-8. The absorption of the ir¬ 
radiation in reaching this region is much greater giving jS x ~ 0-35.* The prob¬ 
ability y that a A-quantum is absorbed in traversing the effective region is 
about 0-7. The internal conversion coefficient cl — 0-21. Thus co'fl'/occo^y = 15. 
Regarding the secondary process mentioned above it is shown in the 
appendix that its contribution to R is 

jB' bs = hiaofiiyl/Mo'fi') (1-147 rNe^/mv^J) [log(2mv 2 /42J(1 — /? 2 )) + 1 — /? 2 ]. (A) 

/i is the linear absorption coefficient for the A-radiation, N the number of 
atoms per c.c., J -(13*5 x Z)V. v is an effective average velocity of the 
positrons. is the fraction of A-quanta not absorbed between the source 
and the effective region of the chamber. For the case under consideration 
^obs” 0*004 (see appendix) and represents therefore a small correction. The 
value of jR obg due to electron capture is therefore 0-032 — 0-004 = 0-028, 
and the value of R is 0*028 x 15 = 0*4 (+ 0-15). 

This value is of the same order of magnitude as the theoretical values 
already quoted, being actually between the value required by Fermi’s 
theory (0-1) and that required by the theory of Uhlenbeck and Konopinski 
(1*0). The theoretical values given assume the transition concerned, viz. 

* Let/( x) dx be the fraction of active atoms at a depth below the surface between 
x and x + dx. Then since the X-quanta concerned are emitted approximately normally 

rco 

the fraction, ft 2 > of these which emerge from the specimen is I f(x) e~f ix dx where 

Jo 

ji is the linear absorption coefficient of the Irradiation in the material concerned. 
Ass uming that f(x) is proportional to Gamow’s excitation function we find j5 2 = 0*5. 
The fraction of these which are not absorbed in the gas between the specimen and 
the sensitive part of the chamber is about 0-7, thus giving = 0*7 x 0-5 = 0*35. 



372 H. Walke, E. J. Williams and G. R. Evans 

V 48 to Ti 48 , to be an “allowed” one. The long half-life (16 days) associated 
with the positrons of maximum energy 1 MeV, indicates that the transition 
is actually highly forbidden, and it is to be expected that R is greater 
for such transitions. As the observed value is already less than that 
required by the U.K. theory even for allowed transitions the above result 
must be regarded as more favourable to Fermi’s theory. In this con¬ 
nexion it is of interest that the distribution of the energy of the positrons 
is in better accord with the requirements of the U.K. theory. However, 
before the situation can be further profitably discussed the value of R must 
be more accurately determined and the possibility that the positron spec¬ 
trum is the resultant of “partial spectra” must be investigated by a more 
thorough search for accompanying low-energy y-radiation (-0*35 MeV) 
than has hitherto been made.* 


4. Branching decay of Sc 46 to isobaric calcium 

AND TITANIUM ISOTOPES 

The lightest stable isotope of titanium, viz. Ti 46 , has the same mass number 
as an isotope of calcium recently discovered by Mer ( 1938 ), viz. Ca 46 . The 
latter is present in calcium to the extent of about l part in 30,000. Its 
stability was actually predicted by Wigner ( 1937 ) on the basis of mass 
defect considerations before Nier’s work. These isobars belong to elements 
which differ in atomic number by two, the atomic number of calcium being 
20 and that of titanium 22 . With electron capture as a possible mode of 
nuclear transformation it follows from simple energy considerations, as has 
often been pointed out, that in such a case the isobaric nucleus of inter¬ 
mediate atomic number is unstable with respect to both its neighbours. 
Thus we would expect Sc 46 (Z = 21 ) to transform to Ti 46 by electron emission 
and to Ca 46 by electron capture (and possibly, though not necessarily, 
positron emission as well). 

Scandium has only one known stable isotope, of mass number 45, thus 
confirming the instability of Sc 46 . Hevesy and Levi ( 1938 ) found that by 
bombarding scandium with neutrons a negative-electron activity was 
produced, of half-life about two months, which they ascribed to Sc 46 .f 

* As pointed out by Professor Peierls the Fermi plot of V 48 can be analysed into 
two partial spectra, the hypothetical y-ray corresponding to the energy difference 
of the two spectra being — 0*35 MeV. 

t Hevesy and Levi ( 1938 ) also reported an activity of much longer period, but this 
must have been due to an impurity as in the present experiments in which the decay 
has been followed for a very much longer time there is no indication of a longer 
period activity. Actually a longer-period activity was observed in an earlier experi- 
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This was confirmed in subsequent work by Walke ( 19376 ) who showed that 
the activity was inseparable from scandium and could be produced by 
bombardment with slow neutrons. The activity was also produced by bom¬ 
bardment with fast deuterons. the reaction being Sc 45 + H 2 Sc 46 + H 1 . 
The half-life of the activity according to Walke’s early observations and 
from further observations in the present investigation in which the decay 
of the activity has been followed for over 500 days is 85+1 days. The 
electrons emitted have a maximum energy of about 0*26 MeV. 



Fig. 3 

The decay curve of Sc 46 is reproduced in fig. 3, and in fig. 4 is shown the 
absorption in aluminium of the disintegration electrons. 

The value for the maximum energy of the electrons is quite different 
from that previously reported by one of us (Walke 19376 ) and obtained 
from measurements made on active scandium prepared from a com¬ 
mercial sample. The upper limit of the electrons from this sample was found 
to be 0*9 MeV. However, the absorption curve showed the presence of two 

ment by one of ns (H. W.) in which a commercial scandium sample was used. The 
sample whose decay has been followed in the present experiments was obtained by 
bombarding with deuterons some scandium oxide of highest purity, kindly supplied 
to one of us (H. W.) by Professor G. N. Lewis. 
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groups of particles, the soft group which has now been observed with the 
high purity sample, and a weak group of higher energy. These results suggest 
again that there is an impurity in many scandium samples, and we infer 
from the linearity for about 8 half-value periods of the decay curve observed 
that the very pure scandium oxide that the soft particles emitted by it are 
the true disintegration electrons of Sc 46 . 



thickness of aluminium (mm.) 
Fig. 4 


The above activity confirms the expectation that Sc 46 is unstable with 
respect to Ti 46 the emission of electrons transforming it to that isotope. There 
is no evidence in previous observations for the transformation to Ca 46 . 
If this happened to any appreciable extent by positron emission it would 
undoubtedly have been observed. In the present experiments for instance 
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we have observed in the cloud chamber about 600 electrons belonging to the 
electron activity but no positrons, at least with energy greater than about 
100,000 V. There is, moreover, no evidence for annihilation radiation so that 
there cannot be many slow positrons emitted. A nucleus is not however 
necessarily unstable towards positron emission with respect to a stable iso¬ 
tope of lower atomic number (and same mass number) as it may be unstable 
only with respect to electron capture. The emission of the characteristic 
If-radiation accompanying this process could easily have been undetected 
in previous experiments, and accordingly we made fresh observations on 
the radiations from active Sc 46 using the large cloud chamber. 

The sample consisted of activated Sc 2 0 3 together with a certain amount 
of inactive oxide, and it was spread out thinly under thin cellophane. On 
account of the size of the sample no timed shutter could conveniently be 
used so that some diffused tracks were present in the photographs. To 
facilitate the detection of the short photoelectron tracks a magnetic field 
of about 2000 G was used to bend away the electrons due to the trans¬ 
formation to Ti 46 . The photographs distinctly revealed short photoelectron 
tracks, proving the emission of if-radiation. The number of these tracks 
observed was about one per photograph. A photograph is reproduced in fig. 9 
(Plate 9) which shows three or four such tracks, thus more than the average. 
The number of electron tracks per photograph (investigated with a lower 
magnetic field, viz. 300 G) was about 20. The if-radiation emitted, due 
to the ionization of the if-shell by the electrons, may be reliably estimated 
by means of equ. (B). Its evaluation for the present case (see appendix) 
shows that the number of photoelectrons produced in the effective part of 
the chamber due to this secondary effect is about 0*002 per electron observed. 
The actual number produced is about twenty times greater, and in all 
probability signifies a If-capture activity, thus verifying the decay of Sc 4S 
to Ca 46 .* Thus we have an actual example of the double instability of 

* There is little possibility that the if-radiation is due to the removal of a K- 
eleetron by internal conversion. The y-rays which we observed to be emitted by the 
source (E ~ 1*0 MeV) are certainly not internally converted to the extent required, 
as a strong group of electrons with energy from about 0*5-1 MeV would then be 
observed, while actually there is no evidence for any electrons with energy greater 
than about 260,000 V. For this alternative explanation it would be necessary to 
assume an internal conversion coefficient very close to unity so that the y-rays 
escaping from the atom would be very weak and difficult to detect. Such a high 
internal conversion is however rather unlikely in this region of atomic number even 
for low-energy y-rays. Electron capture is much the more likely process. The Ir¬ 
radiation emitted was far too weak to measure its absorption and hence the atomic 
number of the emitting atpm. Such measurement would of course definitely decide 
between electron capture and internal conversion. 
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a nucleus with respect to stable isobaric neighbours, a type of instability 
which has of course been assumed for a long time in the theory of nuclear 
transformation and stability. 

The absence of any evidence for the emission of positrons in the trans¬ 
formation from Sc 46 to Ca 46 indicates that such emission is energetically 
impossible, as it is in the case of the 600-day activity of V 47 described in the 
previous section. The upper limit which we can set to the ratio of captured 
electrons to positrons emitted in the present case is however much less than 
in that of the 600-day activity. 

The transformation of Sc 46 is accompanied by the emission of y-rays 
whose quantum energy, from measurements of the range of the recoil 
electrons (§ 2 ), is about 0-95 MeV.* If this radiation is attributed to Ca 46 , left 
in an excited state after the transformation of Sc 46 by electron capture, the 
energy difference between the Sc 46 and the ground state of Ca 46 could hardly 
be ins ufficient to enable the transition to the ground state to take place by 
emitting a positron. The absence of positrons is accordingly somewhat 
against this origin of the y-rays. A similar difficulty is however met with if 
we attribute the y-rays to Ti 46 formed in an excited state after transforma¬ 
tion of Sc 4e by electron emission. For in that case direct transition to the 
ground state of Ti 46 would cause the emission of electrons with energy over 
1 MeV, which have also not been observed. Thus in either case transition to 
the ground state must be assumed to be highly forbidden and in fact more 
highly forbidden in the case of the electrons than in that of the positrons. 
A distinction between the two alternatives could of course be made by 
determining the ratio of the number of y-quanta emitted to the number of 
electrons emitted and electrons captured respectively. From measurements 
we have made there is a rough one to one correspondence between the 
number of y-quanta and electrons emitted. The number of electrons captured 
cannot be as accurately measured but as it is also of the same order of magni¬ 
tude we cannot at present make a distinction in this way. 

5. Isomeric isotopes oe titanium 

In addition to the positron and electron-capture activities which we have 
discussed in § 3 the bombardment of titanium by deuterons produces two 
other activities in which negative electrons are emitted (Walke 1937 a). 
One of these, which has a half-life of 2-8 min., was attributed to Ti 51 , the 
reaction being 

Ti 50 + H 2 -> Ti 51 + H 1 : Ti 51 V 51 + e~ 

* The y-radiation may actually be complex as recently a weak component of energy 
—1*4 MeV has been observed. 
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The other, with a half-life as then measured of 85 days, was attributed to 
Sc 46 , according to 

Ti 48 + H 2 -> Sc 46 + He 4 : Sc 46 -> Ti 46 + er. 


The evidence for the former was fairly conclusive because the activity 
could also be produced by bombarding titanium with slow neutrons, i.e. by 
neutron capture. Titanium has stable isotopes for all mass numbers from 
46 to 50, and therefore an unstable isotope produced by neutron capture 
can only be Ti 51 , the neutron being captured by Ti 50 . 

The main grounds for attributing the 85-day activity to Sc 46 were that the 
energy of the electrons and the half-life agreed within experimental error 
with those previously given for the electron activity of Sc 46 observed in 
earlier experiments. We have now made a further investigation of this com¬ 
paratively long-period activity and the results obtained show that the 
above agreement in rate of decay and in the energy of the electrons is acci¬ 
dental. A chemical separation of the titanium sample into calcium, scandium, 
titanium and vanadium was carried out, and the long-period electron 
activity was found to belong not to scandium, as expected, but to titanium. 
The separated scandium showed no activity. That the activity observed in 
the separated titanium was the same as that belonging to the complex 
titanium source was confirmed by measuring the range of the electrons, which 
was found to be the same for the two within the experimental error of 2 
or 3 %. 

It must be mentioned that further measurements on the rate of decay of 
chemically separated titanium have disclosed the result that the half-life 
is actually not in very close agreement with that of Sc 46 , viz. 85 days. The 
half-life is actually 72 + 2 days, the result of 85 days observed with un¬ 
separated samples being due to the fact that in the measurements con¬ 
cerned the 600-day electron-capture activity plays a part. The experimental 
arrangement was such that the soft if-radiation accompanying this activity 
could enter the ionization chamber, and during the period of observation it 
gave, in combination with the 72-day electron activity, an effective half-life 
of 85 days. 

The emission of electrons in the 72-day activity transforms the respon¬ 
sible titanium isotope to one of vanadium, and since the only stable isotope 
of vanadium is V 51 the active titanium isotope must be Ti 51 . However, we 
have already ascribed to Ti 51 the electron activity with a half-life of 
2*8 min. Thus Ti 51 must be assumed to exist in two isomeric forms, one with 
a 2*8 min. electron activity the other with a 72-day electron activity. That 
the new 72-day activity must be attributed to an isomer of another isotope 
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actually does not depend on the result that V 51 is the only stable vanadium 
isotope. We know that titanium has 5 stable isotopes with mass numbers 
from 46 to 50 so that if we are not to assume isomeric nuclei the 72-day 
activity must be ascribed to an isotope with mass number less than 46 or 
greater than 50. The former can be ruled out because the activity is one in 
which negative electrons are emitted. Moreover, Ti 45 would transform to V 45 
which should certainly be unstable and far more unstable than Ti 45 . On the 
other hand a titanium isotope with mass number greater than 51 cannot 
possibly be formed from any stable titanium isotope by deuteron bombard¬ 
ment. We are thus led to the conclusion that the 72-day activity must 
belong to an isomer, either of one of the stable isotopes of titanium or of the 
active Ti 51 with the 2*8 min. activity, and the fact that V 51 is the only known 
vanadium isotope decides in favour of the latter. 

Ti 51 V 51 I 


metastable level 
ground state 


' IK 



-(1-36+E) 

-1*36 


hi *0 
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Fig. 5. E = unknown energy difference between metastable and 
ground levels of Ti 51 . 


The question now arises of the relative energies of the two isomers of 
Ti 51 . According to von Weizsacker ( 1936 ) the main difference between two 
isomeric nuclei is one of angular momentum of their constituent particles, 
a difference of 3 or 4 quantum units being, as he showed, sufficient to make 
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a radiative transition so highly forbidden that the state of higher energy 
can persist for a long time. Regarding the isomers of Ti 51 we have at present 
no definite evidence to show which represents the ground state, because the 
energy of the electrons emitted in the 2*8 min. activity is not known, nor 
that of the accompanying y-rays. The upper limit to the energy of the 
electrons belonging to the 72-day activity is about 0*36 MeV, while the 
quantum energy of the accompanying y-rays is approximately TO MeV, the 
intensity of the y-rays corresponding within experimental error to 1 quantum 
per disintegration. These results are represented by the level scheme in fig. 5. 
In addition to the mass of the electron emitted the energy of the titanium 
isotope is 1*36 MeV greater than that of V 51 in the ground state. We have 
observed no electron with energy corresponding to the direct transition 
from the titanium isotope of half-life 72 days to the ground state of V 51 . 
In view of the comparatively large energy available for the transition 
(~ T4 MeV) we must conclude that it is a forbidden transition of a very high 
order. In the diagram the isomer of Ti 51 with the 2*8 min. activity has been 
assigned the higher energy level, which is a ‘priori more probable in view of 
its much shorter life. The correct level can be ascertained only by further 
measurements on the energy of the electrons and y-rays of this short-period 
activity. (The possible modes of decay of the metastable level of Ti 51 are 
shown.) 

The observation of an excited state of V 51 is interesting in view of the 
recent work of Davidson and Pollard ( 1938 ) on the proton groups ejected in 
the reactions 

Ti 48 + He 4 V 51 + H 1 . 

Their results indicate that an excited state of energy ~1*1 MeV above 
ground-level exists in V 51 . This is so close to the excited state found here 
(TO MeV above ground-level) that in all probability the same excited state 
has been observed in the two reactions. 

This work has only been made possible through the generosity of Pro¬ 
fessor E. 0. Lawrence of the Radiation Laboratory of the University of 
California, who has kindly supplied us with the necessary radioactive 
material. We wish to record here our grateful thanks for his co-operation. 

We wtish also to express our appreciation of the constant interest which 
Professor J. Chadwick, F.R.S., has shown in the progress of the work. 

One of us (H. W.) acknowledges gratefully the award to him of a Senior 
Studentship by the Royal Commission for the Exhibition of 1851. 
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6. Summary 

A study lias been made of the long-period activities induced in titanium 
and scandium by activation with deuterons of high energy and in titanium 
by activation with 11 MeV a-particles. 

A radioactive isotope of vanadium has been established of half-life 600 ± 50 
days which decays almost entirely by X-electron capture. It is ascribed to 
V 47 . The ratio of X-capture to positron emission has been studied in V 48 . 
The observed X-ray intensity is compatible with that required by the Fermi 
interaction, the ratio X-capture/positron emission being 0-40 ± 0*15. 

An isomeric form of Ti 51 has been detected of half-life 72 ± 2 days which 
decays by emitting electrons of maximum energy 0*36 MeV, the product 
nucleus V 51 being always left in an excited state of energy 1*0 MeV. 

The branching decay of Sc 4S by ii-electron capture and electron emission 
has been observed. The half-life of Sc 46 has been confirmed as 85 ± 1 days, the 
maximum energy of the disintegration electrons being 0*26MeV; y-radiation 
of energy 0*95 MeV is also emitted. 

Appendix 

Emission of K-quanta due to ionization of K-level 
by fast electrons [or positrons) 

Every source which emits fast electrons will also emit some of its cha¬ 
racteristic X-radiation due to the ionization of the X-level by these elec¬ 
trons.* The number, of atoms thus ionized by an electron per cm. of its 
path is given with an accuracy of 10-20 % (according to the velocity of the 
electron) by the quantum-mechanical formula for the ionization of hydrogen 
atoms, provided we substitute the X-ionization potential (J) for that of 
hydrogen. We then have 

I k = (l*147rXe 4 /mv 2 J) [log e (42m^ 2 / J) + log (1 — v 2 jc 2 )~ l — v 2 /c 2 ], (B) 

N being the number of atoms per c.c., v the velocity of the electron. Let 
ndx be the number of electrons emitted at an angle less than 8 with the 
normal to the source. Then the total length of electron path in a layer 
parallel to the surface of thickness Sx is 2ndx/sm 2 6, and the number of 

* We have observed the production of short photoelectron tracks due to the ab¬ 
sorption of T iK a by covering a strong radium E source with a thin layer of titanium 
metal, and investigating the emitted radiations with the cloud chamber. By applying 
the maximum magnetic field the electrons were prevented from entering the sensitive 
volume of the chamber. Many short range photoelectrons were clearly evident exactly 
similar to the “spots 55 observed with V 47 . 
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A-quanta emitted from this layer is oc(2n/sin 2 6) I k dx where a is the internal 
conversion coefficient. Integrating over x and allowing for the absorption 
of the A-radiation we find that the number of quanta which emerge within 
an angle <j> of the normal is a(2n/sin 2 6) I k sin 2 where [i is the linear 

absorption coefficient of the if-radiation. The fractions oj and co f of if-quanta 
and electrons which are directed towards the effective part of the chamber 
(notation as in equation A of the text) are respectively measured by sin 2 <j> 
and sin 2 8. In the text (also equ. A) /?' measures the fraction of electrons 
which reach the sensitive part of the chamber, and y the probability that a 
A-quantum is absorbed in traversing the effective region. Denoting further 
by the probability that a A-quantum is not absorbed between the source 
and the effective region the ratio, R' 0 ^ of the number of observed if-photo¬ 
electrons to the number of observed electrons is 

i.e. 

R ' ohs == ifatoyfiilfi'oi'/i) (l-l4:7rNe*/mv 2 J) 

x [log e (42mv 2 /J) — log(l — v 2 /c 2 ) — v 2 /c 2 ] s 

which is equation (A) of the text. 

The effective value of v 2 for disintegration electrons may be taken 
roughly as the value of v 2 corresponding to the mean energy. It would appear 
at first that electrons with small v 2 , corresponding to the low-energy end of 
the spectrum, would contribute a great deal to R'. However, the derivation 
of the formula assumes that the electrons have sufficient energy to give 
them a range large compared with the depth from which the if-radiation 
can emerge—which is of the order of jur 1 . Electrons with less energy than 
this (~ 100,000 V for titanium) contribute somewhat less than in proportion 
to their energy (and not in proportion to 1/v 2 ). The low-energy end of the 
spectrum is thus unimportant. For disintegration electrons with a maximum 
energy of 1 MeV we may take the effective value of v 2 /c 2 as 0-6, and 0*4 for 
a maximum energy of 0*4 MeV. 
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Description op plates 
Plate 8 

Fig. 6. Photoelectron tracks (“spots”) due to X-radiation from titanium source 15 
months after activation showing hood and collimating slit. (x^.) Magnetic 
field- 2000 G. 

Fig. 7. X-ray “spots” from uncollimated titanium source 17 months after activation 
The high absorption coefficient of the soft X-rays concerned is shown by the 
falling off in the density of spots with distance from the source. ( x t^j.) 

Plate 9 

Fig. 8 . Positrons from V 48 , electrons from Ti 51 and X-ray “spots” emitted by 
titanium source 98 days after activation. Some of the latter are indicated by 
arrows. (x ■%■§.) 

Fig. 9. X-ray “spots” from Sc 46 . ( x ^V) 
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Electron transfer in argon 

By F. L. Arnot, Ph.D., Lecturer in Natural Philosophy 
and W. D. Hart, B.Sc., The University of St Andrews 

{Communicated by H . S . Allen , F.R.S.—Received 24 February 1939) 

Introduction 

When a singly-charged ion A collides with a normal atom B an electron 
may be transferred from B to A with the result that A becomes a neutral 
atom and B becomes a singly-charged ion. If the ionization potential of A 
is greater than that of B this process results in an evolution of energy equal 
to the difference between the ionization energies of A and B. This excess 
energy may be employed in increasing the kinetic energy with which the 
two particles separate or in exciting one of the atoms A or B. 

If a doubly-charged ion A collides with a normal atom B, an electron 
being transferred from B to A during the collision, the process results in two 
singly-charged ions. The energy liberated in this process is equivalent to 
the difference between the second ionization potential of A and the first 
ionization potential of B . This may be partially or wholly employed in 
exciting one of the resulting ions or in increasing the kinetic energy of the 
separating particles. 

An investigation of a process of this type has recently been made by 
Arnot and M’Ewen ( 1939 ) in mercury vapour, A being a doubly-charged 
mercury ion and B a normal mercury atom. The process can therefore be 
represented as 

Hg 2+ + Hg ->• Hg+ + Hg+. 

The internal energy set free in the collision by the capture of the electron is 
8*28 e-volts, of which it was found that at least 2 e-volts were shared as 
kinetic energy between the two Hg + ions in accordance with the principle 
of conservation of momentum. The cross-section for this process was 
obtained for energies of the Hg 2+ ion from 140 to 400 e-volts. 

The present paper deals with an investigation of the same type of process 
in argon which can be represented as 

Ar 8 + + Ar Ar + +Ar + . 

An attempt was also made to detect this process in neon and helium, but 
this was unsuccessful owing to the low probability of formation of doubly 
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charged ions in these two gases. An upper limit to the cross-section for neon 
for the occurrence of this process was obtained. 

Apparatus 

For a full description of the apparatus and experimental procedure the 
reader is referred to the paper on the electron transfer process in mercury 
(Arnot and M’Ewen 1939 ). It will be sufficient here to recall that the 
apparatus consisted essentially of a field-free cylinder C 2> 1*5 cm. in diameter 
and 1*5 cm. in length, closed at each end by gauzes both of which are 
denoted by G s . Above C 2 there was another field-free cylinder G x containing 
the gauzes G x and G 2 the gas between which was ionized by electrons 
accelerated to G x by a potential V 0 . These ions were accelerated into the field- 
free cylinder C 2 by a potential V x between G 2 and the upper 6 ? 3 . On emerging 
from C 2 the ions were retarded by a potential V 2 between the lower G 3 and 
another gauze (? 4 . The ions passing through (? 4 were received by a Faraday 
cylinder connected to a galvanometer. The construction of the lower part 
of the apparatus was such that ions passing out of C 2 through G s at any 
angle would enter the Faraday cylinder. 

After the usual baking of the apparatus and the flashing and running in 
of the filament, the potential accelerating the electrons to G x was set at 
77 Y. The various values given £o V x were all greater than V 0 in order to 
prevent electrons entering the field-free cylinder C 2 . For each value of V x 
the positive ion current to the Faraday cylinder was measured as a function 
of the variable potential V 2 . The retarding potential curve so obtained was 
then differentiated to give the energy distribution of the ions emerging 
from C 2 . 

By a slight modification of the apparatus the energy distribution of the 
ions entering C 2 could also be determined. The experimental procedure was 
to obtain for each value of V x ( 1 ) the energy distribution of the positive ions 
entering the field-free cylinder 0 2 , called the incident ions and ( 2 ) the energy 
distribution of the ions after they had passed through C 2 , called the emergent 
ions . 

For all results the pressure of argon in the apparatus was 1*87 x 10” 2 mm. 
of Hg. The argon was supplied in glass cylinders by the British Oxygen 
Company as spectroscopically pure. Vacuum runs were taken before each 
set of curves in argon to ensure that the apparatus was free from mercury 
vapour, which was excluded by liquid air traps. In these vacuum runs the 
pressure of residual gas was always less than 10” 5 mm. 
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Fig. 1 shows the type of energy distribution curve obtained for the 
emergent ions. The electrons producing the ionization between G ± and G 2 
had an energy of 77 e-volts. The Ar + and Ar 2+ ions were accelerated between 
G 2 and G 3 by a potential of V ± = 80 V. After passing through the field-free 
cylinder C 2 they were retarded between G z and C ? 4 by a variable potential 
V 2 . The retarding potential curve was then differentiated to give the curve 
shown in fig. 1 . This curve shows the intensity of the positive ion current 
reaching the Faraday cylinder as a function of the retarding potential V 2 . 



retarding potential V 2 or energy of Ar+ ions in eV 

Fig. 1 . A typical energy distribution curve obtained for the emergent ions. 

F 1 = 80 V is the potential difference applied to accelerate the incident ions. 

The large peak occurring at a retarding potential V 2 = 80 = F x is mainly 
due to singly-charged Ax + ions which suffer no loss of energy between the 
accelerating and retarding fields. Thus the abscissa scale of fig. 1 represents 
the energy in e-volts of these singly-charged ions. Amy doubly charged ions 
that pass through C 2 without change of energy will also contribute to the 
peak at V 2 = V v but owing to their double charge their energy will be equal 
to 2V X e-volts. 

As shown in the paper on electron transfer in mercury (Arnot and M’Ewen 
1939 ) the small peak to the right of the main peak is due to singly-charged 
ions having an energy of V 2 = 2 V v that is, the retarding potential V 2 has to be 
about twice the accelerating potential V x in order to prevent these ions from 
reaching the Faraday cylinder. These fast ions producing the small peak at 
2T{ arise from the electron transfer process 

Ar 2+ -f At Ar + +Ar + } 
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occurring in the field-free cylinder C 2 . Since the ion is accelerated while it 
has two charges and retarded when it has only a single charge, the retarding 
potential V 2 must be increased to twice the accelerating potential V x before 
these ions are stopped. It should be noticed that the ordinates of the main 
peak at V 2 = 80 = V x have all been reduced by a factor of 500. 



energy of Ar+ ions in eV 

Fig. 2. Energy distribution curves obtained for the emergent ions. V 1 is the potential 
difference applied to accelerate the incident ions. The points over the peaks are 
taken from the curves of fig. 3, and show that the energy spread of the emergent 
ions is mainly accounted for by the energy spread of the incident ions. 

Fig. 2 shows a set of these energy distribution curves for the emergent ions 
for seven different values of the accelerating potential V v For each curve V 0 
was 77 V which is below the critical potential, 88 V (Bleakney 1930 ), for 
the formation of Ar 3+ , thus ensuring that only Ar+ and Ar 2+ ions were formed 
between and (? 2 - Since we are concerned only with the fast ions resulting 
from the transformation Ar 2 ++Ar-> Ar++Ar+ in the field-free cylinder C 2 , 
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the energy distribution curves are shown only for retarding potentials 
greater than V v The abscissae of these curves represent the retarding 
potential between G 3 and G 4 , and thus give the energy in electron-volts of 
the fast Ar + ions resulting from the electron transfer. Each energy distri¬ 
bution curve has its main peak occurring at a value equal to V 1 e-volts and 
a second peak at a value a little less than e-volts. For example, the 
accelerating potential between G 2 and G 3 was V x = 81V for the bottom curve 
of fig. 2 . The curve shows one side of the large peak of normally accelerated 
and retarded Ar+ ions at 81 e-volts, and a small peak of ions resulting from 
electron transfer in C z at 149 e-volts. The points on the second peak will be 
referred to later. 

In the electron transfer process we might expect the kinetic energy of 
the Ar 2+ ion to be shared in a random way between the two Ax+ ions. If 
this were so, we should not obtain a sharp peak of Ar+ ions but, instead, the 
ions should appear over a wide range of energy between V 1 and 2V v A sharp 
peak of fast Ar+ ions resulting from the above process would mean that the 
angle between the incident Ar 2+ ion and the onward travelling Ar+ ion 
always had the same value. 

It is therefore of considerable importance to find whether the energy 
spread of the peaks in fig. 2 can be fully accounted for by an energy spread 
in the incident doubly-charged ions. If it can be so accounted for, then the 
angles involved in the above process have definite values. On the other hand, 
if the energy spread in the peaks of fig. 2 is definitely greater than that in 
the incident Ar 2+ ions, then the angles involved in the above process can 
have a range of values. 

We have therefore to determine the energy spread of the incident Ar 2+ 
ions when they enter the field-free cylinder C 2 . To do this we used a modified 
form of the apparatus (see Arnot and M’Ewen 1939 ). This gave us the energy 
distribution of the positive ions formed between G ± and G 2 , 91*7 % of which 
are Ar + ions and only 8*3 % Ar 2+ ions for F 0 = 77 V (Bleakney 1930 ). We 
cannot separate the Ar 2+ ions from the Ax + ions, but since they form only 
8*3 % of the total, the curves obtained will represent the energy distribution 
of the Ar + ions. These curves for the seven different values of the accelerating 
potential V 1 used for the results given in fig. 2 , are shown in fig. 3. The factors 
introducing the inhomogeneity into the Ar + ions will operate also on the 
Ar 2+ ions, and thus we may take these curves to represent the energy 
distribution of the Ar 2+ ions provided we multiply the abscissa scale of 
energy by the factor 2 , since the Ar 2+ ions have twice the energy of the Ar + 
ions owing to their double charge. Thus the energy spread of the Ar 2+ ions 
is twice that of the Ar + ions. The lower energy scale in fig. 3 is for the Ar + 
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ions which do not farther concern us, while the upper scale is for the Ar 2+ 
ions. 

Points taken from these energy distribution curves for the incident Ar 2+ 
ions have been fitted to the peaks of fig. 2 at their maxima. We see that the 
points all fall on the curves for V 1 = 81, 101 , and 121 , thus showing that the 
energy spread in these peaks is fully accounted for by the energy spread in 
the incident Ar 2+ ions. For the higher energy peaks of fig. 2 , those for 
J? = 142,162,182 and 202 , the energy spread of the fast Ar+ ions appears to 
be rather greater than the energy spread of the incident Ar 2+ ions. We 
conclude, therefore, that when the Ar 2+ ion has an energy less than 242 
e-volts (twice T[ owing to the double charge) the electron transfer process 
results in the Ar + ion coming off at a fixed angle for any one value of the 
energy of the incident ion, while for higher energy impacts the angle may 
perhaps vary over a small range. 

For mercury (Arnot and M’Ewen 1939 ) the energy spread of the fast Hg + 
ions was fully accounted for by the energy spread in the incident Hg 2+ ions 
for each value of V x used, 70-200 V. 


Probability of the electron transfer process 

For any one value of V 2 let A be the area of the peak of emergent ions 
shown in fig. 2 , and let a be the area of the peak of incident Ar 2+ ions. From 
Bleakney’s ( 1930 ) results the ratio of the number of Ar 2+ ions formed by 
electrons of 77 e-volts energy to the number of Ar + ions is 0*083, and there¬ 
fore a is 0*083 times the area of the peaks in fig. 3 which were obtained for 
the incident Ar + ions. Since measurement of the areas A and a represents 
integration of the peak curves these areas can be read off from the retarding 
potential curves, differentiation of which gives the peak curves. The values 
so obtained were compared with those got by measuring the areas of the 
peaks with a planimeter. The good agreement obtained provides a check on 
the differentiation of the retarding potential curves. 

The areas A and a are those of the hatched portion of the peaks in figs. 2 
and 3. An energy spread of 30 e-volts was adopted for the peaks of fig. 3, 
i.e. the hatched portion of each peak extends over an energy range of 
30 e-volts. It should be remembered that the upper energy scale is the appro¬ 
priate one for the Ar 2+ ions in fig. 3. The portion of the emergent ion peaks of 
fig. 2 to be hatched was then determined by fitting the incident ion peaks to 
the peaks of fig. 2 as shown by the points over the peaks. The hatching was 
then extended down 30 e-volts from the upper energy limit of the fitted 
incident ion peak. 
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The fraction of the total number of incident Ar 2+ ions which, on collision 
with neutral atoms, give Ar+ + Ar + by electron transfer in passing through 
the field-free cylinder C 2 is then given by 

N = (A/a) SIF , 

where S = 1/30 is the ratio of the galvanometer shunt factors for the results 
of figs. 2 and 3 respectively, and I = 1/8 is the ratio of the filament emissions 
for the results of figs. 3 and 2 respectively. The latter was 1 mA for the results 
of fig. 3 and 8 mA for those of fig. 2 . The ion current was found to be a linear 
function of the filament emission. The factor F — 1/0*71 is introduced since 
the number of gauzes in the apparatus which gives the results of fig. 2 is 
one more than in the modified apparatus (Arnot and M’Ewen 1939 , fig. 1 b) 9 
which gives the results of fig. 3, the transmission area of each gauze being 
71 % of its total area. 


energy of Ar 2+ ions in eV 
80 160 240 320 400 



energy of Ax+ ions in eV 

Fig. 3. Energy distribution curves for the incident Ar+ and Ar 2+ ions. 

The cross-section for the electron transfer process is then 

Q = Njnxp, 

where n = 3*56 x 10 16 is the number of atoms per c.c. at a pressure of 1 mm. 
of Hg at 0 ° C, p = 1-87 x 10~ 2 is the argon pressure in C 2 , x — 1-5 is the 
distance the Ar 2+ ions travel in the field-free cylinder C 2 . We thus obtain 

Q = 5-87 x 10~ 18 A ja. 

The cross-section for the electron transfer process Ar 2+ -{- Ar->Ar + + Ar + 
as a function of the energy of the incident Ar 2+ ions in electron-volts is 
shown in fig. 4. One set of points is obtained from the results given in fig. 2 ; 
the other set is from another independent run. The curve extrapolates to an 



390 


F. L. Arnot and W. D. Hart 


energy of 76 e-volts which gives the activation energy of the process. The 
kinetic theory cross-section for collision of two neutral Ar atoms, determined 
from viscosity measurements, given in the Landolt-Bornstein Tables is 
36*5 x 10~ 16 cm. 2 . Therefore the cross-section for the electron transfer 
process for incident Ar 2+ ions of 400 e-volts energy is of the order of one- 
hundredth of the gas-kinetic cross-section for collision. 



energy of Ar 2 + ions in eV 

Fig. 4. Cross-section for electron transfer as a function of the energy of the incident 
Ar 2+ ions. Line at 3-65 x 10~ 17 cm. 2 is one-hundredth of the gas-kinetic cross-section 
for collision. 

An attempt was made to detect the corresponding electron transfer 
process in neon and in helium, but this was unsuccessful owing to the very 
low probability of formation of doubly-charged ions in these two gases. 
However an upper limit to the cross-section for the neon process 

Ne 2+ -f Ne -* Ne+ -b Ne + 

was obtained, and gave the values 7 x 10- 18 cm . 2 for Ne 2+ ions of 400 e-volts 
energy and 5 x 10" 18 cm . 2 for Ne 2+ ions of 200 e-volts energy. The gas-kinetic 
cross-section for neon is 23*4 x 10 -16 cm . 2 which is about 400 times the 
electron transfer cross-section. 

Owing to a numerical error the ordinates of the curve for the cross-section 
for the electron transfer process in mercury (Arnot and M’Ewen 1939 ) 
should all be multiplied by a factor of 2 . This error was made in the scale 
factor of the curves giving the area a, so that the equation Q = 3*3 x 10~ 17 A ja 




391 


Electron transfer in argon 

is correct as it stands in the above paper. When corrected by this factor of 
2 the cross-section is greater than one-tenth of the gas-kinetic cross-section 
over the whole energy range for the Hg 2 + ion, 140-400 e-volts. 

Table I gives the electron transfer cross-section at 400 e-volts and also 
the ratio of this cross-section to the gas-kinetic value for mercury, argon 
and neon. 

Table I 


Process 


Cross-section 
at 400 e-volts 
cm. 2 


Fraction of 
gas-kinetic 
cross-section 


Hg 2+ + Hg ->Hg + + Hg + 
Ar 2+ + Ar ->Ar + -f Ar + 
Ne 2+ -f Ke ->Ne + -f Ne + 


1-30 xlO- 15 
3-27 x 10- 17 
< 7*00 x 10 -18 


0-225 

0-009 

<0-003 


We see that the ratio of the electron transfer cross-section to the gas- 
kinetic cross-section decreases rapidly with the atomic number of the ion 
entering into the transfer process. 


The mechanics of the collision process 
In the electron transfer process 

Ar 2+ -f ArAr + -h Ar + , 

there is set free an amount of internal energy equal to the difference between 
the first and second ionization potentials of the normal atom which are 
15*69 and 27*72 V respectively (Bacher and Goudsmit 1932 ). The internal 
energy liberated is therefore 12*03 e-volts. If the electron transferred from 
the Ar atom to the Ar 2+ ion goes into the ground state of the latter the whole 
of this internal energy must be shared in kinetic form between the two Ar + 
ions in accordance with the principle of conservation of momentum. The 
transferred electron may, however, go into an excited state of the Ar 2+ ion, 
the products of the collision being then an excited Ar+ ion and a normal Ar + 
ion. The energy carried away in kinetic form is then 12*03 e-volts less the 
energy of the excited state into which the transferred electron goes. Let us 
denote the amount of internal energy carried away in kinetic form by p. 
Thenp can have any value between 12*03 e-volts and zero depending upon 
the degree of excitation of the Ar + ion. 

Let the velocity of the incident Ar 2+ ion be v 0 , and that of the two Ar + 
ions resulting from the collision be v 1 and v 2 in directions 6 and (j) to the 
direction of v Q . Since the neutral Ar atom has only thermal energy we may 
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take its velocity to be zero. The mass m of all the particles concerned is the 
same. A diagram of the collision is shown as an inset in fig. 5. We have 

mv 0 = mv 2 cos ^ + mv x cos 0 , ( 1 ) 

0 = mv 2 sin $5— mv 1 sin 6, ( 2 ) 

\mv\ +p = \mv i + \mv\. (3) 

Writing E 1 = \mv\ and E 0 = \mvl we obtain from ( 1 ), ( 2 ) and (3) 

E\ — (E 0 cos 2 <9+p) +£> 2 /4 = 0 , 

and hence E x = cos 2 0 4- Ji? ± \E Q cos 2 0( 1 4- 2 p /i7 0 cos 2 0 )*. 

We have seen above that p lies between zero and 12-03 e-volts. E 0 in our 
work was always greater than 162 e-volts and cos 2 0 is found to be always 
greater than 0-875. Therefore we have 

E 1 = \E q cos 2 0 4- \p ± %E 0 cos 2 0(1 +pjE 0 cos 2 0). 

We then obtain E 1 = E 0 cos 2 0 4 -p, (4) 

E 2 = E 0 sin 2 0, (5) 

sin 2 $5 = cos 2 6+p/E 0 . ( 6 ) 

Thus when one of the Ar + ions is scattered through a small angle 0 the other 
Ar + ion comes off at an angle (j> which is in the neighbourhood of 90°, the 
sum of 0 and j> being slightly greater than 90° for small values of p/E 0 . 

If E is the kinetic energy of the forward moving Ar+ ion due to the com¬ 
ponent of its velocity in the direction of the retarding field we have 

E =a E ± cos 2 0 

and hence from (4) E = E 0 cos 4 0 +p cos 2 0. (7) 

Therefore the loss of kinetic energy as measured by the retarding field 
method is given by 

Eq — E = F 0 (l —cos 4 0 ) — pcos 2 0 . ( 8 ) 

For a direct head-on collision 0 is zero and the loss of energy is —p. Thus 
the energy of the forward moving Ar+ ion is greater than that of the Ar 2+ 
ion by the amount p, Fig. 5 shows the loss of energy E 0 -E as a function of 
the angle of scattering 0 for three values of E 0 and for two values of p. 
Negative values of E 0 — E represent a gain in energy. It should be noticed 
that these curves cannot be extrapolated to much higher values of 0 owing 
to the approximation made in expanding the square root term. 
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If no loss or gain of kinetic energy occurred in the electron transfer process 
the peaks in fig. 2 should each appear at 2V v It will be seen, however, that 
they all occur at an energy a little less than 2V v so showing that there is a 
loss of energy in the collision. The first column of Table II contains the seven 
values of V x used. The second column gives the energy E 0 = 2V X of the 



angle 6 of scattering 

Fig. 5. E 0 —E is the energy lost by the forward moving Ax + ion as a function of 
the angle of scattering 6. Negative values of E 0 —E represent a gain in energy. 

incident Ar 2+ ions, and the third column the energy E of the fast Ar + ions 
resulting from the electron transfer process, determined from the position 
of the maxima of the peaks in fig. 2. The fourth column gives the loss of 
kinetic energy E 0 — E suffered in the collision process. 

This loss of energy must be entirely due to the electron transfer collision 
occurring in the field-free cylinder C 2 . It is not due to ordinary elastic or 
inelastic collisions of either the incident Ar 2+ ion or the resulting Ar + ion, 
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for the position of the large peak in fig. 1 at precisely Y x shows that when 
these ions travel through C 2 without making an electron transfer collision 
they lose no appreciable amount of their kinetic energy. These ions always 
had the full energy of V x e-volts, not only when V x = 80 as shown in fig. 1 , 
but for all the values of V x used. The position of the large peak at precisely 
V x means that no appreciable energy is lost in a non-transfer collision or, 
alternatively, that the mean free path is considerably greater than the 
length of C 2 , so that the ions pass through C 2 without in general making a 
collision. The kinetic theory mean free path in argon at the pressure of 
1-87 x 10 “ 2 mm. used is 0*41 cm., but it is well known that ions having the 
energies used in this work have a mean free path many times the kinetic 
theory value; for example, Dempster ( 1927 ) found protons of energy between 
14 and 900 e-volts possessed a mean free path in helium of about seventeen 
times the kinetic theory value. Since the length of C 2 is only 1*5 cm. it is 
probable that the ions forming the small peaks in fig. 2 make only the single 
collision that leads to the electron transfer. However, whether or not more 
than one collision is made, the fact that those ions which do not make an 
electron transfer collision lose no appreciable energy shows definitely that 
the loss of energy given in Table II is caused entirely by the electron 
transfer collision. 

Table II 


Vi 

Eq 

E energy 
of Ar+ ions 

E 0 —E loss 
of energy 

volts 

e-volts 

e-volts 

e-volts 

81 

162 

149 

13 

101 

202 

189 

13 

121 

242 

230 

12 

142 

284 

270 

14 

162 

324 

311 

13 

182 

364 

352 

12 

202 

404 

391 

13 


It will be seen from Table II that the loss of kinetic energy in the electron 
transfer process is about 13 e-volts irrespective of the energy E 0 of the 
incident Ar 2+ ion. From ( 8 ) or fig. 5 we see that the angle of deflection 6 
must therefore decrease as E 0 is raised. Table III gives the values of 6 for 
E 0 — 100 , 200 and 400 e-volts and for p = 12*03 and 0*47 e-volts obtained 
from fig. 5 together with the values of 8 for p = 0 obtained directly from ( 8 ). 

We have seen that p can have any value between 12*03 e-volts and zero 
depending upon the degree of excitation of one of the resulting Ar + ions. 
It is not at all likely that the whole of the 12*03 e-volts internal energy 
would be carried away as kinetic energy, for theoretically the smaller the 
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amount of internal energy to be converted into kinetic energy the greater 
the probability of electron transfer taking place during the collision. In 
other words, the capture of the electron is only probable for close resonance, 
and therefore it is practically certain that the electron is captured into an 
excited state of the resulting Ar + ion. If captured into the lowest excited 
state of 11*56 e-volts energy the balance of internal energy to be converted 
into kinetic energy would then be only 12*03 — 11*56 = 0*47 e-volt. If 
captured into a higher excited state p would be still smaller. We conclude 
therefore that p has a value between zero and 0*47 e-volt. From Table III 
we then see that the angle of scattering d lies between 15*0 and 15*4° when 
the incident Ar 2+ ion has an energy of 100 e-volts, between 10*5 and 10*7° 
for an energy of 200 e-volts, and between 7*4 and 7*5° when the energy of 
the Ar 2+ ion is 400 e-volts. The other Ar + ion is scattered through an angle 
<j) which is in the neighbourhood of 90° as shown by ( 6 ). 


Table III 



# 0 = 100 

# 0 = 200 

# 0 = 400 

p 

6 0 

6° 

6° 

0 

150 

10-5 

7*4 

0-47 

15*4 

10-7 

7*5 

12*03 

20-7 

14*6 

10*3 


It has been shown (Arnot and M’Ewen 1939 ) that the electron transfer 
process in mercury vapour 

Hg 2+ -f Hg Hg + +Hg + , 

requires a collision in which 6 is almost zero. The more complete treatment 
of the mechanics of the collision process given in this paper* shows that the 
angle 6 through which the forward moving Hg + ion is scattered has the 
values given in Table IV. 

Table IV 

#0=100 # 0 =200 # 0 = 400 

6 ° 6 ° 6 ° 

0 0 0 

5 3*6 2-5 

* The conclusion reached in the former paper that the collision must be head-on 
and not a grazing one is true only if, in a grazing collision, the electron transfer must 
occur before or at the closest distance of approach of the two particles. As it appears 
possible for the transfer to occur after the closest distance of approach has been 
passed this conclusion can no longer be maintained. 


P 

2 

3-62 
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Whereas the results for argon given in this paper show that the forward 
moving Ar + ion has 13 e-volts less energy than the incident Ar 2+ ion, the 
results for mercury showed that the forward moving Hg + ion had about 
2 e-volts more energy than the incident Hg 2+ ion. Thus for argon E 0 — E — 13 
e-volts, while for mercury E 0 — E = —2 e-volts. Therefore the amount of 
internal energy converted into kinetic energy p has a minimum value of 
2 e-volts for the electron transfer process in mercury. The maximum value 
of p is the difference between the first and second ionization potentials, and 
for mercury this is p = 18*67 —10*39 = 8*28 e-volts (Bacher and Goudsmit 
1932 ). 

As for argon, we conclude that part of this internal energy is employed 
in exciting one of the Hg + ions, since the electron transfer process is only 
probable for close resonance. If the electron is captured into the lowest 
excited state of 4*66 e-volts energy the balance of internal energy to be 
converted into kinetic energy is then only 8*28 — 4*66 = 3*62 e-volts. If 
captured into a higher excited state p would be still smaller, but not, of 
course, less than the minimum value of 2 e-volts given above. Thus p has 
a value for mercury between 3*62 and 2 e-volts depending upon the degree 
of excitation of the Hg + ion. Prom Table IV we then see that the angle of 
scattering 6 lies between 5° and zero when the incident Hg 2 + ion has an 
energy of 100 e-volts, between 3*6° and zero for an energy of 200 e-volts, 
and between 2*5° and zero when the energy of the Hg 2+ ion is 400 e-volts. 
As for argon, the other Hg+ ion is scattered through an angle <j) which is in 
the neighbourhood of 90° as shown by (6). 

Comparing these results for mercury with those for argon we see that, 
while the angle of scattering 6 is small for both gases, this angle is consider¬ 
ably greater for the light Ar+ than for the heavier Hg+ ion. 

One of the authors (W. D. H.) is indebted to the Department of Scientific 
and Industrial Research for a grant. 

Stjmmaby 

An investigation of the electron transfer process 
Ar 2+ + ArAr+ + Ar+, 

has been made by a new method using incident Ar 2+ ions having energies 
from 162 to 404 e-volts. For each of these energies the forward moving Ar + 
ion has an energy, due to its velocity component in the direction of the 
incident Ar 2+ ion, of 13 e-volts less than that of the Ar 2+ ion. 
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Electron transfer in argon 

It is shown that the angle between the direction of the forward moving 
Ar + ion and that of the incident Ar 2+ ion is about 15*2, 10-6 and 7-4° respec¬ 
tively for energies of the Ar 2+ ion of 100, 200 and 400 e-volts. These angles 
of scattering are considerably greater than those for the corresponding 
process in mercury which are less than 5, 3*6 and 2-5° respectively for Hg 2+ 
ions of energy 100, 200 and 400 e-volts. 

The cross-section for the process over the energy range of 162 to 404 e-volts 
has been obtained, and this shows a linear increase of cross-section with 
energy of the incident Ar 2+ ion, the value for 404 e-volt Ar 2+ ions being 
about one-hundredth of the gas-kinetic cross-section for collision. Extra¬ 
polation of the cross-section curve gives the activation energy as 76 e-volts. 

Attention is drawn to a numerical error made in determining the cross- 
section of the corresponding electron transfer process in mercury, pre¬ 
viously reported. The ordinates of this curve should all be multiplied by a 
factor of 2. With this correction, the value of the cross-section for the 
mercury process is greater than one-tenth of the gas-kinetic cross-section 
over the entire energy-range used, 140 to 400 e-volts. 
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X-ray crystal analysis of trans-azobenzene 

By J. J. de Lange, J. Monteath Robertson and I. Woodward 

(Communicated by Sir William Bragg , P.R.S.—Received 3 March 1939 ) 

From the point of view of crystal structure the ordinary form of azo¬ 
benzene definitely belongs to the dibenzyl series of structures, which have 
now been accurately determined (Robertson 1934, 1935; Robertson and 
Woodward 1937, 1938). This isomorphism is in itself sufficient to decide the 
tfraras-configuration of the molecule in the ordinary form of azobenzene; but 
in the meantime the hitherto unknown cis -form has been isolated by Hartley 
(1938) and an account of its crystal structure given (Robertson 1939). The 
present paper summarizes the results of a detailed analysis of the trans¬ 
form.* 

The method was similar to that employed for the other members of the 
dibenzyl series (Robertson and Woodward 1937, 1938). Concentrating 
chiefly on the ( hOl ) zone, the intensities were recorded by moving film photo¬ 
graphic methods, and measured on an integrating photometer. The derived 
structure factors (Table I) were employed in successive Fourier syntheses of 
the 6-axis projection, the initial phase constants being derived from the 
stilbene and tolane structures. The structure factor scale is approximately 
absolute, and is obtained by correlation with the corresponding values in 
stilbene. 

The chief points of interest in this structure lie in the difference in orienta¬ 
tion, and apparently also in structure, of the two molecules which contribute 
to the asymmetric unit of the crystal; and in the dimensions and valency 
angles concerned in the C—N and N=N linkages. 

The electron density contour maps of the two molecules, in the 6-axis 
projection, are given in figs. 1 and 2. The centres of symmetry in these 
molecules lie at the points (000) and (00-|), while two other molecules, derived 
by reflexion and translation in the (010) plane, with symmetry centres at 
(iJO) and (|H), complete the unit cell. A more complete view of the structure, 
showing the relative positions and orientations of the molecules, is given in 
fig. 3 . Compared with the stilbene and tolane structures, the most striking 
difference lies in the higher peak values attained by the electron density at 
the central nitrogen zigzag. This is due to the greater scattering power of 
nitrogen compared with carbon, and to the closer approach of the nitrogen 
atom centres in the projections. 
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X-ray crystal analysis of trans-azobene 

The calculation of the complete structure from these diagrams is given 
below, and the dimensions obtained for the two independent molecules are 
summarized in figs. 4 and 5. We require to assume regularity in the benzene 
rings, and a certain value for the length of the N—N li nkage, but these 
assumptions are subsequently checked by the calculations on other zones 
of structure factors. Considerable differences in orientation relative to the 



Fia. 3. Group of azobenzene molecules in 6-axis projection. 
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crystal axes are found for the two molecules, but allowance is made for these 
differences in figs. 4 and 5 . Molecule 2 is planar within'the limits of measure¬ 
ment, but in molecule 1 the rings lie in different planes, 0-32 A apart. In 
this molecule the N=JST link is inclined to the plane of the ring at 15°, 
representing a rotation of the ring from the planar position about the C—N 
link (AB) of about 17°. These movements have not a large effect on the 
b -axis projections, and consequently the uncertainty in the angles men¬ 
tioned is fairly large (± 4°). This departure of molecule 1 from the planar 
form of molecule 2 is accompanied by a small increase in the length of the 
CN link from 1*40 to 1*43 A, and by a decrease in the C—-N=N valency 
angle of about 3°. Again, the experimental uncertainties are considerable, 
and can almost cover these bond length and valency angle changes. 

The mean C—-N bond distance of 1*41 5 A shows a considerable decrease 
from the normal single-bond value predicted by the table of covalent radii 
(Pauling 1932 ; Pauling and Brockway 1937 ). This is to be expected as the 
C—N link is here the path of conjugation between the benzene ring and the 
N=N double bond. The structure is similar to that of stilbene (Robertson 
and Woodward 1937 ) and similar considerations apply. In stilbene the mean 
^aromatic— C aUphatic distance was 1 •44 5 A, a value practically half-way between 
that of the normal C—C single bond (1*54 A) and the normal C—C double 
bond (1*33 A). For the C—N link in azobenzene the present mean value of 
1*41 5 A is somewhat nearer the normal C—-N single-bond distance of 1*47 A 
than the normal C=N double-bond distance of 1*28 A. If the same struc¬ 
tural considerations apply, it might be argued from this that the resonance- 
distance curve discussed by Pauling, Brockway and Beach ( 1935 ) had a 
somewhat different shape for C—N links than for C—C links. But it is 
more plausible to infer from our results that the degree of resonance is not 
the same as in stilbene, where carbon atoms only are concerned. In azoben¬ 
zene there will be a greater tendency for the multiple bond to remain between 
the nitrogen atoms. In conclusion, it should be emphasized that there is an 
experimental uncertainty of about ± 0*03 A in the present measurement of 
the C—N distance. 

The determination of the length of the N=N link is less direct. We have 
assumed a value of 1*23 A in calculating the orientations of the molecules 
and the final structure factors, and the agreements obtained support this 
value to within about ± 0*05 A. 

The mean N=N—C valency angle is 121*5 ± 3 °, considerably less than 
the mean C=C—C angle in stilbene (130°). There is reason to believe that 
the latter angle is strained to some extent by the repulsions between the 
ethylene hydrogen atoms and the ortho hydrogen atoms of the benzene rings. 
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This repulsion will not operate in azobenzene, but even so the observed angle 
of 121*5° is less than that required by a normal tetrahedral distribution 
of valencies, in which the angle between a single and a double bond would 
be 125|°. 

If we regard the angle between a single and double bond as being equal to 
the angle between one single bond and the plane containing other two 


single bonds, then the single-double bond 


angle is given by cos -1 



C 1-39 D 



D' C' 


Fig. 4. Dimensions of trans -azobenzene molecule 1. 
A A' is inclined at 15° (± 4°) to plane of ring. 


M 

■ C 1*39 D 



D' C' 

Fig. 5. Dimensions of tran s-azobenzene molecule 2. 


A A' is inclined at 1° (± 4°) to plane of ring. 

where cc is the angle between the single bonds. On this basis the observed 
single-double bond angle of 121*5° corresponds to a single bond angle of 
107*9°. The single bond valency angle in NH 3 can be obtained from the 
work of Wright and Randall ( 1933 ) on the pure rotation absorption spectra 
in the far infra-red. Their data lead to a valency angle of 105-7°, while the 
earlier work of Dennison and Uhlenbeck ( 1932 ) gives a value of 107°. 
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Analysis of the structure 
Crystal data 

trans-Azobenzene: C 12 H 10 N 2 ; if =182; melting point 68 ° C; density, 
calculated, 1*217; measured, 1-22; monoclinic prismatic, a = 12*20 ±0*04, 
b = 5*77 ± 0 - 02 , c= 15*40 ±0*04 A, /? = 114*4°. Space group, C| 7l (P 2 Ja). 
Four molecules per unit cell. Molecular symmetry, centre. Volume of the 
unit cell = 987 A 3 . Absorption coefficient for X-rays, A = 1*54, ju. = 6*90 
per cm. Total number of electrons per unit cell = .F( 000 ) = 384. The axial 
lengths were determined by single crystal rotation photographs (Cu K a 
radiation) and the results, given above, differ in some cases by nearly 
5 per cent from previous determinations (Prasad 1930 , 1933 ). This may be 
due to setting difficulties encountered with the volatile crystals, but w T e 
believe our present results to be accurate to within the limits given. 

Intensity measurements 

Although azobenzene crystals are volatile, it was found possible to carry 
out the photographic X-ray work on unprotected specimens weighing from 
0*2 to 0*4 mg., with exposures varying up to 7 hr. In this way reflexions 
were recorded over an intensity range of about 4000 to 1, and measured on 
an integrating photometer. Specimens with fairly uniform cross-sections 
were obtained by crystallization from alcohol, and relative absorption 
corrections were not applied. 

To correlate the weak and strong reflexions we employed a new method, 
but one which we have previously tested in a number of ways. Six Ilford 
films were placed in series in the holder of the moving film camera. Each 
successive film reduces the intensity of the transmitted X-rays by a factor 
which was determined by absorption measurements with monochromatic 
X-rays (Cu K a ) and ionization chamber, and also by direct photometric 
measurements of the reflexions on the developed films. This factor is about 
1/2*03 for Ilford films, and is constant to 1 or 2 per cent when determined 
by the ionization chamber. Photometric measurements on the developed 
films show that the factor'varies to some extent in different experiments, 
indicating that the degree of contact between the films may influence the 
results, possibly because of a certain fluorescence in the films themselves. 
The correlating factor between successive films was therefore determined 
separately for each case. It is, of course, essential that all the films in such 
a series be developed together under identical conditions, and special 
apparatus was designed for this purpose. By this method it is possible to 
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make a convenient correlation between weak reflexions recorded on the 
first film of the series and strong reflexions recorded on the sixth film, where 
the reduction factor is about 1 / 35 . 

Table I. Values of F(h0l) 


h 



1 

0 

2 

4 

6 

8 

10 

12 

13 

— 

— 

— 

— 

— 

— 

— 

12 

-1- 6 

— 

— 

— 

— 

— 

— 

11 

— 

4- 7 

+ 6 

— 

— 

— 

— 

10 

+ 6 

- 7 

— 

— 

— 

— 

— 

9 

— 

+ 22 

- 5 

— 

— 

— 

— 

8 

- 17 

+ 21 

— 

— 

— 

— 

— 

7 

+ 12 

+15 

-10 

+ 10 

— 

— 

— 

6 

+ 16 

+ 16 

+ 4 

— 

— 

— 

— 

5 

- 5 

- 4 

+ 18 

— 

— 

— 

— 

4 

- 56 

— 

+ 49 

— 

+ 14 

— 

— 

3 

+ 4 

-52 

+ 28 

-18 

— 

— 

— 

2 

4- 39 

+ 96 

+ 29 

+ 20 

— 

— 

— 

1 

— 

-70 

— 

— 

+ 10 

— 

— 

0 

4-384 

-28 

+ 6 

+ 27 

+ 9 

— 

— 

I 

— 

?4 

-14 

+ 30 

+ 7 

— 

— 

2 

4- 39 

-31 

+ 26 

+ 16 

+ 20 

— 

+ 10 

3 

4- 4 

+ 64 

+ 21 

— 

— 

— 

- 7 

4 

- 56 

+ 98 

+ 2 

+ 23 

+ 12 

+ 31 

— 

5 

- 5 

+ 70 

— 

-39 

— 

+ 13 

- 7 

6 

4- 16 

+ 16 

+ 38 

+ 32 

+ 9 

+ 23 

-10 

7 

4- 12 

+ 2 

-22 

+ 10 

+ 8 

— 

— 

8 

- 17 

+ 14 

+ 44 

+ 14 

— 

— 

+ 11 

9 

— 

?3 

+ 9 

+ 32 

- 7 

— 

+ 18 

w 

+ 6 

+ 13 

?3 

+ 9 

— 

— 

+ 7 

TT 

— 

— 

+ 8 

+ 5 

— 

+ 4 

+ 6 

12 

4- 6 

— 

+ 11 

— 

+ 12 

- 5 

— 

12 

— 

- 7 

+ 13 

— 

+ 16 

—- 

— 

14 

— 

— 

— 

— 

— 

— 

— 

15 

— 

— 

+ 8 

— 

+ 7 

— 

— 

T6 

— 

— 

- 6 

— 

— 

— 

— 


Structure factors and Fourier synthesis 

The structure factors calculated by the usual methods from the intensity 
measurements are given in Table I for the (hOl) zone. In a preliminary pro¬ 
jection of the structure, a double Fourier series of 55 terms was formed from 
the larger structure factors in this table, with phase constants derived from 
thestilbene and tolane structures (Robertson and Woodward 1937 , 1938 ). 
The positions of the atoms were estimated from this projection, and from 
the co-ordinates obtained phase constants were derived for the remaining 
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structure factors in Table I. The final synthesis employed all the terms in 
Table I except the very weak ( 20 T), (209) and (4,0, 10 ), and the resulting 
projections are given in figs. 1-3. The summations were carried out at 900 
points on the asymmetric unit, and the contour maps prepared by the usual 
methods. 

The final co-ordinates assigned to the atoms (Table II) were checked by 
calculating the structure factors for other zones. The (Oil), (017), (020), 
(040), (024), (025) and (910) reflexions are all relatively stronger in azo¬ 
benzene than in stilbene, but the (026) and (610) are weaker in azobenzene. 
The calculated structure factors reflect these changes. 


Table II. Co-ordinates. Centre of symmetry at ( 000 ) 
as origin. Monoclinic crystal axes 


Atom 

X 

27 Tx/a 

y 

27ry/b 

z 

2nz/c 

A (N) 

0*18 A 

5*7° 

0-58 A 

36*1° 

0-20A 

4*8° 

A(C) 

1*69 

50*0 

0*89 

55*5 

1*02 

24*0 

A(CH) 

2*09 

61*7 

2*07 

129*2 

1*82 

42*8 

A (CH) 

3*57 

105*3 

2*37 

148*1 

2-63 

61*6 

A (CH) 

4*64 

137*1 

1*50 

93*3 

2*63 

61*7 

A (CH) 

4*25 

125*3 

0*31 

19*5 

1*83 

42*9 

A (CH) 

2*77 

81*8 

0*01 

0*6 

1*03 

24*1 

A (N) 

-0*03 

-0*9 

-0*46 

-28*7 

7*25 

170*1 

A( C) 

0*83 

24*5 

-0*51 

— 31*6 

6*45 

151*2 

c 2 (CH) 

0*68 

20*0 

—1*56 

— 97*6 

5*49 

128*9 

A (CH) 

1*53 

45*2 

-1*61 

-100*6 

4*69 

110*2 

A (CH) 

2*54 

75*0 

-0-60 

-37*6 

4*85 

113*9 

A (CH) 

2*70 

79*6 

0*45 

28*3 

5*81 

136-2 

A (CH) 

1*84 

54*3 

0*50 

31*3 

6*60 

154*9 


Orientations of the molecules. Co-ordinates 

The dimensions of the molecules and their orientation relative to the 
crystal axes were deduced from the contour maps (figs. 1 , 2 and 6 ) by the 
methods used for the stilbene and tolane structures (Robertson and 
Woodward 1937 , 1938 ), and the symbols have the same meaning. 

For molecule 1 

r DG = 1-46, r AA , = 0-42, r AB = 1-39 A, 

Vdg = 84-9°, Vaa , = 62-2°, VlUm = 32-5°, 

R dg = 2-78 A (assuming regular benzene hexagon, side 1-39 A), 

R aa ■ = 1-23 A (assumed length of N=N link). 
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These figures give the orientation of molecule 1 as follows: 


Xl= 34-6° cos x L = 

0-8232 

Xm = 114-8° cos ^ = 

-0-4191 

\}r L = 77-4° cos ijr L = 

0-2181 

ir M — 31-1° cos ijr M — 

0-8565 

o) L = 58-4° cos (o L = 

0-5244 

( 0 M = 72-4° cos o) M = 

0-3016 

Xx = 112-5° cos Xx = 

-0-3830 

Xdg= 87-2° cos Xdg = 

0-0486 

i/r x = 117-9° cos ijr N = 

-0-4678 

^bg — 31-7° cos = 

0-8508 

(i> x = 37-2° cos <y lY = 

0-7962 

0 ) BG = 58-4° cos 0 ) DG = 

0-5234 


Xjl* = 80*8° cos Xa* =0-1592 
iJ rjj f = 20-0° cos fr AA ' = 0-9399 
o) AA r = 72-4° cos g) aa > = 0-3021 

The angles between the link (AA r ) and the L, M and N axes are 

119-6°, 33 - 9 ° and 105-1°. The angle between AA' and the plane of the ring 
is therefore 15-1°, and the angle of rotation of the ring about L, starting 
from a flat model, is 17-4°. The actual dimensions of the molecule are shown 
in fig. 4. 

The rectangular co-ordinates of atom A with reference to the crystal 
axes and the mid-point of A A' as origin are 

x A = 0-098, y' A = 0-578, z A = 0-186 A, 

and the co-ordinates of the other atoms referred to the molecular axes L 
and M with A as origin are given in Table III. 


Table III. Molecule 1 


Atom . 

..A 

B 

G 

D 

E 

F 

G 

L 

0 

l-42 5 

2-12 

3-51 

4-20 5 

3-51 

2*12 

M 

0 

0 

1*20 3 

1*20 3 

0 

—1‘20 3 

-1*20 3 


For molecule 2 (figs. 2 , 5 and 6 ) the measured quantities, after rotation 
of 180° about the a-axis, are 

r CGovDF = 1*23, r AA'~ 0*82, r AB~ 1 *^ 0 A; 

Vm(cg or df) = 124*8°, Vala' = 09*5°, Vl(ab) = 31-5°; 

R cg or DF = 2-406 A (assuming regular benzene hexagon, side 1 • 39 A); 

R AA , = 1-23 A (assumed length of N=N link). 
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The orientation of molecule 2, after rotation of 180° about the a-axis, 
is then 

Xl = 31-6° cos Xl = 08521 107-0° cos AV = — 0*2922 

f L = 88-0° cos i]r L = 0-0343 f M = 30-8° cos f u = 0*8590 

oj l = 58-5° cos (o L = 0-5223 6 ^ = 65*l°coso M = 0*4203 

for = 115*7° cos Xiv = -0*4342 Xaa' = 76-5° cos ^ = 0*2335 

^ = 120-7° cos = - 0*5108 f AA , = 41*8° cos f AA! = 0*7452 

( 0 ^ = 42*1° cos= 0*7429 co aa* — 51*4 cos c) AA * = 0*6246 

Eor molecule 2 the angle between the N =N link (AA') and the L, M and 
N axes are 123*4°, 33*4° and 91*1°. The angle between AA' and the plane of 
the ring is 1 - 1 °, and the turn of the ring about L from a flat model is 1 * 8 °. 
Dimensions of molecule 2 are given in fig. 5. 

The rectangular crystal co-ordinates of A with the centre of symmetry 
of molecule 2 as origin are 

x A = 0*144, y' A = 0-459, z' A = 0*384 A, 

and the co-ordinates of the other atoms referred to the molecular axes L 
and M with A as origin are given in Table IV. 

Table IV. Molecule 2 

Atom ... A B C D B F Q 

L 0 1-40 2-09 5 3-48 5 4-18 3-48 s 2*09 5 

M 0 0 1*20 3 1*20 3 0 -l-20 3 -1-20 3 

The crystal co-ordinates of all the atoms in the asymmetric unit, covering 
a half of each molecule, calculated from the above figures (compare formulae 
for stilbene, Robertson and Woodward 1937 ) are given in Table II. These 
final co-ordinates are plotted on the contour map in fig. 6 , which covers 
the asymmetric portion of the unit cell. 

Intermolecular distances 

The general arrangement of the molecules is closely similar to that of 
the stilbene and tolane structures, and the minimum intermolecular dis¬ 
tances are of almost exactly the same order. The closest approach occurs 
between the nitrogen atom A of molecule 1 and the carbon atom E of the 
reflected molecule 1 at ( —J, +|, 0 ) where the distance is 3*54 A. Between 
the same nitrogen atom and the carbon atom F of the same reflected mole- 
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cule the distance is 3*67 A. Between the carbon atom E of molecule 1 and 
the carbon atom G' (centrosymmetrical to G) of the reflected molecule 1 
at b 0) the distance is 3*62 A, and three other carbon-carbon approaches 
of between 3*6 and 3*7 A occur between the various molecules. 


In conclusion, we are indebted to the Director and Managers of the Royal 
Institution for laboratory facilities. 



Vol. 171. A. 
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Fig. 6 . The co-ordinates assigned to the atoms in frwts-azobenzene. 
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Summary 

The crystal structure and molecular dimensions of the ordinary or trans- 
form of azobenzene have been determined by quantitative X-ray inves¬ 
tigation. The crystal is isomorphous with the dibenzyl series of structures, 
and consequently it is possible to make a direct application of the Fourier 
series method, without assuming any new model for the azobenzene mole¬ 
cule. The resolution of the nitrogen atoms is poor, but the N=N distance 
of T23 + 0-05 A is confirmed. The C—N distance is 1-41 ± 0-03 A, implying 
conjugation between the benzene ring and the N=N bond. The N=N—0 
valency angle is 121-5 + 3°. These results are discussed in relation to other 
investigations. 

Two independent molecules contribute to the asymmetric crystal unit. 
One is practically flat, but in the other the rings lie in different planes 
0-32 A apart. This departure of the second molecule from the planar form is 
accompanied by small changes in dimensions. The orientations of the 
molecules and co-ordinates of the atoms relative to the crystal axes are 
given. The minimum intermolecular approach distances lie between 3-5 
and 3*6 A. 
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Optical thickness of the transition layer 
between transparent media 

By H. D. Bruce 

Department of Chemistry , Stanford University , California 

( Communicated by J. W. McBain , F.R.S,—Received 16 August 1938) 

Given the amplitude, phase, and polarized orientation of a beam of light 
incident upon the reflecting surface of a transparent body, what is the 
amplitude, phase, and orientation of the reflected beam? Solution of this 
problem was first achieved by Fresnel ( 1821 ), based on the elastic solid 
theory of the ether. His particular assumption which most interests us 
here is that the surface of the reflecting body was taken as a mathematically 
sharp boundary at which there is an abrupt change of conditions. 

Fresnel’s equations for the reflected amplitudes are 

ju ... sin ji-r) 

A ± sin(i+r)’ K ' 

-Bn tan (i—r) 

A % tan (i + r)’ ^ ^ 

where i = the angle of incidence, 
r = the angle of refraction, 

A x = incident amplitude vibrating perpendicular to the plane of 
incidence, 

A l{ — incident amplitude vibrating parallel to the plane of incidence, 

R ± = reflected amplitude vibrating perpendicular to the plane of 
incidence, 

jR ( , = reflected amplitude vibrating parallel to the plane of incidence. 

In equations ( 1 ) and ( 2 ), a negative sign signifies a phase difference of 
180° between the incident amplitude, A, and the reflected amplitude, R 5 
whereas a positive sign signifies a zero phase difference. Letting S ± and 
be the phase differences between R ± and A ±i and R [{ and A v respectively, 
also lett ing A = —<5^, an analysis of equations ( 1 ) and ( 2 ) will give the 

information as to phase which has been plotted in figs, la and 16. The 
arrows in fig. 1 b illustrate qualitatively the vibration forms and orientations 
when the incident light is plane polarized at 45° azimuth in the first quadrant. 
P° signifies the polarizing angle. 
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Optical thickness of the transition layer 

Fresnel achieved great success with his theory of reflexion. His equations 
represent the actual facts as ascertained by experiment with considerable 
exactness. M. Jamin ( 1847 ) in particular sought to verify Fresnel’s theory 
by accurate measurement of light intensities. His work substantiates 
Fresnel except at angles very near the polarizing angle. Here he finds that 
the change of phase, although sudden, did not occur with perfect sharpness 
as drawn in fig. 1 , nor was the intensity of the parallel component (RJA l{ ) 2 
ever quite zero. Jamin’s findings for diamond in air are illustrated in fig. 2 . 
In fig. 2 a the arrows and ellipses, indicating the vibration orientations and 
forms, are to be contrasted with those of fig. la . The dotted line in fig. 26 
is Fresnel’s prediction; the crosses are Jamin’s observations. The dis¬ 
crepancy occurs only within a few degrees of the polarizing angle and is not 
large. Nevertheless the physical explanation of this small discrepancy is 
of unusual interest. 



angle i 
Fig. 2 a. 

L. Lorentz (i 860 ) suggested that the deviations of fact from theory might 
be due to a transition layer between the two media. He showed that an 
intermediate film of only minute thickness should be enough to account for 
Jamin’s observed deviations. 
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angle i 
Fig. 26 . 


There have been several attempts to improve upon Fresnel’s theory of 
reflexion by allowing for the optical effect of a transition layer between the 
transparent media.* The outstanding theoretical presentations which have 
survived to the present time are those of Drude (1902) and Maclaurin (1905), 
and, of more recent date, that of Strachan ( 1933 ). 

Drude’s fundamental postulates are those of the electromagnetic theory 
of light, the Kirchhoff (1876) boundary assumptions, and that the interface 
consists of a continuous variation in dielectric constant from one medium 
to the other. Drude’s ultimate equation for the A — i function shown in 
fig. 2 a is 

4 a __ flllfh sin i tan i 

where A = the phase difference between 22 , and R ± with respect to the planes 
of incidence and reflexion as co-ordinate axes of reference. 
A = — £_l as shown in fig. 1, 

* In addition to these theories being here discussed, for a transparent film on 
a transparent medium, there are the equations of Drude ( 1890 ) for a transparent film 
on a metallic medium, and the equations of Fry ( 1928 ) for metallic films on either 
transparent or metallic medium. 


j: 


(a 2 -/* S) 0 ^-/ 4 ) ^. 

A 2 


( 3 ) 
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Optical thickness of the transition layer 

i2i, = the amplitude of that component of the reflected wave which 
vibrates parallel to the plane of incidence, 

= the amplitude of that component of the reflected wave which 
vibrates perpendicular to the plane of incidence, 

A = wave-length of the light in vacuum, 

pc x = refractive index of the first medium through which the beam 
of light passes, 

p > 2 = refractive index of the second medium through which the beam 
of light passes, 

i = the angle of incidence, between the direction of propagation of 
the wave and the normal to the surface, 
r = the angle of refraction, in the second medium, 
pc = the refractive index of the transition layer, not necessarily 
constant but possibly a function of depth, 
l = the thickness of the transition layer, 
z = the normal axial direction through the transition layer. 

For light vibrating at azimuth 45° but incident at the polarizing angle, 
Drude derives equation (4): 

- f (4) 

A Jo M 2 

where p = the ratio RJB ± at the polarizing angle of incidence. 

Thus, according to this theory which allows for a transition layer, the 
reflected light at and near the polarizing angle is not plane polarized as 
Fresnel would have, but elliptically polarized as Jamin had found. The 
ellipticity is never great even for its maximum, p. Hence, A is never 
large except in the vicinity of the polarizing angle where the quantity 
(tan 2 i— filial) approaches zero. A short arc to either side of the polarizing 
angle, Drude’s equations revert to the simpler form of Fresnel obtained 
without the hypothesis of a transition layer. 

In equation (3) or (4), knowing the refractive indices of the two media, 
the angle of incidence, i, the wave-length, A, and by measuring the phase 
difference, A, or the ratio, p, there are left as unknowns the index ji and the 
depth l of the transition layer. Inasmuch as pi is an unknown function of z, 
pi and l cannot be parted mathematically. To calculate Z, either pc must be 
measured by an independent experiment or a reasonable value assumed. 
In the past the latter expedient has been commonly adopted. 

In formulating his theory, Drude probably pictured the transition layer 
as a thick compressed film of variable density, hence his assumption of 
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H = f(z). A more modem picture of the transition layer is that of a mono- 
molecular film, in which it might be permissible to consider /i a constant. 
A gcnming that fi is of constant value throughout the depth of the layer, 
equation (3) becomes 


tan A 


_ r^ U/^-/4) C« 2 -/4) /41/h ~j suntan 


L"A 




tan a i —’ 


(5) 


If tan A be plotted against a strai S ht 11116 would result 

with slope equal to the quantity enclosed by the brackets in equation (5). 



Fig. 3 a. 
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The unknowns fi and l occur only in this slope. Accordingly, it is still not 
possible by Drude’s equation to measure A at two different values of i 
and evaluate /t and l separately by simultaneous solution. 

For a given transition layer, the slope of equation (5) is constant, with 
l and y bearing a mutual relation as plotted in fig. 3. This plot shows that, 
according to Drude, l may be a real positive quantity when /i l < /.i</i 2 , 
as in fig. 3a for the case, (a) i > polarizing angle and tan A is (+), or ( b) i < 
polarizing angle and tan A is (-), also when y >y 2 > fi v as in fig. 3 6 for the 
case (c) i > polarizing angle and tanzl is (—), or (d) i < polarizing angle and 
tanZl is ( + ). 



refractive index of film p 
Fig. 3 b. 
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The minimum in fig. 3 a occurs at /i = ly M 2 ). Hence, assumption, of 
this value for will permit estimation of the least possible value for l. 
If the adsorbed layer has a refractive index sufficiently far from this geo¬ 
metrical mean as to approach the value of either of the boundary media, 
it is seen that the thickness of the layer must be very great to give an 
appreciable phase difference. In the case of pure water itself, experiments 
to be discussed elsewhere have given the thickness for the very minimum 
as 2*26 A, which would correspond to no more than the outermost layer of 
molecules,* and would assume that the refractive index of the surface water 
has the value of only 1*15 rather than the 1*33 of ordinary water. If, how¬ 
ever, the surface molecules of pure water have the same refractive index 
as those of water in bulk, the transition layer between water and air becomes 
almost infinitely deep. 

When the first medium is air with fi x = 1*0, Drude’s equation (5) becomes 

( 6 ) 

A 11-/4 [i 2, Jtan 2 ^ — ji\ 


Maelaurin, in his formulation for the behaviour of polarized light reflected 
at the interface of two transparent substances, pictured any two homo¬ 
geneous media with a region between in which the optical properties vary 
continuously from those of one medium to those of the other, as a function 
only of the normal direction. He postulates the electromagnetic theory of 
light and applies the equations of Maxwell to the case of the interface as 
pictured. Maelaurin 5 s ultimate equation*)* for the relationship of fig. 2 a is 


where 


tanzl = — 


4 , ff ^r jfei 

1 2 A L/4{ K l-( K l/4)l/4} 


K x = [L x cos i, 


1-E ~\ 

/4-/4J’ 


(7) 


/c 2 = /6 2 cos r, 

E, /«! [ l dz 

r "tJ.?: 

v = /qsini — /6 2 smr, 

and the other symbols have significance as previously given. 

* Burton and Oliver (1935) give 3*7 A as the spacing of amorphous vitreous ice; 
Bernal (1933) gives 2*76 A as the shortest molecular distance in water. 

t In Maelaurin’s published paper this equation does not bear the initial ramna 
sign as here written. On the assumption that an error has somewhere been made, 
the negative sign has been inserted to make the equation consistent with the sign 
of Zf in fig. 2a. 
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For the polarizing angle Maclaurin derives 

A ~2 tan A ’ 

- _tt f{y\+/4) 

9 1 ”?—/*! Jo 


It may be noticed that Maclaurin’s equation ( 86 ) is identical with Drude’s 
equation (4). - 

In Maclaurin’s equation (7) there are three unknowns, Z, E, and F. It 
would seem possible to make three independent determinations of A at 
different angles of incidence, and thus to obtain three equations which 
could be solved simultaneously for these three unknowns. It may be that 
Maclaurin, himself, expected this use of his work. However, we have found 
it possible to put equation (7) in the simpler and more instructive form of 
equation (9), from which 


tand = + 


(/4 - 1 “il/4) ~ {(4 ~ l4) cosec 2 i ' 


It is apparent that Maclaurin’s equation is of the straight line form, when 
tanZl is plotted against the f(i) of the last term with slope equal to the 
quantity enclosed in the brackets. Consequently, the experimental reflexion 
data will allow only the slope to be calculated without permitting individual 
estimation of Z, E, and F. Wherefore, Z, the film thickness, and fc, the 
refractive index, cannot be found from Maclaurin’s equation any more 
than from Drude’s. 

Equation (9) can be thrown into the form of equation ( 10 ) 

a (T?,,* i 7,,2 ,, 2 \ sinitani 

t&nA = ( ^ 2 + ~ 9i) tan 2 i—y\ll4 5 ( 0) 

in which it appears more nearly like Drude’s equation (3). Replacing E 
and F by their equivalent values, the quantity, l{Efi\ -f Ffi\) 
becomes 

[jV 2 dz +J^dz-tfl-yi z] 

or [f> dz+ £ dz ~ Jo & dz ~ J>i dz ] 
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Making this substitution in (10), Maclaurin’s equation becomes 
4 tt /4 K sin i tan i (a 2 -^|) , 

an A (/^f - ii\) tan 2 i - fil/fll J o li 2 


( 11 ) 


It is most interesting to note that equation (11) of Maclaurin is identical 
with equation (3) of Drude. Thus vanishes the task, long deemed necessary, 
of establishing by experimental study the superiority of one formulation 
over the other of these two great mathematical physicists. 

Strachan’s approach is to superimpose on the equations for mathemati¬ 
cally sharp transition the disturbances or discontinuities which would arise 
from Hertzian point oscillators sparsely distributed in the “two-dimen¬ 
sional” mathematical surface. He allows for the possibility of molecular 
orientation by the use of three scattering indices, normal and parallel, to 
the surface, but does not allow for film thickness or refractive index. 
Strachan’s equations, therefore, bear no direct relation to the problem of 
determining either the thickness or the refractive index of the transition 
or adsorbed layer. Recent experimental work has utilized only the theories 
of Drude and Maclaurin. 


The author is indebted to Professor J. W. McBain, F.R.S., for his en¬ 
couragement and advice throughout this work and to Dr R. C. Bacon for 
his capable criticism. 


Summary 

In view of the use that is being made in recent years of the properties 
of reflected plane polarized light to determine the nature and thickness 
of the adsorbed or transition layer, the theories of Drude and Maclaurin 
are discussed and found to reduce to an identical form not permitting of 
mathematical separation of thickness and refractive index of the transition 
layer, not even by the use of a series of observations as simultaneous 
equations. It is shown that the minimum thickness of the adsorbed layer 
compatible with the equations is derived by assuming the refractive index 
of the adsorbed layer to be the geometrical mean of the indices of the two 
media. 
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The combustion of aromatic and alicyclic hydrocarbons 

II. The ignition of aromatic hydrocarbons at 
high temperatures 

By J. H. Btjrgoyne, Ph.D. 

Department of Chemical Technology , Imperial College, London 
{Communicated by A. C. 6. Egerton, Sec.R.S.—Received 20 March 1939) 

Introduction 

In the first paper of this series (Burgoyne 1937 ) the kinetics of the iso¬ 
thermal oxidation above 400° C of several aromatic hydrocarbons was 
studied. The present communication extends this work to include the 
phenomena of ignition in the same temperature range, whilst the corre¬ 
sponding reactions below 400° C form the subject of further investigations 
now in progress. 

The hydrocarbons at present under consideration are benzene, toluene, 
ethylbenzene, w-propylbenzene, 0 -, m- and -xylenes and mesitylene. 

Apparatus and experimental procedure 

The apparatus employed is described in Part I. The method of experi¬ 
ment was to prepare a “stock” hydrocarbon-oxygen (or air) mixture in a 
2 1. pyrex bulb, maintained at a suitable temperature in an air-bath. From 
this, various amounts were introduced to the reaction vessel, which con¬ 
sisted of a 500 c.c. cylindrical quartz bulb, placed with axis vertical and 
heated electrically. The reaction temperature was recorded by means of a 
platinum: platinum-rhodium thermocouple, and the progress of the com¬ 
bustion was followed by the pressure change, hmiting ignition pressures 
being determined to the nearest 0-5 mm. by means of a mercury manometer. 
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No great difficulty was experienced in obtaining reproducible results, and, 
provided a systematic routine was adopted and excessive carbon deposition 
avoided, ignition points could be reproduced to within the limits of accuracy 
of the pressure measurement. 

General characteristics of the ignitions 

Mixtures having hydrocarbon/oxygen ratios between 2 and 0*2 were 
examined. Those in which the ratio was greater than about 0*5 were cha¬ 
racterized by an inaudible ignition accompanied by a mild pressure pulse 
and copious carbon deposition. This mode of ignition prevailed to slightly 
lower fuel-oxygen ratios as the molecular weight of the hydrocarbon was 
increased. Mixtures in which the ratio was less than about 0*3 ignited with 
a sharp “ click 5 ’ accompanied by a violent pressure pulse and no appreciable 
deposition of carbon. The violence of such ignitions was much reduced by 
dilution of the mixture with nitrogen, and the deposition of carbon, where 
it occurred, was also partially suppressed. 

The zone of incomplete ignition observed with propane by Newitt and 
Thornes ( 1937 ) was not well defined in the case of the aromatic hydro¬ 
carbons. In no circumstances was a definite ignition followed by slow com¬ 
bustion, but at very high temperatures there was a narrow region between 
slow combustion and true ignition in which a very sharp pressure increase, 
not easily distinguished from that due to ignition, was followed by a slow 
reaction. 

In Table I is shown the change in composition of the gaseous products 
when the reaction of an equimolecular benzene-oxygen mixture is intensified 
by pressure increase from a slow combustion to ignitions of varying intensity. 

Table I. Gaseous products of combustion of an equimolecular 

BENZENE-OXYGEN MIXTURE AT 565° C 


Initial pressure (mm.) . 

284 

331 

339 

360 

Nature of combustion . 

.. Slow 

Slow 

True 

True 


combustion 

combustion 

ignition 

ignition 

Percentage C0 2 

19-1 

18-7 

7*65 

4*9 

o 2 

1-4 

0-65 

1*4 

1*15 

C 2 H 4 

1*4 

1-2 

2*3 

4*45 

C 2 H a * 

Trace 

Trace 

Considerable 

Considerable 

CO 

74-3 

75-2 

64*8 

55*7 

h 2 

1-25 

1-05 

17*6 

26*6 

ch 4 

2-55 

3*2 

6*25 

7*2 

Ratio CO/'CO» 

3-89 

4*01 

8*48 

11*3 


* The numerical percentage of acetylene is included in the figure for CO: it does 
not exceed 3 % in reactions of this type. 
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It will be seen that the ignition involves an abrupt increase in the amounts 
of hydrogen, unsaturated and saturated hydrocarbons and also in the 
CO I CO 2 ratio. The deposition of free carbon also coincides with the onset of 
ignition. 

In Table II, the gaseous products of ignition of various benzene-oxygen 
mixtures at 642° C are shown. In each case the reaction takes place very 
near the ignition limit. 

The most notable feature of this series is the increase in the amount of 
hydrogen in the products as the ratio fuel/oxygen decreases, the 1 : 3*85 
mixture yielding almost entirely carbon monoxide and hydrogen. The 
saturated and unsaturated aliphatic hydrocarbons also decrease with the 
fuel/oxygen ratio. The trend of the C0/C0 2 ratio is probably composite 
since the formation of carbon monoxide is favoured both by a deficiency 
of oxygen and by the “hot” type of ignition which characterizes low 
hydrocarbon/oxygen ratios. In the slow combustion of benzene (Part I) an 
increasing proportion of oxygen causes a progressive decrease in the for¬ 
mation of hydrogen and hydrocarbons and in the ratio C0/C0 2 . In the 
present instance, the imposition of thermal effects on these results is 
evidenced by the analyses. 

Since the two series of analyses summarized in Tables I and II appear 
to be typical of the other hydrocarbons studied, further data need not be 
given. 

Table II. Gaseous products of ignition* of various 

BENZENE-OXYGEN MIXTURES AT 642° 0 


Ratio fuel/oxygen 

2:1 

1:1 

1 :1*88 

1:3*85 

Initial pressure (mm.) ... 

144 

103 

104 

111 

Percentage C0 2 

7-05 

9*5 

9*75 

7*15 

c 2 h 2 

2-7 

2*4 

Some 

Trace 

c 2 h 4 

1*2 

0*8 

Trace 

Trace 

CO 

77*2 

73*5 

68*1 

68 *5 

ch 4 

4*35 

7*55 

3*9 

0*6 

h 2 

7*5 

6*25 

18*25 

23*75 

Ratio C0/C0 2 

10*9 

7*72 

7*00 

9*59 

Carbon deposition 

Yes 

Yes 

Yes 

NTo 


Ignition pressure and temperature relationships 

Semenoff ( 1935 ) has shown that in a purely thermal ignition, the limiting 
pressure ( p) is related to the absolute temperature T by the equation 

_ p A 7 . 

7p 7jrr^"*®> 


(1) 
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where A and B are constants for a given vessel and mixture. If, then, for 
such a reaction, log 10 pfT is plotted against l/T, a straight line is obtained, 
the gradient of which gives A . In fig.’ 1 a series of 1: 3*94 hydrocarbon- 
oxygen mixtures are treated in this way, the graphs being in each case 
approximately linear. The mean values of A thus obtained are given in 
Table III. The temperatures at which the various mixtures ignite at a total 
pressure of 100 mm. are also included in the table. If the latter figures are 
plotted against the corresponding values of A, a diagram is obtained 
which is very similar to that derived by plotting the activation energy 
against the temperature of equal combustion rate (isothermal) (Part I). 



Table III. Ignition temperature-pressure 

RELATIONSHIPS POR VARIOUS MIXTURES 

1: 3*94 mixture 5 % hydrocarbon-air mixture 

, ■— — . . . . .. . . . . . . _ 


Hydrocarbon 

A 

Temperature 
of ignition 
at 100 mm. 

°C 

A 

Temperature 
of ignition 
at 200 mm. 
°C 

Benzene 

6455 

646*5 

7360 

676 

Toluene 

4310 

609*5 

4250 

659 

Ethylbenzene 

3830 

566*5 

4460 

580*5 

n-Propylbenzene 

3820 

554 

4060 

583*5 

o -Xylene 

— 

542 

— 

__ 

m-Xylene 

3860 

575*5 

3355 

623 

p-Xylene 

— 

601 

_ 

. 

Mesitylene 

3690 

588*5 

3700 

673-5 
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A series of 5 % hydrocarbon-air mixtures were similarly studied. The 
ratio of combustible to oxygen is again 1:3-94, the nitrogen occupying 
3*02 times the volume of the combustible mixture. The values of A obtained 
are given in Table III. When these figures are compared with those for the 
undiluted mixtures certain discrepancies will be noticed. The difference is 
greatest in the case of benzene, diminishing with ethylbenzene and propyl- 
benzene, and negligible with toluene and mesitylene. In the case of m-xylene 
A decreases by dilution. Certain other aspects of dilution will be considered 
later, but in the present instance the effects observed seem to receive 
adequate explanation by reason of the higher temperature at which the 
diluted mixtures react. A closer examination of the points in fig. 1 shows 
that the graphs do in fact curve slightly, the variations in A being sufficient 
to account for the results for the 5 % mixture. From the combined data of 
the two series it is unquestionable that A increases with temperature in 
the case of benzene, ethylbenzene, and propylbenzene mixtures, the 
magnitude of the increase diminishing in the order named; with toluene and 
-mesitylene the variation is negligible; and with m-xylene it is in the reverse 
direction. Miscellaneous experiments with other mixtures afford confirma¬ 
tion of these results. 

Although equimolecular mixtures of aromatic hydrocarbons with oxygen 
are not very suitable for the determination of ignition temperatures by 
reason of the deposition of carbon which always accompanies inflammation, 
a series of ignition temperature-pressure curves has been obtained for such 
mixtures over a sufficiently wide pressure range. From the data so obtained 
it is found that for benzene the constant A increases progressively with 
temperature from 5280 at 600° C to 6760 at 650° C, and, at constant tem¬ 
perature, increases with the proportion of oxygen in the reacting medium. 
For its derivatives the variations which occur are small and comparable 
with the experimental error. 

It will be recalled that in the case of benzene (see Part I) the order of 
reaction of the isothermal oxidation increases with increasing proportions 
of oxygen, and if the ignition reaction varies in a similar way the observed 
increase in A will be magnified in the values of E calculated from it. 

In view of the above results it was thought advisable to verify the previous 
observation that the temperature coefficient of the isothermal oxidation of 
benzene is independent of the proportion of oxygen. Mixtures in which the 
fuel/oxygen ratio was 1:1, 1: 1*88, 1: 3*94 and 1: 7*5 were examined and all 
gave mean values of E (uncorrected) in the neighbourhood of 70 and agreeing 
as far as accuracy permitted; there was certainly no tendency for E to in¬ 
crease with the proportion of oxygen. It is clearly not possible to say 
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definitely whether E increases with temperature when a slow reaction 
approaches ignition, because any departure from isothermal conditions will 
result in an apparent deviation from Arrhenius’s equation and a consequent 
apparent increase in the temperature coefficient. With the 1 : 7*5 benzene- 
oxygen mixture, however, there was some indication of a slight increase in 
E at higher temperatures even with an isothermal combustion. 

The phenomenon of the high temperature explosion peninsula observed 
by Neumann and Serbinoff ( 1932 ) in the case of methane and ethane has 
not so far been noted with the aromatic hydrocarbons. 


The uxfluence of mixture composition 

ON THE IGNITION REACTION 

In Table IV are summarized the results of experiments in which the 
min imum ignition pressures of a series of hydrocarbon-oxygen mixtures 
were determined at convenient fixed temperatures. The least ignition 
pressure for each hydrocarbon is printed in heavy type. 


Table IV. Minimum ignition pressures of 

VARIOUS HYDROGEN-OXYGEN MIXTURES 


Hydrocarbon 

Temperature 

°C 

2:1 

Minimum ignition pressure in mm. for 
following hydrocarbon/oxygen ratios 

1:1 1:1-88 1:3 1:3-94 

1:5 

Benzene 

642-5 

124-5 

103 

102-5 

_ 

Ill* 


Toluene 

605 

— 

172 

108 

99-5 

lOOf 


Ethylbenzene 

559-5 

68 

81-5 

96-5 

_ 

108-5 

_ 

n-Propylbenzene 549 

132 

92 

103 

_ 

105-5 

_ 

0 -Xylene 

526 

— 

128 

125-5 

329-5 

130-5f 

135 

m-Xylene 

550-5 

— 

139 

125 

_ 

132 


p -Xylene 

621-5 

— 

— 

lOOf 

82 

81 

82 

Mesitylene 

584 

— 

— 

113-5 

106 

108-5 

109 

* 

1:3-85 mixture, f 

1 :4 mixture. J 1: 

: 2 mixture. 




In Table V the isothermal oxidations of a similar series are analysed. The 
reciprocal rate of reaction, expressed by the time of change from 20 to 60 %, 
is given for various hydrocarbon/oxygen ratios, the initial pressure being in 
all cases 300 mm. and the temperature constant for each hydrocarbon. The 
maximum reaction rate of each series is also indicated. 

On comparing Tables IV and V it is immediately obvious that the most 
ignitible mixture for each hydrocarbon always contains a greater pro- 
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portion of oxygen than the most reactive isothermally. In equation (1) the 
constants A and B are defined as 

4 -a l0g “ e and 

where E and n are respectively the activation energy and the kinetic order 
of the underlying reaction, Q the heat of reaction, c the velocity constant, 
y a parameter defining the composition of the mixture, k the coefficient of 
heat transfer from gas phase to walls and m and o the orders of reaction 
with respect to the individual reactants (m + o = n). 


Table V. Rate oe isothermal reaction of hydrocarbon- 
oxygen MIXTURES AT 300 MM. INITIAL PRESSURE 


^ 20—60 in minutes, when hydrocarbon/oxygen ratio is 


Hydrocarbon 

°C 

5:1 

4:1 

3:1 

2:1 

1:1 

1:2 

1:3 

1:4 

1:5 

Benzene 

544 

0-52 

0-54 

0*92 

1*19 

(1*17) 

2*39 

3-86 

4-58 

4*88 

Toluene 

520 

2-90 

1-56 

— 

1-23 

0*83 

0-84 

1*00 

1-17 

1*38 

Ethylbenzene 

438 

0-58 

0-67 

0*76 

0-98 

1*66 

2-93 

5-60 

— 

— 

n-Propylbenzene 

438 

— 

0*49 

0*68 

0-96 

1-04 

2-65 

5-11 

8-33 

12*62 

o -Xylene 

441-5 

— 

7*88 

6*14 

3-77 

3-04 

3-00 

3-43 

3-83 

— 

m-Xylene 

438 

9-07 

— 

6*15 

4-76 

3*01 

3-41 

4*99 

— 

5*98 

p -Xylene 

498 

6-23 

6-05 

4*30 

2-94 

1*57 

1*89 

2-01 

— 

2-06 

Mesitylene 

481 

— 

6-07 

5-48 

3-70 

2-26 

1*67 

1*82 

— 

2*06 


It is thus not to be expected that A would be changed by a variation in 
the hydrocarbon/oxygen ratio unless E or (as appears to be the case with 
benzene) n should change. The term B is directly affected by variations in 
y, however, and k will also be altered. The expression y m (l —y)° will attain 
its maximum value when the underlying combustion is proceeding at its 
maximum rate; and were it not for the variation in k , it would be anticipated 
that the most reactive mixture would also be the most easily ignitible. 
Since, however, the mode of variation of k is probably somewhat similar 
for members of the same hydrocarbon series, the discrepancies between 
Tables IV and V should be of similar magnitude. This is not the case, for 
while with the methylbenzenes the most ignitible and most reactive mix¬ 
tures (isothermally) differ only slightly in composition and by an approxi¬ 
mately constant amount, in the case of benzene and w-propylbenzene the 
differences are comparatively large. As regards ethylbenzene the results 
are inconclusive. 

It is clear from these considerations that a purely thermal theory cannot 
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account for the kinetics of the reactions leading to ignition in the case of 
benzene and its higher alkyl derivatives and chain mechanisms evidently 
play an important part. 


The influence of dilution on ignition 

Referring to equation (1), it can be seen that the presence of a diluent 
will not affect the value of A unless the mechanism of the reaction is changed. 
It has been shown that, although in some cases A varies with temperature, 
there is no indication that its value is altered by the addition of a diluent at 
constant temperature. 

The constant B, which determines the position relative to the axes of 
the logp/T— l/T curve, however, is likely to be affected by dilution, be¬ 
cause h 3 which involves the thermal properties of the medium, will be 
changed. It should be pointed out at this stage that when a diluted mixture 
is used, in determining B : p must be taken as the sum of the partial pressures 
of combustible and oxygen at the ignition limit and not as the total pressure: 
the change in B thus brought about is equal to log 10 6, where 6 is the ratio 
of the total pressure to the sum of the partial pressures of combustible and 
oxygen. 

The presence of a diluent will increase the value of h , and, if ignition is 
due to purely thermal causes, will thus increase the ignition pressure. In 
practice, this is not always found to be the case. Thus with mixtures of 
aromatic hydrocarbons and oxygen, dilution with nitrogen decreases the 
ignition pressure as may be seen, for example, from the results of a series 
of experiments with 1: 3*94 hydrocarbon-oxygen mixtures, summarized in 
Table VI. In the table, the partial pressures of the diluted combustible 


Table VI. Influence of nitrogen dilution on the ignition 

PRESSURE OF A 1 -HYDROCARBON + 3*94 OXYGEN MIXTURE 


Hydrocarbon 

Tem¬ 

perature 

°C 

Ignition 
pressure 
of un¬ 
diluted 
mixture 

mm. 

0*5 

Benzene 

648 

98 

0*904 

Toluene 

631*5 

76 

— 

Ethylbenzene 

564 

102 

— 

w-Propylbenzene 

549 

105*5 

— 

m-Xylene 

586 

90 

— 

Mesitylene 

610 

80 

— 


Relative ignition pressures when ratio 
nitrogen/combustible mixture is 


1 

2 

3 

4 

5 

0-862 

0*791 

0*750 

0-725 

0*699 

0*908 

0-878 

0*850 

— 

_ 

0*833 

0*735 

— 

— 

_ 

0*820 

0*739 

0*708 

0*676 

— 

— 

— 

0*785 

— 

— 

— 

— 

1*101 

— 

— 
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mixtures at the ignition limit are referred to the ignition pressure of the 
corresponding undiluted mixture as unity. 

If these results are compared with those for the influence of nitrogen on 
the corresponding isothermal reactions (see Part I) it will be noticed that 
there is a marked similarity. Thus, benzene and the higher alkyl derivatives 
are most affected, and m-xvlene is more sensitive than toluene: mesitylene 
shows the least effect. 

An equimolecular benzene-oxygen ignition was found to be less influenced 
than a 1: 3*94 mixture by the same relative amounts of nitrogen. Thus, at 
637° C, the ignition pressure (116mm.) of the undiluted mixture was reduced 
2*7 and 12-5 % respectively by 0-44 and 1*43 vol. of nitrogen. 

It is well known that where a chain mechanism is involved, addition of 
an inert gas usually accelerates the reaction by impeding the diffusion of 
active centres to the walls. This may be demonstrated by comparing the 
influence of helium on the ignition of 1: 3*94 mixtures (Table VII) with that 
of nitrogen (Table VI). In the former case, the diffusion coefficient of the 
diluent being much greater, the ignition is inhibited with all mixtures, and 
the thermal effect of the diluent is now no longer marked by its chain¬ 
lengthening influence. It has been shown (Part I) that the addition of three 
volumes of helium to an equimolecular benzene-oxygen mixture results in 
an acceleration of the isothermal combustion by only 5 %, and it is probable 
that the variations denoted in Table VII are of a predominantly thermal 
origin. 

Table VII. The influence oe helium dilution on the ignition 

PRESSURE OF A 1 -HYDROCARBON-f 3*94 OXYGEN MIXTURE 
Ignition 



Tempera¬ 

ture 

pressure of 
• undiluted 
mixture 

Relative ignition pressure when 
ratio helium/combustible mixture is 

Hydrocarbon 

°C 

mm. 

0-5 

1 

2 

3 

Benzene 

645 

103 

1*126 

1*170 

1*203 

1-252 

n-Propylbenzene 

549 

105-5 

— 

1-056 

— 

(1-041) 

m-Xylene 

597 

80 

— 

— 

— 

1*266 

Mesitylene 

607-5 

82 

— 

— 

— 

1*526 


The influence of surface factors on the ignition limit 

(a) Condition of the surface . The ignition temperatures of aromatic hydro¬ 
carbons are not unduly sensitive to the condition of the walls of the reaction 
vessel. As in the case of isothermal combustions, it was found that the 
first one or two experiments of a series gave abnormal results if the vessel 
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had been left fall of air for a long period and ignition appeared to occur 
more readily and more violently in these circumstances than when the 
surface had become stabilized. Small deposits of carbon and traces of other 
products were however without appreciable effect on the upper ignition 
region. 

(b) Surface/volume ratio. It is proposed to deal with this matter in more 
detail in a future communication. Some preliminary experiments, however, 
were made to find the effect on ignition of packing the reaction vessel with 
quartz rods and thereby increasing its surface/volume ratio. 

Two mixtures were examined, namely, (1) a 20-25% benzene-oxygen 
mix ture (1:3-94) and (2) a 10 % benzene-air mixture, and the experiments 
included both slow combustion and ignition. The results expressed in terms 
of the quantities A, E and n of equation (1) are summarized in Table VIII. 


Table VIII. Influence of the surface/volume 

RATIO ON THE COMBUSTION OF BENZENE 


Surface/volume ratio 

(1) 20-25 % C 8 H 6 -0 2 

0-87 2-9 

(2) 10 % C 6 H 6 -air 

0*87 2*9 

Slow combustion: 

Values of n 

2-5 

2-5 

2-3 

2*3 

Values of E 

70-5 

91 

70 

107 

Ignition: values of A 

6455* 

6560* 

ca. 7000 

— 

Ignition pressure at 650° C 

94 mm. 

177 mm. 

269 mm. 

433 mm. 


* Mean values. 


The data indicate that while packing has no effect on the order of the 
isothermal reaction, the activation energy is definitely increased. In other 
words, packing causes less retardation as the temperature is increased. 
Owing to the fact that the relationship between log p/T and 1/J 7 is not linear 
in the case of benzene mixtures, it is not possible to draw any definite 
conclusions from the values of A. Since, as the results show, packing causes 
an increase in the ignition temperature at a given pressure, one would, in 
any case, expect the value of A to be increased at the same time. 

Discussion 

The ignition temperature-pressure relationship: 

i V A t , 

^§10 lj\ + 

is derived on the assumption of a purely thermal definition of the ignition 
limit. It applies, however, equally well to ignitions resulting from a branching 
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chain reaction and hence cannot be used to distinguish between the two 
mechanisms. It is extremely doubtful if a purely thermal ignition is known. 
In the majority of cases the evidence points to a chain-thermal mechanism 
and the reactions we have been considering almost certainly belong to 
this class. 

According to the chain-thermal theory (Semenoff 1935 ), the limit condition 
is ( x oo^) = 4 (o k , where denotes the amount of reaction at completion 
and o) k is the critical velocity at which the reaction ceases to be isothermal. 

<j> is dependent upon temperature and pressure according to the approxi¬ 
mate relationship 

(j) = a(p/T) n e - BIRT , 


and it is assumed that 

x = b{p/T). 

a and b are constants for a given mixture. Thus, at the limit, 


ab(plT) n+1 e- EIRT = 4<y /c , 

i.e. 

i P A _ 

l°giofi= p + B > 

where 

4 -Elogioe 
i?(TO+l)’ 

and 

r> i 


Since the expression for A involves both E and n, two of these quantities 
must be known in order to calculate the third. The ratio E/(n -b 1 ) is equal to 
AJR/log 10 e, however, and can be evaluated from the data of Table III both 
for 1: 3*94 hydrocarbon-oxygen and for 5 % hydrocarbon-air mixtures. 
From the results of previous experiments (Part I) it is also possible to obtain 
values of E/(n + 1 ) for isothermal combustions of the same hydrocarbons 
(equimolecular hydrocarbon-oxygen mixture). 

In Table IX these values are compared. 


Table IX. Values of the eatio E/(n + 1 ) 


Hydrocarbon 

Benzene 

Toluene 

Ethylbenzene 

n -Pr opylbenzene 

m-Xylene 

Mesitylene 


RA /log 10 e from ignition data 
1 : 3*94 mixture 5 % air mixture 


Ef{n 4-1) from slow 
combustion data 
1:1 mixture 


29-5 33*4 23*45 

19*7 19*4 16*3 

17*5 20*35 13*8 

17*4 18*55 12*6 

17*6 15*3 14*45 

16*8 16*9 13*85 
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It will be seen that the ratio obtained from ignition data is always greater 
than that derived from the slow combustion and that the discrepancy is 
greatest in the case of benzene, ethylbenzene and propylbenzene. It has 
been shown that the increase in A for the diluted mixture is mainly due to 
the higher temperature employed, and that it may be concluded that the 
ratio E/(n + l) increases in certain cases with temperature. According to 
the thermal view (AR/ log 10 e in this case has the value E/n) this can only be 
accounted for by a decrease in n , that is, by a reduction in the order of 
reaction. The chain theory, however, allows the additional and more likely 
explanation that E increases with temperature. This is because the observed 
activation energy includes not only the primary term but also a term expres¬ 
sing the temperature coefficient of increase of chain length by branching. 
Following this reasoning, chain branching must play a minor part in the 
ignition of the methylbenzenes, and a dominating part in the ignition of 
benzene and its higher monoalkyl derivatives. 

The results of experiments on the influences of mixture composition and 
of dilution on the ignition pressure serve to emphasize this difference in 
mechanism. 

In the expression for B according to the chain-thermal theory the factor 
o> ft may be said to include purely “thermal” terms and a purely “chain” 
terms. Thus dilution increases o) k for thermal reasons and increases a by 
lengthening the chains. The net effect on B will depend upon the relative 
importance of these influences. Thus, in the present instance, if nitrogen be 
the diluent, the increase in a predominates, and if helium be used, o) k is 
the more affected. 

In the case of benzene ignitions, it is found that A is also increased at 
constant temperature by an increase in the proportion of oxygen in the 
mixture. This is unlikely to be due to a decrease in n since, as has been 
shown in Part I, the change that does occur, in isothermal combustions, is 
in the opposite direction. It is thus evident that chain branching, in the 
case of benzene at least, is favoured by an increase in the oxygen concen¬ 
tration. 

Finally, as a result of the experiments described, it is concluded that 
Semenoff’s theory of degenerate explosions leading to chain-thermal 
ignition is applicable to the combustion of aromatic hydrocarbons at high 
temperatures, more especially in the case of benzene, ethylbenzene and 
n -propy lb enzene. 

The author is indebted to Dr D. M. Newitt for many valuable discussions, 
and to the Department of Scientific and Industrial Research for a grant, 
during the tenure of which the work here described was carried out. 
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Summary 

The ignition reactions between 450 and 750° C of benzene and seven of 
its alkyl derivatives have been studied. The applicability of the ignition 
pressure-temperature relationship log (p/T) = AjT + B is examined and it 
is found that A increases with temperature in the case of benzene, ethyl¬ 
benzene and w-propylbenzene, but otherwise is constant. With the same 
three exceptions, the correspondence between the most ignitible and the 
most easily combustible (isothermally) fuel-oxygen mixtures is consistent. 
Dilution with nitrogen decreases the critical ignition pressure, but helium 
has the reverse effect. An increase in the surface/volume ratio also inhi bits 
ignition. 

It is concluded that branching chain mechanisms play an important part 
in the ignition of benzene and its higher mono-alkyl derivatives, but with 
the methylbenzenes the reaction is of a more thermal character. 
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The propagation of a pulse in the atmosphere 
By C. L. Pekeris, D.Sc., Massachusetts Institute of Technology 
(Communicated by G. I. Taylor , F.R.S.—Received 30 January 1939) 

1 . Introduction 

In a recent paper (Pekeris 1937 *) it has been shown that under certain 
assumed temperature distributions above 35 km. the atmosphere is found 
to have a period of free oscillation of nearly 12 solar hours. In this mode of 
oscillation, which will be referred to as the second mode, the pressure varia¬ 
tions above and below 30 km. are in opposite phase. There is also another 
mode of free oscillation (the first mode) of a period of about 10 £ hr., in which 
there is no reversal of phase in the pressure variation. A free period of 12 
solar hours is required by Kelvin’s “resonance” theory of the semidiurnal 
variation of the barometer and the reversal of phase as well as the large 
amplitudes at great heights of the pressure variation in the second mode 
are in accordance with the interpretation of diurnal variation of the earth’s 
magnetic field by the “dynamo ” theory (Chapman 1934 ). There is additional 
evidence about the free modes of oscillation of the atmosphere from the 
propagation of long waves, since, according to a theorem of G. I. Taylor 
( 1936 ) there corresponds to every free mode a definite speed of long waves. 
Now the atmospheric wave which was caused by the Krakatoa eruption 
in 1883 travelled with a speed corresponding to the first mode, and the 
question arises whether the apparent lack of a second wave in the Krakatoa 
disturbance is evidence against the existence of the second mode. Quali¬ 
tatively, it can be argued that a volcanic eruption which takes place at the 
ground would excite a higher amplitude in the first mode because in it the 
energy distribution is more concentrated toward the ground than in the 
second mode. This would follow from the general dynamical principle that 
one cannot excite a free mode by applying a pulse at a nodal point, as is 
strikingly manifested by the fact (Stoneley 1931 ) that the deeper the focus 
of an earthquake the smaller are the amplitudes of the surface (free) waves. 

In this paper we treat the problem of the propagation of a surface pulse 
in an atmosphere having the temperature distribution referred to above. 
It is found that such a pulse would excite both modes but that the amplitudes 
of long waves would be greater in the first mode than in the second by a 

* This paper is referred to as I. 

[ 434 ] 
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factor varying from 2-4 to 2*9. From an analysis of the dispersion in an 
atmosphere having a constant temperature gradient it is inferred that the 
dispersion is likely to be higher in the second mode than in the first, thus 
tending further to decrease the relative amplitudes of the two waves with 
increasing distance. The degree of dispersion depends on the duration of 
the pulse. To estimate the latter for the Krakatoa eruption the energy of 
the atmospheric wave which it excited was computed and found to be of 
the order of 10 24 ergs. It is then estimated that the release of this energy 
would require an interval of several seconds or minutes depending on whether 
the outburst extended over the whole island or only over a small fraction 
of it. One would thus expect to find small traces of the second wave in the 
early passages of the disturbance. The records reproduced in fig. 2 show the 
second wave with some definiteness in the first passage, but already in the 
second passage it is extremely small. In view of the above theoretical 
deductions, the conclusion is drawn that, in so far as can be expected, the 
evidence from the Krakatoa wave is in favour of rather than in contradiction 
to the existence of the second mode. 

2 . Theory of the propagation of a pulse in the atmosphere 

In dealing with waves whose period is about an hour, it is permissible to 
neglect the curvature and the rotation of the earth, since the effects of the 
latter become appreciable only for periods of the order of half a day. This 
limitation to a flat and non-rotating atmosphere is even less serious for our 
particular application, which is to determine the relative amplitudes of the 
various modes excited by a localized pulse. The pulse due to a volcanic 
eruption we represent by the condition that at the origin of co-ordinates 
there is maintained over a vanishingly small area a vertical velocity w{0) 
which starts initially from zero, reaches a maximum, and then decreases 
again to zero. The time variation of w(0) is exactly that of the velocity of 
outflow of the volcanic gases during the eruption. [Relative to the observed 
wave-lengths of a thousand km., the crater of the volcano can be considered 
as a point,* so that we may represent the space localization of w(0) by the 

factor g{r) = (A/27 t) j J 0 (kr)Jcdk , where r is the radius in the horizontal 
Jo 

plane. g(r) is zero everywhere except at the origin where it becomes infinite 

poo 

in such a way that 2n g(r) rdr — A. A thus represents the instantaneous 
Jo 

integral of the velocity over the surface of the active portion of the crater. 

* See, however, the discussion on p. 447. 

29-2 
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For the tima variation we shall, in the first instance, assume a factor e i,rl 
and shall later generalize by a Fourier integral. 

Now the general equations governing the small oscillations of the atmo¬ 
sphere are given by Lamb (1932, p. 551 ), and we shall use his results. It is 
found that if the dependence of the variables on t and r is given by a factor 
e iat J Q (Jcr). the divergence of the velocity X satisfies the equation 


and 


‘0 + (s+ w ) I +w - $ {S - <r - 1 > ? )] x " °- 

(g 2 k 2 - cr 4 ) w = ar 2 c 2 ~ + g{ycr 2 - & 2 c 2 ) y, 


( 1 ) 

(2) 


where c is the velocity of sound as determined from the assumed temperature 
distribution and 2 is the vertical co-ordinate counted positive downward. 
The pressure variation at the ground jp( 0 ) is, in the region outside the origin, 
where w(0) is made to vanish, given by 

ia-p( 0 ) = -my( 0 ), ( 3 ) 

y being the ratio of specific heats and p 0 the undisturbed surface pressure. 
The horizontal velocity u is determined by 

. dp 

p 0 i<ru = ——. (4) 

The solution of (1) under the conditions of the continuity of y and the 
vanishing of w( 0) determine cr as a function of k and thus the velocities of 
free waves as a function of the period. The limiting value of the velocity for 
long periods determines also, by G. I. Taylor’s theorem (1936), the periods 
of free oscillation of an atmosphere having the same vertical temperature 
distribution and enveloping the rotating earth. The conditions in the pulse 
problem are again the continuity of y and 


W( 0) = (.4/27T) 



Jjj ( kr ) k dk, 


( 5 ) 


where A now signifies the integral of the downward velocity over the crater. 
Let the solution of (1) which is continuous be K(z,<r,k), then the general 
solution satisfying ( 5 ) is 


y = (A/ 2 ir) e irfJ " Jo (kr)K^or^k)kdk 


( 6 ) 


with W(k,or) = [l/(g 2 k 2 -&*)][ o- 2 c 2 ^ + g(yo- 2 -k 2 c z )K~\ . (7) 
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Let K( 0 , cr, k) = crQ(cr. k). Then it follows from (3) that, except at the origin, 

,((,). L*p, B-ypMM. (8) 

The integral in ( 8 ) is to a certain extent indeterminate because for a given 
cr one can always add to a given solution a system of free waves of arbitrary 
amplitude travelling with the velocity determined by W{k, cr) = 0 . The 
problem can be made determinate by the introduction of frictional forces, 
the simplest type being the one used by Rayleigh (see Lamb 1932 , p. 399), 
namely, a force proportional to the velocity. The integral in ( 8 ) is then found 
to consist mainly of a series of diverging waves with amplitudes propor¬ 
tional to the residues at the zeros of W(k,cr ), and of other terms which 
decrease at a higher rate with increasing r. The final result can also be 
obtained directly (Lamb 1904 *) by taking the “principal” value of the 
integral and then superimposing a system of free waves so as to obtain 
diverging waves. Noticing from ( 1 ) and ( 2 ) that Q and W are even functions 
of k, we have 

(Q/W)J 0 (Jcr)JcdJc = -- f°° (Q/W)kdkf m 

Jo nj 0 Jo 

= -- [°°du[°° (Q/W)ke ikT cosh “ dk. 

77 J 0 J -CO 

Let W vanish at ±k n ,n= 1 , 2 , 3,.... Then, at large values of r , we have for 
the leading terms 


/: 


where 


(Q/W) e ikrcostlw kdk = in 2( QJ W'f) k n (e~ k n r 00811 “+ e ik » r cosl1 “) 

O 

= E{QJW’ n ) k n cos (k n r cosh, u), 

W' n = y k W(k n ) = -^ jc W{-k n ). 


/* co 

Hence p( 0 ) = 2iBe' M Z(QJW! n )k n \ cos {k n rcoshu)du. 

We now superimpose a system of free waves so as to obtain diverging waves 
only: 

p n (< T ’ r ) = iS7re ilTl (QJWn)k n D 0 (k n r) = 2 iB(Q n /W^)k n e icr/ J^ e - ik >‘ rB0Bhtl du, 

(9) 


* See also Lamb ( 1932 , p. 406). Our analysis closely follows that given in Lamb 
( 1904 ). Note specially the transition from equations (141) to (159). 
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where p n denotes the surface amplitude of the nth wave. If the variation 

f* oo r<x> 

with time of w(0) is f(t) = S(cr) e iort dcr, then p n = 8(<r)p n (or,r)dcr. To 

J — oo J-co 

evaluate the last integral, one must know k n and (QJW^) as functions of <r. 
The determination of these functions, except for their limiting values as 
cr ->0 (long waves), would be very laborious for a composite atmosphere and 
will not be undertaken here. I anticipate, however, from the observed 
period of the wave and from the fact that Taylor ( 1929 ) was able to account 
for the shape of the wave front by assuming a constant velocity of pro¬ 
pagation, that S(cr) is a slowly varying function of cr. Hence we try the 
developments 

K = (<r/c) {l+ B 1 cr 2 +...), ( 10 ) 

+ ( 11 ) 

iQJWUK- (<r/cli)(l+D 1 a* + ...), ( 12 ) 


where D x = B x — A x , and attempt to estimate the order of magnitude of 
the effect of the correction terms in the parentheses on p n . The actual values 
of A v B v D x are obtained in the next section for an atmosphere of constant 
temperature gradient, and it is believed that these will be correct to order 
of magnitude for a composite atmosphere. The last conjecture will be very 
nearly true for the first mode whose period as well as amplitude distribution 
depends mainly on the temperature distribution in the troposphere. The 
contrast in dispersion between the two modes in the linear atmosphere is 
likely to be greater than in the composite atmosphere, so that we can infer 
an upper limit to the probable variation of dispersion in the latter atmo¬ 
sphere. Inserting the expressions above in (9) and dropping the subscripts 
n, we obtain 


p = ( 2BjcE )J (i<r+D 1 icr z + .,.)[! <r z r coshu +...] 

exp j^icr^ — T - cosh itj J du , 


where we have expanded exp £ — B x r cosh wj into a power series. 
F(t, r) = J exp £icr^ - T - cosh u^ J du, 


Let 


then (icr+D 1 i<r 3 +...) exp - ~ cosh J du = L F, 

[1 — i(BJc) <r z r cosh u + ...] exp - r - cosh J du~MF, 
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0 03 

L = di~ Dl dt 3+ '"’ M=l ~ rBx drdt i 


Hence p = (2 BjcE) LM j* exp |~£cr^ cosh u j J du, (13) 

for the case in which the time variation of w(Q) is given by e icri . If this time 
variation is of the form /(£), then 

p = (2BjcE) LM J f(t— %osh^d^. (14) 


As mentioned before, f(t) would be expected to rise from zero to a maximum 
and then decrease again to zero, and for our purpose it will be sufficient to 
adopt Lamb’s function (Lamb 1932 , p. 300) 

f(t) “ WTT 3 ’ /_*>*-»■ 


Lor values of r sufficiently removed from the source (r>cr) and during the 
passage of the main phase (tc'==r) we have approximately (Lamb 1932 , 
p. 300) 


4 =j o f(t-leoshu^du = ^^Jcos(%7r-l7i)<J(eos7]), (15) 


with 7) = tan -1 



One finds that 


Tt~ * t- 

W " -4^(7)*'»Mio-W(cos,)* =. - 


3_d$ 

2 r dt 9 

4 d(f> 
^~dt 9 


d<j> <j) rd<j) . r 

T dr 2 c dt 2 ct 


The form of d<pjdt to which the leading term of p in (14) is proportional is 
shown in fig. 1 , where the points — 1 , 0 , +1 correspond to the times r/c—r, 
rjc, rjo + r, respectively. It is found that in the linear as well as in the com¬ 
posite atmosphere E is negative for both modes, and since in our notation 
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B is negative for outflow from the volcano, it follows that a volcanic eruption 
would cause, at distances sufficiently removed from the source, first a ns& 
of pressure, then a drop to negative values and a subsequent slow recovery 
to zero. This, of course, is true only to the extent that the leading term in 
(14) is a sufficient approximation. Even though initially small, the correc¬ 
tion terms ar isin g from M become significant at great distances and will 
eventually modify the shape of the main phase. 



3 . Applications to a linear and a composite atmosphere 

We proceed to compute the coefficients in the expansions ( 10 ), ( 11 ), ( 12 ) 
for an atmosphere having a temperature gradient equal to half the adia¬ 
batic.* The solution of ( 1 ) for this case is given by Lamb ( 1932 , p. 551): 

X = e-** f, f = F{ - a, 8 , x), x = 2kz, y = (gk/cr z ), \ 

a = G 2/+ 4" 4 )’ W = 5 ^-1 (16) 

where the origin of z is at the top of the atmosphere and a factor e i<rt J 0 {kr) 
has been omitted. The roots of the expression in the brackets in (16) deter¬ 
mine k n as functions of <r. The first term in this expansion is worked out by 
Lamb. A convenient way of getting the succeeding termsf is to find the 
roots for a = 0 , 1 , 2 ,3,... when the hypergeometric function reduces to 

* It should be noted that in I, w is positive for upward motion. In Table I, w is 
positive for downward motion. 

| See also Solberg ( 1936 ). 
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polynomials. The coefficients are then obtained by numerical differentiation. 
One thus obtains for the first and second modes respectively: 


k = 

k = 


2-4805 cr 

f(hg) 

5-64113cr 


[1 + 0-0038295cr 2 (%) + 0-0003632cr 4 ^ 2 /^) + ...], 

B l = 0-00383(A/gr), 

[1 + 0-20040cr 2 (%) + 0-08638cr^ 2 /sr 2 ) + ...], 

B x = 0-2004(%), 


(17) 

(18) 


where h = 1H 0 = 7 BTJg, T 0 being the surface temperature. With H 0 = 8*43 
km., (cr 2 h/g) is unity for a period of 8*12 min. and is correspondingly smaller 
for higher periods. Next we consider the variation of the amplitude factor 
with cr. For the linear atmosphere this factor can be computed from 


\_dw = adw = hj(hg) / (y-^ ra/ w 

Qdh i)l x y L^ a l ^ °ct\ 

+ 4(4) + < i4 -*-^f-< i+ w4 (i9) 


where the quantities are evaluated for x = 2 Ich. The results for the first and 
second modes respectively are 


cr dw 
XdJc 


a dw 
Xdk 


-0*185904 hj(hg) [1 + 0*0448cr 2 (%) + 0*004cr 4 (A 2 /^ 2 ) + ...], 

D 1 = -0*0410(%) 5 (20) 

-1*9019 lh<J(hg) [1 + 0*677cr 2 (%) + 0*65o- 4 (A 2 /gr 2 )], 

D 1 = -0-4!77(h/g). (21) 


The ratio of the second term to the first in L is thus of the order of 
(4 DJr 2 ) = (31*4/r) 2 , (107 /t) 2 , 


where the unit of r is the second. Similarly the ratio of the second term 
in if to the first, which is of the order of (0*38^r/cr 3 ), is (r/$) (215/r) 3 , 
(r/S ) (1 100/t) 3 , where 8 denotes the circumference of the earth. We may make 
a rough estimate of r from the fact that at the European station the time 
interval between the first maximum and subsequent minimum during the 
first passage of the wave is about half an hour, and according t& fig. 1 this 
equals about 2r. If r is actually of the order of a thousand seconds, then it 
would follow from the above that the dispersion would be small for the first 
mode, but that it might become significant for the second mode, especially 
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during the later passages. However, as mentioned before, the dispersion in 
the second mode in the composite atmosphere is not likely to differ from 
the dispersion in the first mode by as much as it does in the linear atmosphere. 
Actually, the principal phase of the observed wave changed its form in the 
successive passages and in the third passage the drop following the first rise 
did not extend to negative values. Whether this was due to the peculiar 
circumstance of the focusing of the wave at the antipodes or to actual dis¬ 
persion due to a smaller value of r is difficult to tell. All that can be con¬ 
cluded from our present analysis is that dispersion is small in the first mode 
during the early passages and that the second mode is more dispersive than 
the first. 

For the composite atmosphere only the leading terms in (10), (11), (12) 
have been obtained. The velocities for a number of model atmospheres are 
given in Table I of I. The amplitude factor can be computed from 

Z M “ Wr wn+ <0 ’ 4 ”- 1)1 < 22 > 

where the quantities on the right-hand side are to be evaluated at the ground 
and n denotes the order of the Bessel functions which enter in the expression 

for x in tih.e troposphere. The quantity ~ (i wjyH% ) has been computed 

(VCCq 

first by developing the analytical expressions for it and secondly by numerical 
differentiation of the values of ( w/yHx ) computed in the neighbourhood of 
the critical x 0 . The results are set out in Table I, where A, B, I are the atmo¬ 
spheres described in I, and L is Lamb’s atmosphere treated above. The 
quantities in the columns marked (1) and (2) are proportional to the exter na l 
coefficient in ( 14 ), which includes a factor *Jc arising from L. As was to be 
expected, there is more variation in column (2) than in (1). It follows that, 
even without the effects of dispersion, the amplitude of the first mode should 
be greater than the amplitude of the second mode by a factor varying from 
2-4 to 2 - 9 . 

Table I. The quantities in columns (1) and (2) are proportional to 

THE LEADING- TERMS IN THE AMPLITUDE OP THE RESPECTIVE WAVES. 
C DENOTES THE VELOCITY OP PROPAGATION OP LONG WAVES 


Atmosphere 

(1) 

(2) 

* = (l)/(2) 

(Cl/o*) 

B 

0-1844 

0-07807 

2-36 

1-129 

A 

0-2042 

0-06982 

2-93 

1-141 

L 

0-2816 

0-04146 

6*79 

2-274 

I 

0*2950 

0-04335 

6*81 

2-567 
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4. The atmospheric wave caused by the 
Krakatoa* eruption of 1883 

In attempting to recognize on the barographs the wave due to the second 
mode, one is beset with the a priori difficulties due to the expected smallness 
of the amplitude. In the first passage there is the additional complication 
due to the fact that the wave of the second mode would be superimposed on 
the rising “tail 59 of the wave of the first mode. In fig. 2 are reproduced 
records of self-registering barometers from some European stations and 
from Providence, R.I. The phase due to the first mode is marked on the 
Pavlovsk record by I and II, and is easily recognized in the other records 
by the deep depressions to the left of the arrows. In the first passage the, 
wave arrived directly from Krakatoa and in the second passage it travelled 
through the antipodes. The arrows have been inserted at the positions where 
it is believed that there is an indication of the wave of the second mode. 
These indications are admittedly very weak in the second passage, especi¬ 
ally in the case of the Montsouris record, but in the first passage the phase 
of the second mode is quite distinct in the records of Pavlovsk, Montsouris, 
and Brussels and to a lesser degree in the records of the British stations. If 
the velocities of waves of the two modes are c x and c 2 , then the time-interval 
between the arrival of the two waves in any passage is c 2 )/c 2 , where 

T (1) is the interval between the origin and the arrival of the wave of the 
first mode. These values are computed in Table II for atmospheres A and B 
from the data given in the Krakatoa Report ( 1888 , p. 70). The last figures 
in the observed values are doubtful. If the phases of the wave of second mode 
are real, then it would seem from the table that the vertical structure of the 
atmosphere along the great circle from Krakatoa to the north European 
stations approached that of model B more than that of A, the latter being 
relatively colder aloft. In the Providence record the observed value of 
(jr( 2 )_ ya)) £k e first passage is 2*2 hr. This interval should have been 2*01 
and 1*83 for models A and B respectively. On the Washington record, 
which is very irregular, I find that the minimum of pressure following the 
one which was adopted by Strachey for the epoch of the first mode occurred 
after an interval of 2*25 hr. Now, as was pointed out by Strachey, the waves 
which travelled to the North American stations exhibited anomalous 
variations in speed which are attributable to their passage close to the poles, 
the great circle from Krakatoa to these stations making an angle of only 
5J° with the meridian through Krakatoa. The retardation of the wave of 

* More correctly Krakatao or, as the Dutch spell it, Krakatau; I have used the 
conventional English spelling. 
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the second mode, if real, would thus be due to the prevalence of relatively 
lower temperatures at heights of about 60 km., a result which might be 
expected, if the high temperatures at these heights are ultimately due to 
absorption of short-wave solar radiation. 

Table II. Data relating to the wave of the second mode in the 

FIRST (I) AND SECOND (II) PASSAGES OE THE KrAKATOA WAVE THROUGH 

some European stations. The unit oe time is the hour 


Pavlovsk 

Interval 
between origin 
and I 

8*77 

Brussels 

9-93 

Montsouris 

10*03 

Stonyhurst 

10*38 

Armagh 

10*72 

Pavlovsk 

Interval 
between origin 
and II 

25*93 

Brussels 

24*85 

Montsouris 

24*82 

Stonyhurst 

24*22 

Armagh 

24*00 


A 

B 

Observed 

y ( 2) _ y(D 

y ( 2 ) _ yd) 

y( 2 ) _ yd) 

1*24 

113 

1*08 

1*40 

1*28 

1*31 

1*42 

1*29 

1*23 

1*47 

1*34 

1*29 

1*52 

1*38 

1*31 

A 

B 

Observed 

r? 

Si 

1 

l 

y( 2 ) _ yd) 

y( 2 ) _ yd) 

3*67 

3*34 

3*11 

3*51 

3*20 

— 

3*51 

3*19 

3*36 

3*42 

3*12 

3*01 

3*39 

3*09 

3*00 


The question arises as to whether the phase in the first passage which 
we have identified as the wave of the second mode was due to a second 
explosion which followed the main eruption. Indications of such an ex¬ 
plosion are found on the gasometer record of Batavia (Krakatoa, p. 95) at 
11 h. 05 m. Batavia time, the main eruption having been recorded there at 
10 h. 15 m. Now the amplitude of the latter was estimated by Verbeek to 
have been 63 mm. of water, but according to Strachey this estimate is likely 
to be low because the pencil reached the limit of the diagram. The amplitude 
of the disturbance at 11 h. 05 m. was 40 mm. and there were also disturb¬ 
ances of amplitudes of 41 mm. at 5h. 43 m. and 6h. 57 m. Thus, besides 
the fact that (T (1) ) shows, according to Table II, a progression from 
Pavlovsk to Armagh, its value at the latter station being 1 h. 20 m. instead 
of 50 m., the above supposition is vitiated by the fact that no atmospheric 
waves are found corresponding to the explosions at 5 h. 43 m. and 6 h. 57 m. 

There remains, however, the problem of accounting for the large period 
of the observed waves which, according to our analysis, implies a duration 
of the eruption of similar magnitude. Possibly we encounter here an effect 
due to the finite amplitude of the original disturbance, there being required 
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a finite interval of time for the wave to spread until the amplitudes are 
sufficiently reduced for the theory of small oscillations to apply. One way of 
approaching the problem is to compute the energy of the atmospheric wave 
and then to attempt to estimate the time required to pour this energy into 
the atmosphere from a volcano.* Now in the first passage through Brussels 
and the Bri tish stations the wave of the first mode can be represented 
roughly by a solitary wave of sinusoidal form, having a period of 1-2 hr. and 
a semiamplitude of 0-7 mm. of mercury. Thus = 0 for t < T x (= 10 hr.), is 
equal to 930 sin [1-45 x 10 -3 (2 — 3\)] dynes up to t = T z = 11-2 hr. and is 
zero thereafter. The radial velocity u at the ground is equal, in a wave 
progressing with speed c, to (p/cp). The kinetic energy in a column of 
1 cm. height at the ground is 

27 r f 2 (pw 2 / 2 ) rdr = 2m 2 f 2 {pu 2 / 2 ) tdt — 2nc 2 (A 2 j2c 2 p) 8-24 x 10 7 , 

Jr i JT i 

where A = 930. With p = 1-2 x 10 -3 this equals 1-9 x 10 17 erg/cm. This 
must be multiplied by the effective height of the atmosphere for the kinetic 
energy of the wave. The latter quantity is equal to the area of the curve 
E {1) of fig. 1 in I, which represents the ratio of the kinetic energy at any level 
to the kinetic energy at the ground. One thus obtains a value of 17 km. for 
the first mode and of 39 km. for the second mode. Hence the kinetic energy 
of the wave of the first mode was 3-2 x 10 23 ergs and the total energy 
6-4 x 10 23 ergs.f In atmosphere B the ratio of the energy of the second mode 
to the energy of the first mode is (39/17)/(2-4) 2 = 0-40, while in atmosphere 
A this ratio is (39/17)/(2-9) 2 = 0-27. Adopting a value of 0-35, we arrive at 
a value of 8-6 x 10 23 ergs for the total energy of the atmospheric wave of the 
Krakatoa eruption. This, of course, does not represent all the energy which 
was released in the volcanic outbreak. For comparison we may quote 
Jeffreys’ estimate of 10 21 ergs for the energy of the strong earthquakes of 
Montana and Pamir. The Oppau explosion released, according to Jeffreys 
( 1929 ), 6 x 10 19 ergs and it is therefore not surprising that no waves of the 
Krakatoa type were observed. 

Next we may inquire about the conditions under which a quantity of 
energy of the order of magnitude of 10 24 ergs can be released into the atmo¬ 
sphere from a volcano. This energy represents the work done against 
atmospheric pressure by the expelled gases, whose principal constituent is 

* The idea was suggested to me by Professor L. B. Sliehter. 

f With this value for the energy and the assumed value for p = 10 ~ s p 0 one obtains 
from (14) a value of 1-5 x 10 3 sec. for r. Since this is consistent with the assumed 
value for the period, we have here a check on the computation of E in (21). 
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considered to be steam. We may estimate the velocity of outflow q at the 
mouth of the volcanic orifice from the formula of Saint-Venant and Wantzel: 


g 2 = 


2 


(c§-c 2 ), 


(23) 


where y is the ratio of specific heats and c 0 and c denote respectively the 
velocities of sound in the gas at the base and mouth of the orifice. In the 
derivation of this formula the gas was assumed to be ideal, so that y is 
constant and c 2 = yRT. Hence 


? 2 = 


2c 2 

(r— i) 



(24) 


The value of y for superheated steam is 1*3 and at 100° 0, c 2 = 2*24 x 10 9 
cm. 2 /sec. 2 . The value of T 0 cannot exceed the melting point of rocks, which 
is about 1300° C but is considerably reduced by dissolved gases. We shall 
adopt a value of 4 as an upper limit for ( TJT), which yields by (24) an upper 
limit for q of 2*1 x 10 5 cm./sec. With (T 0 /T) equal to 3 and 2 the value of q 
is reduced only to 1*7 x 10 5 and 1*2 x 10 5 cm./sec. respectively. Let 


q 3= 2*1 x 10 5 r 2 /(£ 2 -f r 2 ), J qdt = 2*l7r x 10 5 r 

and the duration of the outburst is of the order of 7rr. If S now denote the 
area of the orifice, we shall have 


8-6 x 10 23 = 2*1 tt x 10 5 r$ x 1*01 x 10 6 , 

the last number representing atmospheric pressure in dynes. We thus 
obtain as a minimum for rS the value of 1*3 x 10 12 sec. If r be 1000 or 
100 sec., the minimum value of the radius of the orifice turns out to be 
200 and 650 m. respectively. Tor {TJT) = 2, the above values are increased 
by 30 %. If then the effective orifice for the single explosion under con¬ 
sideration had a diameter of about J km., the observed long period of the 
atmospheric waves would be accounted for by an actual duration of the 
outburst of similar magnitude. On the other hand, if the effective area of 
the orifice was of the order of the area of the whole island of Krakatoa, then 
r would be only several seconds. Under the latter conditions, however, the 
approximation of the area of the orifice by a point, which was made in (5), 
is no longer permissible. The finite extension of the pulse in space would be 
expected to have the same effect on the wave as its finite duration. The 
investigation of this effect, will, however, not be undertaken here. 
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Appendix 

The velocities associated with atmospheric tides are mainly horizontal 
and their distribution with height for atmosphere B was given by curves 
£/(« an d £7© i n fig. 1* of I. The vertical velocities, though much smaller, are 
of interest in connexion with the possibility of their direct determination 
from the variation of the height of the E layer. They can be computed from 

(25) 

where w is counted positive for upward motion. If Z denote the vertical 
displacement of a particle from its equilibrium position, we have w = dZjct 

and Z = ^- + -[xdt. (26) 

9Po ffJ 



Fig. 3. The semi-amplitudes of vertical displacements Z 0) and Z® for the modes of 
oscillation (1) and (2) as functions of the height H above the ground. In mode (2) 
the horizontal velocities and the pressure have a node at about 30 km. and the period 
is 12 solar hours. Curve T represents the assumed temperature distribution in 
atmosphere B. Positive values of Z are in phase with the pressure variation at the 
ground, which was assumed to have a semi-amplitude of 1 mm. Hg. 

* The labels C/d) and C/d) in this figure should be interchanged. 
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In an incompressible fluid % = 9 and Z is in phase with the variation of 
pressure, but in the atmosphere it is found that the second term on the 
right-hand side of (25) may exceed the first term. The curves Z (1) and Z (2) 
in fig. 3 have been computed with the aid of the formulae for ( — w/yHx ) 
given in I for an assumed semi-amplitude of the surface pressure of 1 mm. 
For the assumed atmosphere only curve Z (2) is of significance because the 
period of 12 solar hours of this mode agrees with the observed period of the 
surface pressure. It is seen that in spite of the fact that the pressure reverses 
its phase in this mode at about 30 km., the vertical velocities are of the same 
sign throughout the atmospheric column. The observed value of the semi¬ 
amplitude of the surface pressure is about 1 mm. at the equator and 
decreases polewards approximately as the cube of the cosine of the latitude. 

Summary 

It is shown that in a composite atmosphere, such as was assumed in a 
previous paper in connexion with the theory of atmospheric tides, a surface 
pulse would excite waves of the first and second modes of oscillation, the 
amplitude of the former being greater than that of the latter by a factor 
varying from 2*4 to 2-9. This factor would tend to increase on account of 
dispersion. Some records of the atmospheric wave which was caused by 
the Krakatoa eruption of 1883 are discussed with a view to identifying the 
wave of the second mode. There are indications of this wave in the first 
passage and, to a lesser degree, in the second passage. The energy of these 
waves is estimated to be of the order of 10 24 ergs. In the appendix is given 
the distribution with height of the vertical velocities in the two modes of 
oscillation of a model atmosphere. At heights of the order of 100 km., these 
velocities are found to be in phase with the surface pressure for both modes. 
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Introduction 

In previous papers (Jahn 1938 , Childs and Jahn 1939 ) a new Coriolis 
perturbation in the methane spectrum was investigated. This perturbation 
arose from a coupling of the rotational levels of an infra-red active threefold 
degenerate vibration with those of an inactive twofold degenerate vibration. 
In the present paper, which is a continuation of this work, it is our purpose 
to show that in a regular tetrahedral molecule there are in all four possible 
distinct types of Coriolis perturbation. Two of these do not produce a splitting 
of the rotational levels but merely a displacement of the rotational level as 
a whole, whilst the other two produce a splitting as well as a displacement, 
one of these latter perturbations being identical with the type of perturba¬ 
tion previously investigated. 

General formulae are derived for the matrix elements of these new types 
of perturbation, and in the case of the new perturbation which produces a 
splitting of the levels, we factorize the perturbation matrices up to the tenth 
rotational quantum number, using the group-theoretical method previously 
developed. These results will be useful in elucidating the rotational structure 
of the overtones and combination tones of methane. 


1 . Classification of Coriolis perturbations 

In Part III of this series (Childs and J ahn 193 9 ) we gave a group-theoretical 
classification of the Coriolis terms in the vibrational-rotational Hamiltonian 
of the methane molecule. These terms all have the form 

jj _ L X S X + L T S Y + L Z S Z 

where I is the moment of inertia, L x , L r , L z are the components of the 
total angular momentum of the molecule and S x , S Y , S z are components of 

[ 450 ] 
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vibrational angular momentum. In the reference just quoted, we showed 
that these latter quantities transform according to the irreducible repre¬ 
sentation F 1 of the full tetrahedral symmetry group T d of the molecule. 
This fact enables us to classify the matrix elements of these Coriolis terms. 
All infra-red active fundamental, combination or overtone subvibrational 
levels of the molecule transform according to the representation F 2 (no 
matter how large the anharmonicity may be). From the reduction of the 
product representation of F x and F 2 ; 

F 1 xF 2 = A 2 + E+F 1 +F 2 , 

we see that the Coriolis terms can have non-vanishing matrix elements 
connecting the active vibrational level F 2 with four different types of 
vibrational levels, viz. of types A 2 , E, F ± and F 2 . We shall see that these give 
rise to four distinct types of Coriolis perturbation of the active vibrational 
level F 2 . We designate these four types of Coriolis perturbation as follows: 

Type I, A 2 -F 2 ; Type II, E-F 2 \ Type III, F x -F 2 \ Type IV, F 2 -F 2 . 

To obtain general formulae for the matrix elements of these perturbations 
we make use of the explicit reduction of the above product representation. 
Denoting quantities which transform according to the representations A 2 , 
jJi, F 2 by a; e, /; X , Y, Z\ x , y , z respectively, we find easily the explicit 
reduction of F x x F 2 given in Table I below (cp. Table II, Part II). 

Since the components of vibrational angular momentum S x , S r , S z 
transform according to F v the above explicit reduction of F 1 x F 2 gives us 
at once the way in which the vibrational angular momenta act on the wave 
functions v x , v y , v z of the active vibrational level F 2 in the four types of 
perturbation, viz. 

Type I {A 2 -F 2 ): (S x v x +S r v y + S z v s ) = k t g< a , 

Type II ( E—F 2 ): (S x v x + S Y v y — 2S Z v z ) = k 2 g e , 

- ^ (SxVx-Sy v v) = h9f, 

Type m (F 1 -F 2 ): {S Y v z +S z v y ) = k 3 g x , 

-^(S z v x +S x v 2 ) = k 3 g r , 

^2 (^jc v y + = ^ s 9 z > 


30-2 
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Type IV (jP’a-J’a): ^ (S Y v z - S z v y ) = l^g x , 

~U) i^Z v x~ ®X v z) — ^i9y> 
\ * 

^2 v v ^ v ®) = ^ 4 ^? 


Table I. Reduction of product representation 


Product 

Component 

Linear combination 

Type 

F x xF 2 

A 2 

±(Xx+7y+Zz) 

(a) 


E 

±(Xx+Yy-2Zz) 

(e) 



i 

A 

i 

(/) 


F 1 

7* {Yz+Zy) 

(X) 



~~(Zx + Xz) 

m 



^ Xy+Yx) 

(Z) 


F, 

T2 [Yz ~ Zy] 

(X) 



T2 {Zx - Xz) 

(: y ) 



T* {Xy ~ Yx) 

(*) 


where g a ; g e , g f \g Xi g Y , g z \ g x) g y , g z are the wave functions of the perturbing 
vibrational levels (of symmetry type A 2 , E, F v F 2 respectively), and k v k 2 , k 2 
and & 4 are numerical constants which depend upon the exact form of the 
angular momenta S x , S Y , S z and of the vibrational wave functions. These 
formulae are quite general, holding for any vibrational angular momentum 
(i.e. for any Coriolis term in the Hamiltonian) and for any active vibrational 
level. When we consider any given level we may find that some of the 
constants k v k 2 , k z , & 4 vanish for all the Coriolis terms in the Hamiltonian 
and we may find, on the other hand, that this level is subject to two or more 
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perturbations of the same type (for which we will need additional constants, 
e.g. Tc\, etc.). All possible cases are, however, covered by these four sets of 
formulae. 

- 2 . General formulae for the matrix elements 

We now proceed, as in Part II, to deduce general formulae for the matrix 
elements of the Coriolis operator 

A = l x s x + l y s y +l z s z , 

in the four different types of perturbation. 

As before, we introduce the quantities 

lx — S 1 ~ s x^"^ s y9 

~ S -1 ~ s x~i s y> 

Iq = l z 5 o “ s z> 

so that A = + + W 

Further we put 

r _ v x -iv y _ g x -ig y r _ Qx-Wy 
V l ~ V2~ 3 9l ~ 2 “ 

? - 1 __ 72 ~ 5 

v 0 = v s , g 0 = g z , O 0 = g z . 

From the expressions given in § 1 above, we find the following relations for 
the four types of perturbation: 


Type I: 


""VI 9 t 

Type II: 

1 

*1% = -S^V_ X = -j^SqVo = ~ 

fa 9 * 


= *“ 5 - 1^1 = -* 2 9 f> 


Type in: 

^1^—1 “ ^—1^1 = ^3 Gq, 

$1^0 = V 2 ^0^—1 = ik 3 ^ 1 » 

S_1 ^0 = — V 2 s 0 ^1 ~ ~~ ^3 C-l> 


Type IV: 

S±Vq = 

5 -i^o = *J2sqVi =iJc&Cfi, 


those products not listed being zero. 
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The relations for Type II perturbation are the same as those given in 
Part II, p. 501, with k z = *J6, so that we need not consider this perturbation 
any further. 

We introduce now, as in Part I, p. 477, the wave functions for the three 
Coriolis vibrational-rotational levels of F 2 defined by 


WfHJj-x) = 


(J+K)(J + K+ 1), 


(J+K)(J-K), 


~2J(2J + 1 ) U * + ^~ J ' 7 ( 27 + 1 ) ***• 

HJ-KHJ-K+1) J 
+ J 2J(2J+1) Uk ~ iVi ’ 


K 




( J-K+1HJ+K) 

2J(J +1 ) A ~ 11 ’ 


W ( P(J J+1 ) = J 


(J-K) (J-K+1 ) 
2(J + 1)(2J + 1) 


«&+iW-i + 


/(/-Z+l)(/ + A+l) 

V (J + 1 ) ( 2 / + 1 ) 


UkV o 


/ (J + Z)(J + Z+1) 

V 2(J + 1) (2J + 1) u z-i v v 


where the ^ are the rotational wave functions. Using the relations given 
above and the relations 


^i u k — iW + &) (J — K + 

1 - i u k = iV{(^-^) (J r + -^+ 

== iKujo 

one finds easily for Type I perturbation 

0 , 

^ W(7r) = WPV +1)}^ WOO. 

where W 2 V) = ^gr a . 

Thus in a Type I perturbation (i.e. in a Coriolis coupling of the rotational 
levels of an P 2 vibrational level with the rotational levels of an A 2 vibra¬ 
tional level) the R branch (Jj^) and P branch (J j+1 ) levels of P 2 are no ^ 
perturbed at all, whilst the Q branch (Jj) levels undergo a perturbation 
which is proportional to J(J +1 ) if the perturbation is small (i.e. if the P 2 
and A 2 levels do not lie very close together). 
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For Type IV perturbation one finds in the same way 

AW^KJj^) = (J+ 1)|| 

AW^(J J+1 ) = -J *| W^(J J+1 ), 

so that here (perturbation of an F 2 vibrational level by another F 2 level) we 
have the reverse case to Type I: the P and E branch levels are perturbed, 
whilst the Q branch levels are not. It is clear that neither of these two 
perturbations produces a splitting of the individual rotational levels. 

The corresponding formulae for Type III perturbation (Coriolis coupling 
of the rotational levels of an F x and an F 2 vibrational level) are more compli¬ 
cated. The Coriolis vibrational-rotational wave functions W ( g l) (J L ) (with 
L = J 4-1,/or J — 1) of the vibrational level F ± are given by the same formulae 
defining the functions W ( £ a) (J L ), except of course with v l9 v 0 , v_ ± replaced by 
G v G 0 , G_ v We introduce real vibrational-rotational wave functions for F x 
and F 2 defined in both cases by 

U K (J L ) = jz{W_ K (J L ) + (-l)ZW K (J L )}, 

V K (J L ) = - (-1 ) k w k {J l )}, 

W{J L ) = W 0 (J L ) 

(see Part I, p. 481). In terms of these functions the matrix elements of the 
Coriolis operator A in Type III perturbation are then found to be as follows. 
(The common factor k z has been omitted.) 


General formulae for the matrix elements of Type III perturbation 
B branch (Jj^) levels . 

AW^iJj-i) = -§J^lV{(^ + 2) (J + 3)} U<P(Jj + i) 


J -3 ll(J-l) (J +2) 
2 a /\ J(%J + 1 ) 


yfHJj) 


2(2 J + 1)/ 


(J—2) (J—1) (J + 1) 
J 


ufHJj- 1 ). 
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A TTIH’„1 IT \ \ 2J — 3 K 2 

AUk '~ = “2^2 2J+1 


■ + K)(J+K+l)(J+K+2)(J + K + Z)) TTl ^ tr x 

-7(jTl) ) ^ /c+2( j+l) 

1 2J+ZK-2 /((J-K)(J-K+1)(J-K + 2)(J-K+Z)} T7(FA , r x 
2J2 2J + 1 V1 J(J+1) j u k-z('Sj+i) 


1 J—ZK — Z H{J-K-l){J+K){J+K+l)(J+K+2)\ r ^ ir ^ 
~7S- j - - .1 \ -7TTTwoTTT\ I ’'k+aKr) 


2^/2 


(t/ 4-l)(2«/ +1) 


T 


1 J+ZK-Z (J-iC+l)(J-.g + 2)(J+Z-l) 


2^2 


+ 


J 

3 JT+1 
2^j2J(2J +T) 
3 Z-l 


(</ +1) (2 J +1) 


nu-jj) 


<J{(J-K-2)(J-K-l)(J+K)(J+K+l)}U<£i 2 (J J _ 1 ) 

J{(J-K)(J-K + l)(J + K-l)(J+K-2)}U<£'2,(Jj-i), 


2*J2J(2J +1) 

A VP (Jj_ i): this can be obtained from the expression for A Up (Jj^) above 
by replacing U by V and V by U on the right-hand side, at the 
same time changing the signs before the two J r functions. 

Q branch (Jj) levels. 


aw^(Jj) - i-?][ g±B±L+»n v y.i(j J+1 ) 


\(J +1 ) (2J +1 ) 


2 , 

J + 3 


(J-2)(J-1) 
J(2J +1) 


VFVj-i), 


AWP(Jj) = 


1 J-ZK-2 
2^2 J+l 


1 


1 J+ZK-2 


(. J-K) (,J + K+l){J + K + 2)(J+K+Z)\ 
J(2J +1) 

:-2 /j(J + K)(J-K + l)(J-K+2)(J-K + Z) 

1 VI J(2J +1 ) 


2^/2 «/ -j- 

V{(J_Z+ 1} (J ~ Z + 2) ( / + Z - !) ( J + Z )} 

1 J+ZK + Z 
2^/2 J 
1 J-ZK + Z 
2^2 J 


n^ 2 (^ +1 ) 


/f (J-^-2)(J-Z-l)(J-.g)(J + Z+l) ) 

Vl (J+1)(2J+1) pfe+aWjr-x) 

y 4 g+i)(j ( + ,; 1 )^r ,(j+5 )^ ( ^ ) . 
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A V ( £ a) (Jj): obtained from A T ) by interchanging U and V on the right- 
hand side and changing the signs before the J j+l and Jj_ x 
functions. 


P branch (J j+X ) levels. 
AW^{J J+1 ) = 3 


2(27+1) 
J + 4 


J 


jJ(J +2 )(J +3) 

l 7+1 






+ WrA {J ~ 2) {J ~ 1)} 


A ^ J ^- W(j + fn2j + 1) 

x<J{(J-K)(J-K+l)(J+K + 2)(J+K + S)}U<£i z (J J+1 ) 

~2^ (/+l)(2J+l + + + + 

1 J+3Z + 4 l((J-K-l)(J-K)(J-K+l)(J+K+2)) 

2V2 J+l V l 7(27+1) ) (^) 

1 J-3P + 4 mj-Z+2)(J + P-l)(J + Z)(J + Z+l)| 

+ 2V2 J+l V l 7(27+1) J k ~ 2( j) 

1 2/ + 3Z + 4 n(J-K-2)(J-K-l)(J-K)(J-K+l)} 

+ 2V2" 2J+1 V l 7(7+T) ) ^+ 2 

+ 272 2 j+1 V (- 7 ( 7 + 1 )- 1 ^- 2 


AV^ (J j+1 ): obtained from AU^( Jj+i) in the same way as AV ( ^ 2) (Jj^) is 
obtained from A ( J 7-1 ). 

We see from these formulae that Type III perturbation will produce a 
splitting of the rotational levels just as Type II perturbation produced a 
splitting. The energies of the resulting sublevels can be found in the same 
way as we calculated them for Type II perturbation in Part II. We make use 
of the proper linear combinations for the tetrahedraliy symmetrical vibra¬ 
tional-rotational wave functions of F 2 given in Part I, Table IV. The same 
table can be used to derive the tetrahedral vibrational-rotational wave 
functions for the perturbing vibrational level F 1 : we have merely to note that 
those linear combinations which gave us the (a), (a), (e), (2), (£) wave functions 



Table II. Wave functions of type (e) for the Coriolis sublevels of F 1 
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for F 2 give us the (<%), (a), (/), (£), (z) functions for F v Since we listed the (e) 
but not the (/) functions of F 2 in Table IV, Part I, we give below in Table II 
the ( e) functions for F x (or the (/) functions for F 2 ). 

3 . Matrix elements for the sublevels in Type III perturbation 

When we introduce the wave functions for the tetrahedral sublevels of F 2 
and F ± , the perturbation matrix factorizes in the manner described in Part II. 
The corresponding matrix elements are listed in Table III below (up to 
J = 10). Since each individual (J L ) level ofF 2 eabn be perturbed by the three 
levels (Jj+x), (Jj), (Jj~i) of F v we have introduced a notation in which a , 
b, c are used to denote the matrix elements of these three perturbations in 
this order. Thus we find, for instance, from Table IV, Part I, 

(^3 3 ) £ =F^(3 3 ), 

and (interchanging z and £ in the table) 

(^3 4 ) £ = Ff>>(3 4 ), 

(^ s )rW 

(^3 2 )j=F^>(3 2 ). 

Now from the general formulae given in § 2 above for the matrix elements of 
Type III perturbation we find 

A F<^(3 3 ) = V<P (3 4 ) - 0^ (3 3 ) - J Vfl ( 3 a ). 

Thus we have 

WM' = 0g(^k-0 2 ( F ^-J- 7 ( F x^k- 

This is expressed in the table by putting for the level 3 3 F x 



Just as in Part II, when two or more sublevels of the same symmetry type 
occur, we use subscripts to distinguish the matrix elements. Thus the 
equations for the levels 5 6 F 2 , viz. 

^ (^5 s r+^ i F i^i) s > 

A(F 2 5 6 )f> = -^1 ( F M+^f (Fi5 s )f-^ (F^, 
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Table III. Matrix elements of Type III perturbation 
B branch (Jj-i) levels Q branch (Jj) levels P branch (J J+l ) levels 

Level Matrix element Level Matrix element Level Matrix element 
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R branch levels 


Level 

Matrix element 

5 4 

*1 


2V10 

11 



a 2 

6V2 

Vn 



b 

14 

5^11 



c 

9 VI4 

55 


F* 

a 

V84 

'll 



h 

<J CO 




4V21 

5V11 



c 

9 Vl4 

55 

®5 

E 

a 

4V165 

13 V? 



b 

6V15 

V91 



c 

9V3 

13 V2 


Fi 

<h 

16 V5 

13 



a 2 

4V165 

13 V? 



b 

3V15 

V182 




V105 

13 V2 



c 2 

9V3 

13 V2 


Q branch (Jj) levels 


Level 

Matrix element 

5 S 

E 

a 

6V3 



Vn 



5 

9V3 




5V2 



/» 

4V21 



u 

5V11 


2F X 


/21 


an 

V II 



a 21 

3V15 



2 VH 




3 V3 



a 22 

2 




/ 2 jL 



^11 

V 10 



L 

9V3 



° 21 

5 V2 




8 V3 



c n 

V55 




4V21 



C 21 

6 V 11 




3V3 


^2 

a 

V 22 




121 



h 

A/ 10 



b* 

9V3 



5V2 




14 



c 

6 V 11 




/165 

e 6 


b 

V IT 




4V6 


^•2 

a 

V? 




/166 



b 

V15 


E 

a 

4V66 


7 V13 



5 

6V3 




7 V2 




6V15 



c 

V91 


. P branch levels 

Level 

Matrix element 

4 5 

Pi 


/14 

a i 




a/ 15 



a 2 

3 V6 




5 



5 

7V2 




5V3 



/* 

/ U 




V 3 




/14 


2^ 2 

°n 

’ v Is 



a 21 

3V6 



5 



h 

4V2 



°11 

V5 



L. 

2 V14 



& 21 

5 



C 11 

2J2 



V3 




/105 

^6 

A 

a 

V-22 




/105 


^-2 

a 

a/ 22 




4V6 



c 

Vn 


P 

a 

5 V3 


11V2 



h 

6V3 



u 

Vii 




4V42 



C 

11 



*1 

9V15 


22 



a 2 

5 V3 



2V11 



h 

3V3 



U 

V22 



o 

2V21 



V 

11 
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R branch (J y 

_ x ) levels 

(J branch (J,) levels 

P branch (J /+1 ) levels 

Level 

Matrix element 

Level 

Matrix element 

Level 

Matrix element 

e 5 

2F, 

<hi 

30 V2 

6 e 

2 P X 


iovio 

^6 

2^ 

a u 

9yl5 



13 



V91 



22 



a 21 

liVio 




V330 



«21 

5V3 



13V7 



7V13 



2V11 


- 

a 22 

/no 



a 22 

iiV6 

7V13 



&u 

~ /- 
V ii 




/y 91 



z. 

9V15 



A 

3V15 




/15 



°11 

14 



°12 

2^/11 



hi 

V 13 

16 V3 



£>21 

5V33 

14 



£>22 

3V3 

2 



^21 

2V91 




- /- 
v 13 



C 11 

2V10 

11 



&22 

3V165 

2^91 

/l API 



C 12 

15 V3 
2V91 
3V165 



C 21 

6V2 

Vn 




V lut) 










C 11 

13 V2 



C 22 

2V91 

6, 

A, 

6 

4V6 




9V3 






•**1 


V7 














13^2 




40 V2 




















* 2 


7^13 


W 

a 

90 V6 








4^/22 


1'j 

91 

7, 

A 

6 

2V78 

V35 



7 

9V15 



6 

4V66 

7^/13 




/ 66 



14 




4^165 



c 

V 35 




5V33 

14 



c 

13 V7 











18 V3 

13 V7 
45VH 

91 

45 

7V13 


A 2 

a 

6V2 

V5 

/66 

V 35 



c 

3^15 

V182 


2F X 

a u 



c 

7 7 

^•2 

a 

/143 

V 10 
2V78 



«12 

a 22 







c 

V35 




40 V2 


E 


6V6 







^11 

7V13 


CCi 










1 

V31 

6V286 


JS7 

a i 

11V33 

V310 



^21 

4V22 

7 



Q>% 

V1085 




5^13 




30 V2 






C&2 

2^434 




13 



b 

2V66 

7V5 



6 

45 V3 

14 V2 



C 12 

nVio 

13 V7 



c 

V6 



c 

2V66 



' 

^22 

/no 




7 




7V5 



V 91 
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R branch (J s _ 

_ x ) levels 

<5 branch (J,) levels 

P branch (J j+1 ) levels 

Level 

Matrix element 

Level 

Matrix element 

Level 

Matrix element 


*1 

% 

6V2 

7 7 

2F t 

a n 

5V3 

67 

2^2 

a n 

18 V3 




V35 



4 




13^7 



h 

4V10 

7 



a 21 

17VH 

8V7 



a 21 

45VH 

91 



& 2 

2V286 



a 22 

7V39 




45 




7V5 



8V5 



a 22 

7-/13 



Cl 

9V3 

7V5 



6u 

9V3 

4^7 



&u 

10V10 

V91 



C 2 

V33 

7 



&21 

45^/11 

56 



&21 

V330 

7^/13 


2 f 2 

<hi 

3V33 

V70 



&22 

45V13 

56 



&22 

11V6 
7V13 




/ 3 



C 11 

5V2 




16 V5 



a 21 

A/ 14 



V7 



C 11 

13 



a 22 

/78 




V33 




4V165 



Vs 



^21 

7V2 



C 21 

13 V7 




5V2 




11 J 3 







1 









V? 



C 22 

7V10 



r 

/148 



&12 

V33 

7^2 


2F 2 

a il 

V55 

8V7 

*8 

-^■1 

0 

~V 10 
6V2 



&22 

1X ^/3 
7^10 



a 21 

23V13 

8V35 



C 

V5 




9V3 










C 11 

7^5 



a 22 

13 


2E 

a n 

21V3 




V33 




4 



31V2 



C 21 

7 




9V3 



a 12 

3^1001 







^11 

4v'7 



31V10 











87 

4-1 

a 

2V110 



1 n 

45VH 



a 21 

3V1001 



V51 



12 

56 



31V10 



b 

/1001 




45V13 




135 V3 




V "102 



w 22 

66 

4V10 

7 

2V286 



a 22 

62^2 


E 

a 

2V910 

17 V3 



C U 



hi 

11V33 

V310 



h 

11V77 



C 21 

7V5" 




5V13 



°i 

V1054 

5V65 






V 21 

2^434 



h 

8 0 


a 

2V10 




6V6 



2V3162 

°8 

urx 2 

V17 



c 'll 

V31 




45V3 




/1001 




6V286 



C 

34V2 



c 

J~T02 



C 2l' 

V1085 
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Table III ( continued) 


R branch (J 

4 ) levels 

Q branch (J y ) levels 

P branch (J j+1 ) levels 

Level 

Matrix element 

Level 

Matrix element 

Level 

Matrix element 

87 

2P X 

“u 

10742 

17 

8s 

2JS7 

a n 

271430 

7527 

7 S 

2P X 

a u 

9711 

875 



a i 2 

271430 

17 V3 



tt 21 

10742 

.7527 



&12 

7273 

8 



&22 

8V10 

17 V3 



&n 

3573 

3172 



«22 

773 



a 2 Z 

2V70 




75005 







V‘51 



y 12 

3172 



6u 

755 



6u 

&21 

evil 

8751 

23713 

8V51 



^21 

&22 

75005 

3172 

22573 

62 72 



&12 

877 

23713 

8736 

13 




13735 




11777 



&22 



&22 

4V51 



C 11 

71054 




4 




9V21 




5765 




3733 



C 11 

68 

90VH 



C 21 

273162 



C 11 

770 











/ 3 



C 12 

272 


2P X 

Oil 

2770 



C 12 

V 14 




46 VI 3 



717 




/78 

7 6 



C 22 

136 



a 22 

2770 

751 



C 22 




7V110 

17 

13^35 

17 V6 








2 710 

73 

3755 

8 


2 f 2 

<*11 

a 21 



Ci-23 

&n 


2J, 

<*11 

9711 

875 



a 22 

7455 



h 

5791 



«21 

7273 



17 72 



°21 

873 




8 




5735 



1. 

7 75 



a 22 

773 



&11 

4717 



022 

473 



475 



&21 

7935 

873 



011 

5735 

4717 



611 

573 

4 



&22 

7791 

8717 



C 12 

7935 

873 



&12 

17711 

877 




9721 




7791 






c n 

68 



C 22 

8717 



6 2 2 

7739 




46711 







875 













C 21 

136 

45713 I 


2J 2 

a ll 

3735 

734 



C 11 

672 

735 



C 22 

136 



%2 

7455 











7102 















/182 

V 17 

9 8 

A-x 

a 

8726 

757 



a 22 

572 

751. 

8 9 

A 

a 



6 

472 

719 




3755 
~8~ 



6 

2^10 

717 
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R branch (Jj. 

_i) levels 

Level 

Matrix element 


2E 

^11 

168 V 110 

19 a/899 



a 12 

32V2431 
19 a/899 



a 21 

88^/546 

19/899 



a 22 

28/595 

19/2697 



hi 

4V286 

/589 



&21 

4/210 

/589 




140 /6 
589 



c 12 

4/10010 

589 



C 21 

4/10010 

589 



C 22 

450/6 

589 


2P X 

a n 

28 V? 

19/3 



a l2 

4/182 

19 /3 



a 22 

4/10 

19/3 



a 2S 

4/3 

/19 



b u 

3/14 

/19 




/182 



&12 

V 57 



^22 

2/30 

3/19 



C 11 

3/55 

19 



C 12 

5/91 

19/3 



C 22 

14/5 

19/3 


Q branch (Jj) levels 


Level 

Matrix element 

§8 

22^ 

^12 

5/91 




8/3 




7/5 



u 22 

4/3 



/», 

5/11 




8/51 



/» 

23 V13 



°12 

8/51 



C 22 

13/35 



4/51 

9g 



2/238 

^■1 

a 

5/3 




/1547 



0 

5/2 



a 

6/286 


-<4.2 

5/19 



b 

/1729 




5 a/2 



c 

4/2 




/19 


P 

a x 

26^/78 

a/2755 



&2 

14/17 

5/1653 



b 

7/3 




5/2 




4 a/286 



C l 

/589 




4/210 



C 2 

/589 


3P X 

a ll 

7 a/33 
a/190 



a 21 

/1729 



5/6 



a 22 

5/7 



a/57 



a 22 

31 a/17 
10/57 




17 



«33 

2 a/5 




/11 



&11 

V 5 


P branch (J y+1 ) levels 


Level 

Matrix element j 

8 , 

■^2 

a 

/182 

V 17 



c 

2a/110 

V51 


P 

a 

7 a/6 

17 



&! 

2 a/1430 
a/527 



62 

10 a/42 
a/527 



c 

2 a/910 

17 a/3 


2P X 

an 

2 a/55 

17 



«21 

3a/91 

17 




25 a/7 
17/3 



«23 

14 

/51 



&11 

3 a/35 
a/34 



&21 

a/455 

/102 



&22 

5 a/2 
a/51 



C 11 

7 a/110 

17 



C 12 

13 a/36 

17 a/6 



C 22 

a/455 

17 a/2 
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Table III ( continued ) 


R branch (J 

,-_i) levels 

Q branch (J 7 ) levels 

__ 

P branch (Jy+x) levels 

Level 

Matrix element 

Level 

Matrix element 

Level 

Matrix element 

9 8 

2P a 

a n 

Viooio 
19 V3 

9 9 

3F-J, 

b 2 i 

3^91 

10 

% 

3JP 2 

°u 

2^55 

17 



a 21 

17V2 

19 



^22 

h n 

5V7 

2V3 

7V17 



a 21 

3V91 

17 



a 22 

2V102 



U Z2 

5^3 



a 22 

25 V7 




19 



C ll 

C 22 

4V14 



i7 V3 



bn 

4V14 

V19 



V19 

4^14 

V57 



a 32 

14 

V51 



&22 

4V14 




4V34 



h 

2V70 



V57 



°32 

V57 



°ll 

Vl7 



b 2 s 

4V34 

V57 


2JP a 


7^13 

10^/57 




2V70 

V51 



C 1I 

3V55 

19 



«21 

25 

2^/19 



&32 

2V10 

V3 




5V91 



a 22 

11V51 
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are expressed in the table by putting 

_ 9^/15 * /21 t 3 a/15 2^/10 

au “ 22 * 6ii ~ vii j 6i2_ 2vn 5 Cu ~nrr’ 

5^3 _3 -a/3 6 a/2 

° 22 ~ —2~ ’ ° 21 -IT- 

Those matrix elements which are not listed vanish. 

The matrix elements listed here have been subjected to a check in the 
following maimer. If we take £ = 0 for the perturbing F x set of levels, then 
the F X J J+X , F x Jj, F x Jj_ x levels coincide. When the perturbation of the F 2 
levels is evaluated in this special case one obtains a splitting which is 
identical in nature with that caused by the E~F 2 perturbation previously 
evaluated. The centre of gravity of the patterns follows a simple law with 
respect to J and furthermore the pattern of the P and R branch sublevels 
referred to their centres of gravity are simple multiples (depending on J) of 
the pattern of the Q branch sublevels referred to their centres of gravity. 
The relations are 

9{Jj) — ^(2J— 1) (2J+3), 

9(Jj+ 1) + 2), 

9(Jj- 1 ) = *) (J + *)> 

where g denotes the centre of gravity taking into account the weights of the 
sublevels and 

W) _ J 

p{Q{J)} 2J + 3’ 

p{P(J)} _ J+l 
p{Q(J)} 2J-V 

for the ratio of the patterns. The perturbations for this special case have 
been evaluated for ah the levels here listed and these relations verified. We 
are hence pretty confident that the matrix elements listed are free from 
errors. 

Conclusion 

The formulae contained in this paper and in Part II form a basis wherewith 
a complete analysis of the vibrational-rotational spectrum of methane can 
be carried out. The rotational structure of any infra-red absorption band of 
methane will be determined by the predominant Coriolis perturbations to 
which the levels involved are subject. If the perturbations are small, their 
effects will be additive, but if they are large, the corresponding energy 


31-2 
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matrix must be diagonalized directly. The matrix elements listed above and 
in Part II will enable us to write down the energy matrix and carry out the 
calculation in all cases, up to the tenth rotational quantum number. It 
should be pointed out that if the anharmonicity is large, then the anharmonic 
intercombination will mix the harmonic wave functions and it is possible 
that a small intercombination may produce a large Coriolis perturbation. 
This is similar to the effect of intercombination on the hyperfine structure 
of atomic levels: a level for which the spin-orbit matrix elements are large 
can, by intercombination, produce a large hyperfine splitting of another 
level which would normally show only a small hyperfine effect. 

Detailed applications to specific overtones and combination bands of 
methane are being undertaken and will be reported upon later. 

The author is indebted to the Director and Managers of the Royal 
Institution for the facilities afforded in the Davy-Faraday Laboratory where 
this research was carried out. 


Summary 

In this paper a group-theoretical classification is made of the types of 
Coriolis perturbation which are possible in a tetrahedral molecule. It is 
shown that there are in all four distinct types of Coriolis perturbation of an 
infra-red active vibrational level. These arise from a Coriolis coupling of the 
rotational levels of this F 2 type vibrational level with the rotational levels of 
A z , E, F t and F z type vibrational levels respectively. The E-F z type perturba¬ 
tion has been investigated in previous papers and here general formulae are 
derived for the matrix elements of the A 2 ~F 2 , F x -F z and F 2 -F 2 type perturba¬ 
tions. It is shown that the A 2 -F 2 and F 2 -F 2 type perturbations do not 
produce a splitting of the individual rotational levels, the first causing a 
displacement of the Q branch levels alone and the second a displacement of 
the P and R branch levels alone. The F 1 -F 2 type like the E-F 2 type perturba¬ 
tion produces a splitting as well as a displacement of the rotational levels. 
The energy matrix determining this splitting is factorized up to the tenth 
rotational quantum number with the help of group theory. The formulae 
given here form the necessary basis for an analysis of any infra-red absorption 
band of methane. 
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Effusion and thermal transpiration in quantum 
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In a previous paper (Srivastava 1938) the author has considered the 
effusion phenomena in detail from the standpoint of relativistic quantum 
statistics. This paper ■will he hereafter referred to as paper I. In this, 
however, the effusion of the gas into vacuum was considered. In the present 
communication we have investigated in § 1 the molecular effusion of one 
gas into another at a different pressure but at the same temperature. In 
§§ 2-4 the effusion of one gas into another at a different temperature has 
been considered, giving rise to the phenomenon of thermal transpiration, 
and the relation between the pressures in the two chambers in the steady 
state has been calculated. Non-degenerate matter has been considered in 
§ 2, degenerate matter in § 3, and effusion of degenerate into non-degenerate 
matter in § 4. The method adopted is similar to that utilized in paper I 
involving the use of the usual quantum-statistical formulae. For the sake 
of brevity we shall omit here the deduction of certain results and the various 
steps of mathematical simplification which have already featured in paper I 
and shall content ourselves by merely quoting the results. 

•SI 

We shall first calculate the effusion in the general case, assuming the 
relativistic variation of mass with velocity. For very high temperatures 
such that JcT is comparable to or much greater than me 2 , m being the rest 
mass of the molecule, this mass variation cannot be ignored. The relativistic 
expression for the distribution law is 

j Ang (e 2 4- 2 mc 2 e)* (e 4- me 2 ) de /<n 

We ® e_ C % 3 JtfiicT _|_ ( ' 

where e denotes the kinetic energy of the molecule. 

Now the number of molecules effusing through unit area of the hole per 
second into the second chamber is equal to 

J n e de(\ — ?;cos0|sin#d# = J n e de\v 

[ 469 ] 



( 2 ) 
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We have included the factor 1 -/ 9nja s which denotes the probability that 
the molecule will find a phase cell of the proper energy as vacant in the 
second chamber. Since 


a s 

n s -f e elkT + p> 


( 3 ) 


we have 


T P n » - IOl^L 

a s fe e l kT +/? ’ 




where the / and T refer to the second chamber. Hence for effusion from 
chamber 1 to chamber 2 we get, on substituting for n £ de from (1), the 
expression 

*® ng (e 2 +2mc 2 e) i (e+mc 2 )dev f 2 e elkT 
l o c% 3 f 1 e elkT +fl 


j; 




f 2 e e ' kT +j3 
<f>(v)de f 2 


o f x e elkT +fi f 2 e elkT + ft’ 


where 


4>(v) = ^jr- (e 2 + 2mc 2 e) i (e+me 2 ) v, 


( 5 ) 

( 6 ) 


since e is simply a function of v, being given by the relation 

Now expression (6) can be thrown in the form 


fi 


ft 


f 2 r f" <j>(y)de f 00 </>(v)de 

=aLJo fi^+r • 


( 7 ) 


( 8 ) 


The effusion from chamber 2 to chamber 1 will be obtained by inter¬ 
changing the subscripts 1 and 2 in (8). It is thus equal to 


fi T f“ <j>{v)de f" <f>(v)de 

A-ALJo ' 


( 9 ) 


The net effusion from 1 to 2 will be obtained by subtracting (9) from (8) 
and is therefore equal to 

f* 4>{v)de f 00 <f>(v)de 

J oAt^+fi Jo/.^+A' 1 ' 

The first term in (10) is equal to the effusion of gas 1 into vacuum while 
the second term represents the effusion of gas 2 into vaouum. Hence the 
result (10) when interpreted means that the net effusion of gas 1 into 2 
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is equal to the effusion of gas 1 into-vacuum minus the effusion of gas 2 
into vacuum. This is a general theorem which holds whether the gases 1 
and 2 are degenerate or non-degenerate and whether we take relativistic 
or non-relativistic mechanics. By virtue of this theorem we can im¬ 
mediately write down the expression for the net effusion in the different 
cases simply from the results deduced in paper I. This is done below. We 
could also evaluate (8) for the different cases by the methods used in paper I 
but this appears unnecessary since the meaning to be attached to the result 
expressed by (8) is not unambiguous and hence this quantity is of no par¬ 
ticular significance. For example, the expression (8) may be called either 
the actual flow from 1 to 2 or the actual flow minus the number of molecules 
that enter 2 and immediately return because of no vacant level in 2, 

The same theorem holds for the mass of gas effusing out as can be readily 
seen. The mass of gas effusing from 1 to 2 is equal to 


f 00 7 rg (e 2 + 2mc 2 e)* (e + me 2 ) de 

fl_A] 

m 

Jo C 3 h 3 ftefW+fi v \ 

l a.) 

•(1 -v 2 \c 2 f' 


which can also be written in the form 


f 00 F(v)de f^ kT 
JoAe'W+jSfze'lw+jS’ 

analogous to (6). Hence proceeding as in the case of (6) the theorem can 
be established. 

We shall now apply the theorem to calculate the net effusion in the 
different cases. The effusion of non-degenerate into non-degenerate matter 
(1 2) in the net is, from I (7), given by 


£2/7*2 

-W wgm f, 


l r kT 

i _ + me* 


£ 2/772 


-f(j + H) + ~] 


2k 2 T 2 

~HF 


■ngm 


me 

kT 


kT_\ 
4 + 8 me 2 ) 


+ 


...] 


/I 1\|~ kT J 1 1W1 kT\ “| 

\/i fj L + mc. 2 'Vi + fj{± + 8mc 2 ) + ‘" J' 


We may consider some particular cases of (11). For effusion into vacuum 
l// 2 = 0 and hence (11) reduces to I (7). For the non-relativistic case, since* 


i_iri_ 15,^1 “ 
/ /oL % + 2*/ 0 -J’ 


( 12 ) 


* 


For a complete list of such formulae see Kothari and Singh ( 1938 , 145-7). 
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where 


_ g(2nmkT) i 


me 3 


nh 3 ’ y kT’ 

we get on substituting these values in (11) the expression 

i-l- + M=n^±2^ 1 (13) 

*J inn L 4 g(2TrmkT)* ’"J’ 

which for the completely non-relativistic case (y -> oo) reduces to 

2 v wmt |_ 4 g{27mikT) i '"]‘ (14 ) 

This should he contrasted with the ordinary expression for a classical perfeot 
I8JcT 

gas, viz. J ——, which is obtained from classical (Boltzmann) 

statistics (/? = 0). Thus the effect of quantum statistics is to add the extra 
term containing /?. For the relativistic case it can be shown that 


.L — JL / 

f R 8ng \JcT 


\ 3 r /? i i 

7 L y+ 8fr-}> 


(15) 


where 


— — JL ( c h. V 

87rg[kT) ‘ 


Hence the number effusing out in this case becomes 

\ c i n i— «, 2 ) (1 —terms in y 2 ...) 

= Jc(Wl w 2 ) 

for the completely relativistic case. 

The net mass of gas effusing out from 1 to 2 is from I (14) given by 

( 144 )+•■•]■ <>«> 

For the non-relativistic case (y > 1) this yields with the help of (12) the result 

i(n 1 —n 2 )m /—[~l 4 - A + WLl 1 ) ^ 3 K + w 2 ) ~| 

vn/n L 8 y 4 p(27mjfcT)& + ”'J 5 ( 17 ) 

which for the completely non-relativistic case (y -> 00 ) reduces to 
l( n i-n 2 )m 


f8kT ~ 
mn t 


1 | 1) + n 2 ) 

4 g(2mnkT)l + "'_ ‘ 


(18) 
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For the relativistic case (y-4 1), (16) with the help of (15) yields 

~(%-* a )[l+4(^+ji t )-term,my...], (19) 

which for the completely relativistic case reduces to 


SkT, .T B (1 1 \ " 


We shall now calculate the effusion of degenerate matter into degenerate 
matter. For matter obeying Fermi-Dirac statistics the number of molecules 
effusing from 1 to 2 is from I (25) given, correct to a second approximation, 
by the expression 


ngm 

~W 




ngm. 


J 


ngm 

~W 


"W-WhBMf-WI 

KWJ]- 


n*lcTL_ 1 
3mc 2 | 


and 


_ h / 3» \* 
mcyLng] 5 


y = 


me‘ 
kT ' 


( 20 ) 


where « 0 = = W Q 1 + **( 1 " 3 ^ (1 + 2 ^)}* - i] , ( 21 ) 


For the completely non-relativistie case (y ->■ 00 , x 0 ) equation ( 20 ) yields 


£ 

16 


4ng) m 


(n*-n*), 


since In 1 // in this case is given by the relation 


1 1 /3n\* Iff l/ ^nmkT y/ng\* 

f ~ \kngj 2mkT _ 3 \ h? J \ 6 n/ 


( 22 ) 


(23) 


This can be easily verified from I (27). On putting n 2 = 0 in (20) and ( 22 ) 
we get expressions differing from I (25) and I (27) respectively by second 
order terms. Thus in this manner we do not get, correct to second order. 
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the effusion of gas 1 into vacuum. This is to be expected since the degenerate 
equation for finite T does not hold for n 2 -> 0 and the gas 2 would become 
non-degenerate before the limiting case n 2 = 0 is reached.* Since T occurs 
only in the second order term in the usual formulae for the degenerate case, 
the expressions obtained on putting n 2 = 0 in (20) and (22) agree with 
I (25) and I (27) to first order but not to second order. In order to get 
correctly the effusion into vacuum in this manner we must find the effusion 
of degenerate gas into a chamber containing non-degenerate gas and then 
extrapolate to n 2 = 0. This is done later. 

For the completely relativistic case (x oo, y -s- 0) equation (20) yields 
i c (%—^ 2 ) approximately. 

We may now calculate the net mass of gas effusing from degenerate to 
degenerate matter (1 -> 2). From I (31) this is, correct to small quantities 
of the first order, given by the expression 


W-KJI 


■ 


+ 2tt 2 + 


4m 2 c 4 \ 

W 2 , 


47r 2 mc 2 (. 

~~~WF 




(24) 


where l//is given by (21). For the completely non-relativistic case (y -> 00 ) 
this yields 



(25) 


For the completely relativistic case this reduces to 


^( 4 ^) *[<**(26) 

as is evident from I (32). We can easily see from (24), (25) and (26) that if 
we neglect small quantities of higher order the mass effusing out is the same 
whether we consider relativistic or non-relativistic mechanics. This is in 
agreement with I (30). 

• I 1 ’! 16 V f lidity ° f the various formulae for degenerate and non-degenerate matter 
m the limiting cases of n -> 0 and oo may be briefly stated here : 

For T = 0, 0 valid for degeneracy. 

^ =N 0, n-»-0 valid for non-degeneracy. 

T = 0, n->co valid for degeneracy. 

=i= 0, n-> oo valid for degeneracy. 
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We can in a similar way calculate the net effusion of degenerate matter ( 1 ) 
into non-degenerate matter ( 2 ) for a Fermi-Dirac gas. For the number we 
get from I (25) and I (7) the expression 


,f 11 kT\ 

1 / 

1 kT \ n 

\f 2 \ + mc*) 

fl\ 

4*^8mc 2 / + * 


(27) 


For the completely non-relativistic case this reduces to 
lQm\4mg) 1 ( + 3\ h 2 / \ 6 wJ j 


-K /5£(i 

* mn [ 


+ 


n 2 h s (^j2-l) 

ig(2nmkT)i 




(28) 


On putting n 2 = 0 in (27) and (28) we get the corresponding expressions 
I (25) and I (27) for effusion of degenerate gas into vacuum. 

Similarly the net effusion of mass from degenerate to non-degenerate 
matter (1 2) is 


ng 

cW 




2 2mc 2 l) 2 2;r 2 


+ ~W hl f 1 


+ " 


■( 3 K) 


2 6mc 2 1 2m 2 c 4< l 

+ Tr~ in f 1 + m^} 


+ w]-s^‘‘ :r ‘^[ !+8 » + »'-/,(n + ? + «) + -]- (29) 

For the completely non-relativistic case (29) yields (28) multiplied by m. 
For the completely relativistic case this yields 

For effusion into vacuum (29) and (30) respectively yield I (31) and I (32). 


§2 

In this section we shall investigate the phenomenon of thermal tran¬ 
spiration in non-degenerate matter. Consider two assemblies at different 
temperatures, say T x and T 2 , and assume that T x > T 2 . The number of 
molecules effusing out through unit area in unit time from 1 to 2 is, as in 
( 6 ) above, given by the expression 

f" <f>(v) de f 2 e clkT * 

J o A +A A & lkTn -+ /? * 


(31) 
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The flow from 2 to 1 is obtained by interchanging the subscripts 1 and 2 
in (31). Hence the net flow in the direction 1 -> 2 is 

r°°r <j>(v)de f z e elkT z <j>{v)de i "j 

Jo La^+ fiu+p~uz eikT '-+Ph* elkTi + 

r ^j)de f” f(v)de . 

JoA^+A Jo/»*>**'+P { ) 

which shows that even in the case of different temperatures the net effusion 
from 1 to 2 is equal to effusion of 1 into vacuum minus effusion of 2 into 
vacuum. We shall therefore use this result for all the subsequent discussion 
on thermal transpiration. 

Let us first calculate the effusion from non-degenerate to non-degenerate 
matter and assume the completely non-relativistic case. By virtue of the 
foregoing theorem the net effusion in the direction 1 2 is from I (10) 

given by 


*%/ 


8fey i / 1 | finjWU 2-1) 


rrm 

1 


4g(27rmkT 1 ) i “’} ^ n ' 2 J 

^ - J' 


8*21 ( fin 2 h 3 (^j2-l) 

rrm \ + 4g(2nmkT 2 ) i 


8kT 1 j 1+ Pi(<l2-l)F\ 


4*31(1 + Fn 1 /2 i T {)V rrm ( 4*21 T l 


Pi 


UT 2 (l + Fn z l2*Tl) 


mu. 

V m7r l 


Pi W2-1 )F 

4*21 n 


approx., (33) 


where F stands for fih 3 jg(2Trmk)^, since p is given by the relation 


y—M , [l + | ^ r) , + ...]. 

If initially p t - p z = p say, and 21 > T t , it is readily seen that the expression 
(33) is negative, showing that there is a net transfer from 2 to 1, i.e. colder 
to hotter chamber. This will continue till an equilibrium state is reached 
when the net transfer is zero. Hence for the equilibrium state we must 
equate (33) to zero. This yields for the ratio of the equilibrium pressures 
the relation 


Pi 

Pi 



FpiU_2-l 1) Fp 2 U2-1 1\ -j 

*2 7 f \ 4 2 4 j + *2 7 | \ 4 2J/-J 

^*(V2-1 ) (p L _p 1 \ 1 

16y(jn»)»*»\2^ 2 1 |) "' J' 


(34) 


Since the J3 term is small we have as a first approximation the same result 
in quantum statistics as in classical statistics. Substituting t his approximate 
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result, viz. pJ^JX i = pd*jT 2 in the small /? term in (34), we find that since 
T x > T z the /S term has negative sign. Or 

~~ = [1 +/? x negative quantity]. 

This shows that the pressure ratio becomes exaggerated for matter obeying 
Bose-Einstein statistics and decreased for matter obeying Fermi-Dirac 
statistics. 

We may consider some special cases of (34). Putting /? = 0 (classical 
statistics) this reduces to the simple formula pjp 2 = If the two 

temperatures are equal we get p 1 = p i as it should be. 

We shall now investigate the phenomenon from relativistic mechanics. 
The net number of molecules effusing in the direction 1 -> 2 is from I (7) 
given by 

k*T\ 2 r k% fill kT, \ “I 

V^*J l L I+ S3‘^(i + Si3) + -J 

On equating this to zero we 


m 

' h z 


r kT , B[ 1 kT 2 , 

ngm (i +1+ • 


2 | 
fz I 


In the equilibrium state this should be zero 
get for the equilibrium state the result 

kT 2 


T\h 

T\k 


1 + - 


mc‘ 


-III 

fz U 


kT 2 \ 

4 + 8 ^) + - 


2-7 (1+^2) + -' 
me 2 / x \4 8 me 2 / 


(35) 


In this expression we have to substitute the values of f x and / 2 in terms of 
the pressures p x and p 2 an( i thereby obtain the ratio of the equilibrium 
pressures in the general case. 

The evaluation of/, p and other quantities from the relativistic quantum 
statistics has been done by Jiittner ( 1928 ) for the non-degenerate case and 
the results have been collected by Majumdar ( 1932 ) for a Fermi-Dirac gas, 
both for the degenerate and the non-degenerate cases. We shall however 
briefly deduce the results here in a form more suitable for our purpose. 

Equation ( 1 ) with the usual substitution u = ejkT yields 


N 


00 ( u 2 -b 2 uy)% (u + y) du 


/e“+Z? 

T 7 lkT\ z me 2 

2 > - 4 ”» T \n;)- s ~w 


(36) 


where 


(37) 
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and as shown by Juttner (Juttner’s equation (32)), p is given by the relation 

p = yJcTfij^ {u*+2uy)*(u+y)du\TL^+^e-u^. (38) 

We shall now evaluate (36) and (38) for the non-degenerate case (/> l). 
^ u t w + y = y cosh p, 

then (u z + 2uyf- = y sinh p. 

Hence (36), on expansion into an infinite series, yields 

N — B j Q S y sinh p y cosh p y sinh — e -»i(!/cosh/>-j/)J 

n— oo r oo 1 

= Dy z 2 sinh 2 /) cosh p e~ nv oosh p dp-- e ny ( —f!) n ~ 1 , 

N ° W Jo sinh2/9 cosh pe- n v™^Pdp = B{ny) = - H ^ in y) ^ ^ 

where B denotes a Bessel function and denotes a Hankel cylinder 
function of the first kind and the second order. Hence 

AT 477pFm 3 c s ri _, B 1 -1 

N A3 \j &vB {y) ~p e? v B(2y) +j- 3 e 3y B{ Zy) + ...J, (40) 


from which 


-—r e ~ v 

/ |_47rym 3 c 3 B(y) 


~\l\i-.l e v B Vy) + I 

>J/L f e w> + ": J- 


( 41 ) 


Further equation ( 38 ), after expansion of the logarithmic term and these 
substitutions, yields 

■P = y kTft 2 y z sinh 2 p cosh p dp £( — l) w_ 1 fi n £- _ g-niv oosh p-y )~| 

J) n~ co r 00 _ 

= -ykTfiy z ^ sinh 2 p cosh pe ~ nycosl1 />_ j)«.-i e ny~j 

3^*3 ri 1 /? 

Using ( 42 ) equation ( 35 ) yields 

m -n iTlx 1 ft 1 \ 1 

L 2/x B(y x )'' jL + yo ’ 

ft T ^B<n,)fyrr^ms if—r Tfi 1 -i <«) 
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This is the general expression giving the ratio of the pressures in the steady 
state. The/’s occurring on the right-hand side can be expressed in terms of p 
from (42) and the values of the Bessel functions can be read from Jahnke- 
Emde, Tables of Functions ( 1933 ). 

The limiting cases of non-relativistic (y^> 1 ) and relativistic (y<^ 1 ) can 
be obtained from (43) but we prefer to deduce them more conveniently by 
starting with the simplified expressions applicable in such cases. Thus in 
the non-relativistic case we have from (35) with the help of (12) the result 


(44) 


% = (T t r 7/1 1\ KV2-1H 1 1) 1 

n 2 VaiL 8\y 2 yj 4 |/ oa / 0 j‘"J' 

p = + terms in . (45) 

Pi = /^xfi, AVa-i) f i i) 7/1 n -I 

Vz V T 2 \_ 2* |/ox fj 8 \y 2 yJ'"J 

= ITt r i+ feD A3 f Pi 1(1. 1) 1 (46) 

24 g( 27 rm)W\Ti T\) 8 W 2 Vd'X 

Tor the completely non-relativistic case (y oo) equation (46) yields (34). 
For the relativistic case we have from (35) with the help of (15) the result 


But 

Hence (44) yields 

Pi 
Pz 


n i 


, „ , ft t , 1 

21 y2 8f&- 1 + y 2 fj 

(S*s) 

I- 

T n-v+J- i+1-ii 
y ' sf&" n A 1 

^ I sS 

loo 

+ 

1- 


(47) 


Since p = + j^r+ terms in y 2 ...J, 

equation (47) yields 
Pi_ T i 


Pz 


= -^1 
21 L 


Hm-m) ~ t 1 +y ’- y ‘-s (m-m)-. 


- + 4 ^{f?-S|} +terms “ ^-] • < 48 > 

In the completely relativistic case (y -> 0 ) this yields 

+ JLML[Vl-2l\ 1 (49) 

p 2 ~ T 2 \} + lWTrgWXn Z’ST"J’ { ’ 

which for the completely non-degenerate case, reduces to the simple relation 

Pi 21 
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§3 

We s hall now consider the phenomenon of thermal transpiration when the 
gases on both sides are degenerate in the sense of Fermi-Dirac statistics. 
First we shall deduce an expression for p in this case. Equation (38) can 
now be written in the form 

y ~3<s*S J * ^ Jo /«* +1 ' ' 

Since 

(u 2 +2uyfdu - l(u+y)(u 2 + 2uy) i -%y 2 {u+y) (u 2 + 2uy) i 

i n »+y+(» , +^)‘, 

we have, using Sommerfeld’s method (Sommerfeld 1928 ), 

P = l^WT^Uo + y) (ul+2u 0 y)i-§y 2 (u 0 +y) (ug+2 u 0 y)* 

l 

y 

correct to a first approximation, where 

« 0 = y{(l+**)*-1} and x=^(^\ 

Substituting the value of u 0 in (51) we get 

p = ^^-m i c 5 [^x(l+x 2 ) i (2x 2 -Z) + ^ln{x + (l+x 2 ) i }]. (52) 

The evaluation of p to a higher approximation in the general case is compli¬ 
cated and will not be attempted here. 

Now for the net effusion in the direction 1 -> 2 we should have from I (23) 
the result 

[ 2 +* 5 — 2 ( 1 +* 5 )»] [ 2 +( 1 +* 5 )*] 

- [2 + *i■- 2(1 + xl)i] [2 + (1+*§)*]. 

Thus as long as x 1 >x 2 or n x > n 2> i.e. p 1 >p 2 from (52), there will be a net 
transfer from 1 to 2 . In the equilibrium state p x = p 2 . Thus to a first 
approximation no difference in pressure exists on the two sides even if 
T x and T z are different. There will be however a slight difference in pressure 
if we work to a higher approximation. This will be done now for the two 
limiting cases, completely non-relativistic (x 0 ) and completely relativistic 
(*-»-ool. 
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For the completely non-relativistic case we have from I (27) for 
equilibrium 


or 


Since 


3/3 \*h 
16 \4=77*gr/ m 


++i("')W+-] 
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*h 


n: 


P = 


16 \4 irg] m 
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4 ngh? / 3 n V 


l~i , 2 (4:7rmkT 2 \ 2 ( ng , ~| A 

i 1 + s[~r) lsrJ + -J-° 


>+!< 

f 4:7rmJcT 2 ) 
, h 2 } 

l‘(3 



f 47 imlcTf\ 
K W ) 

1 % '(ng\ 
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(53) yields 


15 m \4arg 


Pi 


i+ Ii 

1 ^TrmhTf] 

{ w j 

, 2 1 / 4 ngh 2 ' 

' 16p}\15 m i 


1+ b 

(4:7rmkT 2 \ 
{ *■ ) 

| 2 1 / 4 ngh 2 ) 
' 16p|\15 m / 
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(53) 


Vr, . 5 (2rnnkT\ a [4tirg\* ~\ 

) L 1 + b(-w-) (arj -J- < M > 


or 


— = l + fi 
Pa 6 




If T x > T z , the term within the brackets {} is positive, hence p x >p 2 , i.e. the 
pressure in the hotter vessel is slightly greater. 

For the completely relativistic case we have from I (25) for equilibrium 


T\u\ x = yj 1 + (7t 2 K 2 ) 

TK Vi 1 + ' 


Substituting in this the value of u 0 , viz. 

c^/3ro\»r 77- 2 /87rgy/tgy i 

U °~ kTX^rrg) L 1 2*3*\ n ) \ch) •"J’ 

we get for equilibrium njn^ = 1. Since 

this equality of n yields the result 

Pi _ . 2n*k*g* iT\ Tj\ 

Pi + (2ch)i pi) — 


(56) 


(57) 


(58) 
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v 

We shall now consider the case when the gas 1 is degenerate and 2 is 
non-degenerate. Erom I (25) and I (7) we must have in the equilibrium 
state for a gas obeying Eermi-Dirac statistics, 

7T Q m T (u 1 


(““Vj +1+ sj] 




2 i + _^JL 

|_ me 2 / 2 \4 + 8 mc 2 


3mc 2 (“ 01+ ^ 


i) + -_ 


where % 01 and l // 2 are given by ( 21 ) and (41) respectively. Since the 
expression for is complicated it is not possible to obtain an explicit 
relation connecting jp x and # 2 in the general case. We shall therefore consider 
only the two limiting cases: completely non-relativistic and completely 
relativistic. 

Eor the completely non-relativistic case ( 59 ) yields 

l , /2 n H, 2/4 nmlcTA^ngy \ 
n z 4V m* 3 [ 3 ) ^ E + 4/ 02 W 2 ~ D - - ■) (1 ~ 3 j (^J •••]> 

from ■which we obtain with the help of ( 54 ) and ( 45 ), 

pt = 18m 1 /4 nghy 

Pi \j nkT^ngh \15 m / 

x fx + . AS ( 1 ~V 2 )y 2 , 2 / inmkTA 2 1 / 4 7rgh*\* 1 

L + 2^(2 7 rm)*(^ 2 )i + 3\~^~j 16^| (15 IT) -J' (6 °) 

which to a first approximation yields 

(Pf _ / 8 m 1 /4 ngh 2 \* 

Pi fj nkT 2 ngh \15 m / 

For the completely relativistic case (59) reduces to 

^it^i -I". 1 “IT 77-21 


4 ngh z \* 
15 m ) ' 


?>k f>|~i 1 "i r, TT 2- 
nm L 8/rJL «i' 


Substituting for u 01 and l// 2 this yields % = n z . Expressing this equality 
of n m terms of p we get ' 


I WsCir) ^ cS *'E 1 UkT^tirg 
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Thus if T v T z and p 2 are given p x can be calculated. To a first approximation 
(61) simplifies to 


A 

Pa 


1 

JeT 2 



The results expressed by (59), (60) and (61) hold provided the gas 1 remains 
degenerate and 2 remains non-degenerate even after some transfer of gas 
by effusion has taken place. 

If gas 1 were non-degenerate and 2 degenerate the final results can be 
written down by interchanging the subscripts 1 and 2 in equations (59), 
(60) and (61). 


It is a pleasure to record my sincere thanks to Professor M. N. Saha, 
D.Sc., F.R.S., for his kind interest in the work and to Dr D. S. Kothari for 
useful suggestions. 


Sttmjvlaby 

This paper is a continuation of the author’s previous work in which the 
molecular effusion of matter into vacuum was considered. In the present 
work the molecular effusion of gas into another chamber containing gas 
at a different pressure or at different temperature is investigated and it is 
shown that the effusion from chamber 1 to 2 is equal to the effusion of gas 1 
into vacuum minus the effusion of gas 2 into vacuum. In § 1 the effusion of 
one gas into another at the same temperature but at different pressure has 
“been calculated for the different cases. Thermal transpiration has been 
discussed in subsequent sections and expressions have been worked out for 
the different cases giving the relation between the equilibrium pressures 
that will obtain in the steady state between two chambers maintained at 
different temperatures and communicating with each other through a 
narrow opening. For the non-degenerate and completely non-relativistic 
case it is found that the equilibrium pressure ratio becomes exaggerated 
for matter obeying Bose-Einstein statistics and decreased for matter obeying 
Fermi-Dirac statistics as compared to the value for a classical perfect gas. 
For the completely relativistic and completely non-degenerate case the 
pressures are found to be inversely as the temperatures. For degenerate 
matter in both chambers, degenerate in the sense of Fermi-Dirac statistics, 
the pressures are found to be equal to a first approximation, but on working 
to a higher approximation, the pressure in the hotter vessel is found to be 
slightly greater. The relation between the pressures when matter in one 
chamber is degenerate and in the other non-degenerate has also been 
calculated. 
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Thermodynamics of the thermomechanical effect 
of liquid He n 

By H. London 

H. H. Wills Physical Laboratory, University of Bristol 
(Communicated by N. F. Mott, F.R.S.—Received 7 March 1939) 

It has been found by Allen and Jones ( 1938 ) that if two vessels containing 
liquid He n are connected by a capillary and maintained at different 
temperatures, the hydrostatic pressure in the warmer vessel rises above 
that of the colder. By maintaining a temperature gradient along the 
capillary, it is thus possible to produce a flow of helium against a pressure 
gradient. An apparatus in which this is done may be called a “helium 
pump , and the phenomenon which we shall call the “thermomechanical 
effect” reveals a new mechanism by which heat can be transformed into 
mechanical work. In such a “pump” heat is absorbed at the warm end of 
the capillary and liberated at the cold end; by the Second Law of Thermo¬ 
dynamics such part of this heat as is converted into mechanical work must 
be absorbed and liberated reversibly. 

As in the case of thermoelectric phenomena, however, to which, as we 
shall see, the thermomechanical effect is closely analogous, we have to deal 
with a superposition of reversible and irreversible processes, the latter being 
the ordinary conduction of heat and the resistance to flow in the capillary. 
Until, therefore, we have some experimental proof that the conditions can 
be chosen in such a way that the irreversible processes are small, we must 
assume that the reversible and irreversible effects are independent. The 
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existence of reversible thermal effects accompanying the capillary flow 
has been predicted by Tisza (1938) from certain kinetic speculations which 
are based on the idea (E. London 1938) that the phase transition into 
He 11 might be due to the condensation phenomenon of the Bose-Einstein 
statistics. The present paper discusses what can be said about the effects 
from purely thermodynamical considerations apart from any special kinetic 
model. A brief deduction of the thermodynamic relations has already been 
given by the present author in a letter to Nature (H. London 1938a). 


1. THE THERMODYNAMICAL RELATIONS 

Let us suppose that two reservoirs, A and B , are connected by a capillary. 
Let A be maintained at a temperature T A and a pressure p A , then if B is 
maintained at a temperature T , its pressure is determined by p A , T A and T. 
p may also depend on the type of capillary used, though we have reasons 
to believe that for very narrow capillaries p depends on p Ai T A , T only so 
that the function p{p A T A T) represents a new specific property of liquid 
He 11. The variation of p with T , when p A T A are kept constant, will be denoted 
by (dp/dT) PATA . 



In the ^ame way as the pressure, all other thermodynamic quantities, 
e.g. the entropy or the free energy of a given quantity of helium in the 
reservoir B are functions of the temperature T in B only, if the pressure 
and temperature in A are kept constant. Their variation with temperature 
can therefore also be expressed by the symbol (d/dT) PATA and the suffix 
p A T A can be used in the same way as the suffixes p or v are commonly used 
in thermodynamics. 
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We now consider the following cycle (cf. fig. 1). A reservoir A at constant 
pressure^ and temperature T A is connected by a capillary with a second 
reservoir B at temperature T. From the discussion above, its pressure p 
is then determined. The reservoirs are also connected through an expansion 
engine E which allows the helium to be brought from B to A in a reversible 
way. By moving the pistons in A and B a certain quantity of helium in 
A and B can be transferred through the capillary from A to B, the engine 
being closed. If this quantity has the volumes v A , v in the two reservoirs, 
the work done by the helium is 

PV~p A v A . 

Now we close the capillary and transfer the helium at pressure p and tem¬ 
perature T from the reservoir B into the expansion engine E. The net work 
done in this process is zero; the work pv previously done in the reservoir B 
is merely recovered from outside and delivered again in the engine. The 
next step is to close the valves V connecting the engine with the reservoirs, 
and by adjusting the piston of the expansion engine to bring the volume 
back from v to v A . Simultaneously we cool the helium from T to T A in 
such a manner that the pressure is always given by p{f A T A T) until it is 
again p A . The mechanical work done by the helium is 



Finally, the valve is opened and the helium brought back to the reservoir A. 
The total mechanical work done by the helium in the cycle is then 



W = pv-p A v A - f pdv, 

(1) 

or 

W = P vdp = r v(^=\ dT. 

Jp A Jt a \oT) PaTa 

(la) 


In the above cycle certain amounts of heat are admitted into the system 
from outside. We make the convention that heat admitted to the system is 
positive. Even if no helium is passing from A to B, there wfil be an irre¬ 
versible heat flow due to ordinary heat conduction, which causes absorption 
of heat at B and generation of heat at A. In addition, if the helium does 
external work by passing from A to B, reversible thermal effects will appear. 
In accordance with our hypothesis that reversible and irreversible effects 
are mdependent, we consider only this additional reversible heat. 
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This consists of 

(1) Heat Q b absorbed by the helium in the reservoir B at the tem¬ 
perature T. 

(2) Heat Q A absorbed in the reservoir A at temperature T A . 

(3) The (negative) heat required to cool the helium in the engine from 
T to T a . 

This process takes place neither at constant volume nor at constant 
pressure, but with the pressure p varying with temperature as given by 
the function p{p A , T A , T). The specific heat corresponding to such a process 
will be called c p t Ta . It is defined by 

C ’ Ar ‘ ~ (»L- r (®Lr: 

where u and s denote the energy and entropy per gramme. If p denotes the 
density of helium, we obtain for the heat in question 

- r 'pvc paTa <it. 

" T A 

(4) Finally, it is quite possible that if helium flows through the capillary 
along a temperature gradient from a temperature T to T 4- dT, a certain 
heat /idT must be absorbed. 

The First and Second Law of Thermodynamics together with (la) give 
Qa+Q b + j T (p-p™ PA T A )dT (2) 

®A+Sl+ [ T = 0. (3) 

T a T Jt a T 

If we differentiate with respect to T keeping p A and T A constant we obtain 


i dQ B !T \ + /i- P vc PaTa = 0) 
\ dT I Pa t a T 

1 (dQ S \ 

T\dT/ PA T A T z T 


(4) 

(5) 
(5a) 


Here we have assumed that the heat Q A and also pu depend only on the 
local temperature and not on the conditions at the end B of the capillary. 
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Combining (4) with (5a) we obtain 


<6> 

This equation means that there is a reversible absorption of heat, i.e. a 
production of cold where the He n leaves the capillary. This cold depends 
only on the amount of liquid flowing, on the temperature T and on the 
pressure variation per degree at that temperature. Reversing the direction 
of flow we see that where the helium enters the capillary a corresponding 
amount of heat is produced. It is not necessary that the temperatures at A 
and B should actually be different for these thermal effects to occur. We 
can obtain the same production and absorption of heat if we force the helium 
mechanically through the capillary.* 

Equation (5) can be written 

~ T (-^r-) ■ ( 7 ) 

' 0X IPaT.i 


From these results we see at once the close analogy between the helium 
pump phenomenon and the thermoelectric effects in current electricity. 
p corresponds to the thermo-e.m.f., Q A and Q B to the Peltier heat, p and 
P vc paT a Thomson heat per degree. The volume of the helium circu¬ 

lating per second corresponds to the current, while the two different metals 
are represented by the two types of tube, the wide tubes in which the flow 
obeys the laws of ordinary hydrodynamics and the capillary tubes in which 
the pressure depends on temperature. With these substitutions the equations 
(6) and (7) become identical with the well-known equations of the thermo¬ 
electric effects, as our derivation also follows closely the lines of W. 
Thomson’s treatment of the thermoelectric effects. 

Where the Peltier heat is actually localized cannot be predicted by 
thermodynamics. We can only say that it will be where the capillary flow 
changes into hydrodynamic flow, but whether this takes place at the end 
of the capillary or somewhere at the walls of the reservoirs or at the point 
where the heat is supplied from outside is still an open question. 


We have assumed in our derivation that Q A and p are independent of the tem¬ 
perature in B. If there should be any such dependence, one has to modify the above 
treatment as follows. We change the notation and denote the temperature in B 
by T s , while T is now a variable temperature between T A and T B . Our assumption 
was that 


''ST* 


\ Z= 0 - 

(l!L\ 

) — V, 

'*aT a 

\8T b J 


»A T A 


(8) 


* [Note, added in proof. Meanwhile these caloric effects have been found by 
Daunt and Mendelssohn (1939 6).] 
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If these equations do not hold, we have to replace the preceding equations by the 
following: 
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For T b = T a (6') becomes identical with (6). The existence and the order of 
magnitude of the thermal effects Q would therefore not be affected, if our assumption 
(8) were not fulfilled. 

The equation for the Thomson heat would read for T A = T B 


P-pVCp a t ,= 


/ 3{Qa/ t a + Qb/Tb) \ 

V h A T A ' 


(7') 


2. Flow of atoms which are in the lowest state 

Before we consider the thermal effects in more detail, it will be useful 
to discuss the kinetic model of Tisza in terms of our equations. 

It has been suggested by F. London ( 1938 ) that He n may have some of the 
properties of a partly condensed Bose-Einstein gas, in particular that for 
any temperature a definite fraction of the helium atoms are, apart from 
lattice vibrations, in their lowest quantized states. On the basis of this 
idea Tisza ( 1938 ) assumes that the atoms in the lowest state do not take 
part in the dissipation of momentum and can therefore move more freely 
through a capillary than the excited atoms which are subject to ordinary 
viscosity. Accordingly, only the atoms in the lowest state move through 
a narrow capillary while through a wide tube all atoms move with the 
same mean velocity as in the ordinary liquid. Consequently, at the end of 
the capillary the capillary flow must change into hydrodynamic flow, and 
this means that some of the atoms coming out of the capillary must be 
excited into higher states; only that fraction will remain in the lowest state 
which is appropriate to the substance in equilibrium at the particular 
temperature. This transformation requires energy and this led Tisza to the 
prediction of thermal effects at the ends of capillaries. By assuming that 
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this process is at least partly reversible, he could explain the thermo- 
mechanical effect.* 

For our thermodynamic treatment we shall assume complete reversibility 
and formulate Tisza’s assumptions by setting 

/« = 0 (9) 

because the atoms are supposed to remain in the lowest state while moving 
through the capillary and will therefore absorb no heat. A heat absorption 
analogous to the Thomson heat is thus absent. Actually the atoms will be 
subject to lattice vibrations, but the entropy due to them is small compared 
with the total entropy of He ir. The values of c Pa Ta , S, F dealt with in the 
following will actually mean the excess specific heat, etc. above the amount 
due to lattice vibrations. Equ. (9) will hold for all capillaries sufficiently 
narrow to prevent the excited atoms from flowing. From (9) and (7) we 
obtain 



where s is the entropy per gramme. 

If we integrate over T from 0 to T and remember that, according to 
Nernst’s theorem, for T — 0 we have s — 0 and QIT = 0, we obtain 

^ = p V8 = S, ( 10 ) 

where S is the entropy of the volume v. In terms of our model this has the 
physical meaning that at the place where the capillary flow changes into 
hydrodynamic flow, the atoms which have been in the lowest state acquire 
the entropy appropriate to the substance in thermal equilibrium. 

By substituting Q B from equ. ( 6 ) we can also write 

$Lr ps - (11) 

According to equ. (11), {dpjdT) VjiTjl is in fact independent of the type of 
capillary used, provided only that the latter prevents the excited atoms from 
flowing back under the influence of the pressure gradient. 

A verification of equ. (11) should be the easiest method of proving the 
hypothesis that the helium atoms moving through narrow capillaries are 
in their lowest quantized state. 

* The somewhat different model of the capillary flow recently .given by F. London 
(19386, § 4) leads to the same conclusions. 
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Recently, the first experimental data about the values of (dp/dT) PA Ta 
have been published (Allen and Reekie 1939). Instead of a capillary the 
authors use a tube filled with emery powder. Below 1-4° {dpJdT) PiTA is 
of the same order of magnitude as the product of the density (Kamerling, 
Onnes and Boks 1924), and the excess of the total entropy (Keesom and 
Miss Keesom 1934) above the lattice entropy (Pickard and Simon 1939). 
As the excess entropy is not very well known in this temperature region, 
the agreement seems to be within the limits of error. Above 1*4° the 
experimental data fall below the theoretical values, but in this region they 
become dependent on the temperature gradient in such a manner that they 
come nearer to the theoretical values when smaller temperature gradients 
are used. As we shall see later (§ 4) such a behaviour is to be expected, 
when the flow backwards of the excited atoms is not sufficiently suppressed. 
Tubes filled with finer powder will therefore probably give a better agree¬ 
ment. 

If we now compare (10) with (6) we obtain 



where F is the free energy of the volume v. Since p = — (3 Fjdv) T , we may 
write 

(dv\ _ (—\ (^ v \ 

and adding this to (12) we obtain 



or integrating from T A to T 

pv-p A v A = -(F-F A ). (13) 

Now the work given by equ. (1) consisted of two parts. The term — jpdv 

was due to the expansion in the engine which had to be introduced to com¬ 
plete the cycle. The work actually connected with the thermomechanical 
effect was given by the first terms in (1), which are identical with the left- 
hand side of (13). Thus we find that, subject to the assumptions of this 
paragraph, the work done by the helium is equal to the decrease in its free 
energy, and we can give a very simple thermodynamical description of the 
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thermomecbanical effect. The atoms coming out of the capillary acquire 
the entropy 8 and the energy U and do the external work 

W = -F = T 8 -U. 

As is well known, in general, the external work is equal to the decrease 
in free energy only in isothermal processes. In equ. ( 13 ) this restriction does 
not apply and the free energy has actually the property which its name 
implies. The reason for this behaviour is of course that here the substance 
is brought from the one temperature to the other in a state where it has the 
entropy zero. Therefore in the expression 

dW = ~dU+TdS, 
we can add 0 = 8 dT and obtain 

dW = -dU+d(TS) = -dF. 


3. High flow-velocities 


So far we have considered only those cases in which the resistance to the 
flow in the capillary could be neglected. 

Experiments on the flow resistance of capillaries (Allen and Misener 
1938a, b, 1939; Giauque, Stout and Barieau 1938; Kapitza 1938) and also 
on the related “film phenomenon” (Daunt and Mendelssohn 1938, 1939) 
show that for small velocities of flow this resistance is very low indeed, but 
that it increases rapidly with increasing velocity so that there seems to be an 
upper limit above which the flow velocity cannot rise. If the flow is towards 
the higher pressure the flow resistance will cause a decrease in the pressure 

rT 

differencedp=p—p jl belowitsstaticvalue (dp/dT) p T dT. Consequently 

„ jT.i 

rT 

(d r pjdT) PiT dT — Ap represents the driving force necessary to overcome 

J Ta ‘ ** 


the flow resistance. It is in this case no longer possible to predict anything 
about the heat effects without extending the hypothesis of the independence 
of reversible and irreversible processes also to the limiting velocities. As 
we do not know anything about the mechanism of the viscosity and since, 
in particular, there are indications of a peculiar influence of the end of the 
capillary tubes (Allen and Misener 1938 b) this hypothesis is by no means 
trivial. If the hypothesis is confirmed the heat produced at the ends will 
still be given by equ. (6), (dp/dT ) PaTa meaning as before the pressure 
gradient for zero velocity, and not the smaller pressure gradient actually 
observed. 
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The loss of external work will now appear as an irreversible heat. For 
small temperature differences this heat is small compared with Q B or Q A , 
as can be seen from (la) and (6). 


4. Wider tubes and heat conductivity 

We have dealt with the case of high flow velocities because it is possibly 
of importance for the heat conduction of He n. The conductivity is usually 
measured in capillaries filled with helium, which have a larger diameter 
than those suitable for the “helium pump ”. Such tubes have lower values 
of (Ap/AT) than narrow capillaries, and this suggests that the pump 
phenomenon is due to a force exerted by the wall, acting on the helium over 
a certain limited range. Accordingly, we expect the following behaviour 
for wide capillaries. Near the wall the helium flows towards the higher 
temperature and sets up a certain pressure difference Ap. As mentioned 

above, Ap will be lower than j(dp/dT) PiTA dT. The liquid in the middle of 

the tube, which obeys ordinary hydrodynamics, is driven by the pressure 
difference Ap towards the lower temperature. Thus the result will be 
a circulation of liquid analogous to the electric current in a short circuited 
thermocouple. Such a circulation will arise near any wall immersed in 
He ii along which a temperature gradient is maintained. Some experimental 
evidence for such a behaviour was obtained by the observation of the 
deflexion of a small vane suspended in He n near a heated plate (H. London 
1938). If the capillary is not too narrow and the temperature gradient 
not too small the circulation wall be considerable and will be mainly con¬ 
trolled by the flow resistance of the capillary flow near the wall, as this will 
reach the limiting velocity. In particular this will be the case at higher 
temperatures, where the limiting velocity of the capillary flow decreases 
and the total circulation increases. Accordingly, the reduction in Ap will 
increase with increasing temperature and with increasing temperature 
gradient, which is in agreement with the results of Allen and Reekie (1939}. 

The Peltier heat connected with the circulation will be localized some¬ 
where at the ends of the capillary since the changes from capillary flow into 
hydrodynamic flow and vice versa take place here. This heat would be 
absorbed at the warmer end and generated at the colder, thus giving rise 
to an apparent heat conduction along the capillary. We can say quite 
generally that any wall immersed in He n should have this peculiar heat 
conductivity. 
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If the reversible heat is of the order of magnitude given by ( 10 ), this heat 
transport can be quite considerable. In this case it is much larger than 
ordinary heat convection < 2 conv = vpc p AT, as the latter is proportional to 
the temperature difference while the Peltier heat is proportional to the 
absolute temperature; and in all practical cases the temperature difference 
is exceedingly small.* (s in equ. (10) is of the same order of magnitude as c p .) 

It is an interesting feature of this kind of heat transport that the con¬ 
nexion between temperature gradient and transported heat is quite indirect. 
The temperature gradient causes a pressure gradient; this sets up a circula¬ 
tion of liquid which gives rise to the thermal effects which are equivalent 
to a transport of heat. Since, as mentioned above, the circulation increases 
only slowly with increasing temperature gradient, it follows, that the heat 
flow also increases only slowly with increasing temperature gradient. Since, 
on the other hand, the hydrodynamic flow and accordingly also the total 
circulation will be proportional to the actual pressure difference Ap, as 

distinct from j \dp/dT) PATA dT, the heat flow will be proportional to the 

observed pressure gradient. 

The behaviour of the first type has been observed in measurements of 
the heat conductivity (Allen, Peierls and Uddin 1937; Keesom, Keesom 
and Saris 1938), the latter in the experiments of Allen and Reekie (1939; 
cf. fig. 6). More data of the viscosity are required in order to see how far 
the agreement holds also quantitatively. It will also be very interes ting 
to see how far, apart from this heat conductivity along walls, there will 
be a homogeneous heat conductivity, for which theoretical reasons ha ve 
been given by H. Jones (1938) and by Tisza (19386, last paragraph). 

Their models of the homogeneous heat conductivity as well as the 
mechanism given for the conductivity along walls have the feature in 
common that they require a drift of excited atoms in the direction of falling 
temperature. This makes it probable that the heat conductivity of He ix 
in a closed narrow capillary is comparatively low, since the walls will impede 
the flow back of the excited atoms. This fact is of importance for the 
hypothesis of the independence of reversible and irreversible processes, 
on which our thermodynamical treatment has been based, because it 
suggests that under suitable conditions the reversible effects will be larger 
than the irreversible and consequently that the latter can be treated 
independently. 

* AT means the difference between the temperatures of the two portions of liquid 
flowing in opposite directions. Owing to radial exchange of heat, this will be much 
less than the temperature difference between the ends of the capillary. 
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5. Suggested experiments 

Such an arrangement with narrow capillaries or tubes filled with very 
fine powder would be suitable for an experimental verification of equ. (6). 
By varying the flow velocity one could determine whether this equation 
has to be modified when the external work is decreased by the flow resistance 
of the capillary (§ 3 ). Then it will be possible to correlate the viscosity 
experiments with the heat conductivity experiments by means of equ. (7). 
The hypothesis that in the capillary flow the moving atoms have the 
entropy zero could be tested by measurements of (dp/dT) PiTA using equ. (11) 
or by measurements of the reversible heat using equ. (10). 

Summary 

The effect discovered by Allen and Jones that two reservoirs filled with 
He ii and in communication through a capillary show a difference in 
hydrostatic pressure, if they are kept at different temperature, is treated 
thermodynamically. Considering a cycle in which the pressure difference 
is used to do mechanical work, one finds that reversible thermal effects must 
appear which are analogous to the Peltier effect. Cold is produced where 
liquid He n leaves a *capillary and heat where it enters. Both are given 
by the equation Q = vT(dp/dT) PA Ta , where v is the volume of liquid 
flowing through the capillary, T the absolute temperature and (i dpjdT) PATji 
the variation of pressure with temperature in one vessel, if the other is 
kept at constant pressure and temperature. 

The hypothesis of Tisza is discussed, according to which the atoms 
moving through a capillary are apart from lattice vibrations in the lowest 
energy state. The assumption is made that this process takes place reversibly. 
One obtains the equation ps = (dpjdT) PATa , where ps is the excess of the 
total entropy per cm. 3 of liquid helium above the part of the entropy due 
to lattice vibrations. This relation can be used for the experimental veri¬ 
fication of the hypothesis. 

Considering the circulation of liquid set up by the thermomechanical 
pressure a possible mechanism of heat transport is discussed which allows 
the correlation of the heat conduction experiments with those on the flow 
of liquid helium. 
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The mean free path of electrons in polar crystals 

By H. Frohlioh and N. F. Mott, F.R.kS. 

H. H. Wills Physical Laboratory, University of Bristol 
{Received 16 March 1939 ) 

1 . Inteoduction' 

Polar crystals of stoichiometric composition at low temperatures are 
insulators of electricity. If, however, electrons are raised into the normally 
empty conduction band of energy levels, either through the absorption of 
light or the thermal energy of surrounding atoms, the crystal can conduct. 
The purpose of this note is to calculate the mean free path of such electrons, 
and hence their mobility (velocity of drift in unit field). The results obtained 
will he compared with experimental material obtained from semi-conductors 
and from substances which show photoconductivity. 

In both classes of substance, it is a fairly safe assumption that the 
electrons in the conduction band have a Maxwell distribution of energies;* 

* Cf. for photoconductors, Mott ( 1939 ). 
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thus at room temperatures they have kinetic energies of the order 0*04 eV, 
in marked contrast to the conduction electrons in metals, which have 
energies of the order of 5 eV. In metals the mean free path, l, is of the order 
100-1000A at room temperature. Frohlich (1937) has given a theoretical 
formula for the mean free path in polar crystals of “ stray ” electrons having 
energies of several electron volts, and finds it to be of the same order of 
magnitude as for metals. As, however, the energy decreases, the mean free 
path, Z, decreases, and according to Frohlich’s formula, reaches for energies 
of the order k& D (@ D ~ 300° K) values comparable with the lattice constant. 
For such energies the approximation used in deriving the formula breaks 
down. 

For electrons in thermal equilibrium at temperatures below <9, however, 
l increases again, and for these energies the approximation used should 
again be valid. It is with these low energies that we deal in this paper. We 
do not know of any method of obtaining the mean free path at room tempera¬ 
ture, except by a rough extrapolation of these formulae. 


2. The lattice vibrations 

According to Frohlich, the mean free path depends on longitudinal 
polarization waves in the crystal. For slow electrons it will depend on 
longitudinal waves of long wave-length. It does not seem to have been 
pointed out in the literature that the characteristic frequency for longitudinal 
waves of long wave-length is higher than that of transverse waves (the 
characteristic vibrations which are excited optically).* The proof is as 
follows: 

Let v t , Vi be the characteristic frequencies of transverse and longitudinal 
waves, of wave length A long compared with the interatomic distance but 
small compared with the dimensions of the crystal.f In a transverse wave 
the polarization is of the form, with k = 1/A, 

P y = const, sin 2 n(kx—v t t). 

Hence div P vanishes. Since there are no free charges in the crystal, div D = 0, 
and hence div E vanishes also. In a free vibration of the crystal we shall also 

* [Note added in proof . Professor Bom has kindly informed us of unpublished 
calculations by Dr Kellermann, which confirm our result exactly. Also we over¬ 
looked a paper by Lyddane & Herzfeld ( Phys . Rev. 54, 846, 1938 ) who obtain similar 
but not exactly equivalent results.] 

f If this condition is not fulfilled, the distinction between transverse and longi¬ 
tudinal waves is lost. 
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have E = 0 in the crystal; an electric field only exists in the crystal when an 
electromagnetic wave coming from outside is passing through it. 

For longitudinal waves, the polarization is of the form 

P x = const. sm 2 n(Jcx — v l t) 

and divP^ 0. Since as before divP vanishes, it follows that 

div E = — 47r div P. 

As regards the periodic part of E. we have therefore 

F = -4 ttP. (1 ) 


Suppose now that a positive and negative ion are displaced respectively by 
distances u + , u~, and that 

u = u++u~, 

so that the polarization is given by 

P = eujQ, 

where Q is the volume of the unit cell. Then the restoring force on either ion 
in a transverse wave is, if M = M x M 2 j(M x + M z ) is the reduced mass of the 
ions, 

— 4:7T 2 Mvfu, 

but in a longitudinal wave it is 

— 4 on z Mvf u + Ee, (2) 

which may be written — + 4 me z jQ) u. 

Since this is equal to — 4 -.n 2 Mvju, we have 



For crystals of sodium chloride type Q = 2 a 3 , where a is the interionic 
distance. 

It is worth noting that v t is also the frequency of vibrations of particles 
having dimensions small compared with the wave length, since in this case 
there will necessarily be a field within the particle given by (1). It would be of 
interest to investigate the scattering of infra-red rays by small particles of a 
polar salt dispersed in a non-polar medium (e.g. a fine grain emulsion of 
AgBr). If the dimensions of the particles were small, but the distances apart 
large, both compared with A, the scattering should show a maximum at a 
frequency v t quite different from the normal characteristic frequency of the 
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material, as determined from the absorption coefficient of thin films, as, for 
instance, in Barnes’ experiments (1932), or from the frequency of the 
residual rays. 

Equation (3) may be expressed in a different form. Born (cf. Bom and 
Goppert-Mayer 1933) has given a formula connecting the characteristic 
frequency v t of the transverse vibrations with the dielectric constant. The 
formula is 

e_e ° = 2 na 3 Mvf ’ 

where e is the dielectric constant for static fields, and e 0 the contribution to 
the dielectric constant for the polarizability of the ions, so that *Je 0 is the 
refractive index in the near infra-red. From (3) and (4) we have 

i>? = (e-e 0 + l)if. (5) 

For alkali halides the factor e — e 0 +1 is of the order 3. 

Both formulae (3) and (4) are derived subject to the assumption that the 

force on an ion due to an electric field E is Ee, and not | E + P j e. This 

assumption appears to give results in agreement with experiment for alkali 
halides (cf. Mott and Littleton 1938). 

It should also be noted that eqn. (5) is only correct for long longitudinal 
waves (A>&). The force eE in eqn. (2) acting on an ion has only in this case, 
i.e. if E is nearly constant within a unit cell, a unique value. It is possible 
to show that for short longitudinal waves A ~a the term corresponding to 
eE becomes very small so that their frequency is approximately v t as for 
transverse waves. 

3. Calculation of the mean free rath 

A calculation of the mean free path Z or the time of relaxation r = Ijv 
(v = velocity of the electron) has been carried out previously for electrons 
with an energy W of several electron-volts (Frohlich 1937). For very slow 
thermal electrons, the calculation follows similar lines. Certain modifica¬ 
tions have, however, to be made, since W ~hv . 
r is defined in the following way: 



where <f> w is the probability per unit time that an electron makes a collision 
with a lattice wave of wave number w, and Ak is the average change of the 


33-2 
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^component of the wave number k x of the electron on each collision. 
Ak x is, according to the conservation of momentum, equal to the ^-com¬ 
ponent of w. We have to average over all directions of w, and obtain (cf. 
Frohlich 1936, § 13, eqn. (38), since Kcw = hv) 

(Ak\ w 2 t mhv vo % — k\ //>x 

(6) 

where K 2 k*j2m — hv. (7) 

In the former calculation, it was possible to neglect the term containing 
furthermore, it was assumed that the frequency v of the polarization 
waves was equal to v t . This was correct since the fast electrons are scattered 
mainly by short longitudinal waves, which have, as we mentioned above, a 
frequency of the order v t . In our present case, however, the electrons are 
scattered mainly by long longitudinal waves, for it follows immediately 
from the energy and momentum laws that polarization waves can only 
contribute to the scattering if their wave number lies within the limits w v 
w 2 , where 

w v w z - T k+J(k*+J<%). (8) 

k is the wave number of the electronic wave of an electron with energy W, 
so that 

W = W\2m. 

Now in the case W ~hv both w x and w 2 are approximately equal to k v . Since 
v is an infra-red frequency, k v 4l/a, i.e. 2njw x and 2ir/w 2 are long wave¬ 
lengths. We have, therefore, to use now v t as the frequency v. 

Furthermore, if we assume that W < hv u the electron can no longer give 
up energy hv to the lattice vibrations, but only absorb it. The dependence of 
t on temperature is in consequence given by 

r = T a (e hv ti kT — 1) ( 9 ) 

instead of by eqn. (15) of Frohlich (1937). For r 0 , the previous calculation 
yielded (Frohlich 1937), eqn. (16) 

1 = !!ZL 2 = e 4 h 2 w% 

r 0 8^/2 m*Ma?vE* ±Ma z hvv k 2 W> 8m ’ 

’where Wq = 2!%/«. 

This equation was obtained by an integration over w, namely 

fu „ 

wdw = \wl. 
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According to our remarks above (cf. eqns. (6) and (8)) this integral has now 
to be replaced by 




dw = 2 k(k 2 + k 2 )b — k 2 log 


+ k 2 ) -f~ k 


* m 


and v is now given by v v 
Thus in our case, we have 


1 _ 2e 4 & 

r 0 SMa^fivv^' 

If we make use of eqn. (4), we obtain 


3 Kv Vi k v 
0 ~ 4 : 7 re 2 (e—e 0 )vf k 9 


(W < hv), 


or finally for the mean free path, using eqns. (9), (7) and (5), 

w<hv - 


( 10 ) 


where a n = —5 ~ 0- 54 x 10~ 8 cm. 

me 2 

is the Bohr radius.* 

If we are dealing with electrons having a Maxwell distribution, we have to 
average (10) over all energies; we obtain 


1 = 


6a 0 e—e 0 + l 
Jtt e—e 0 



( 11 ) 


where (cf. eqn. (5)) 

k& = hv l = hv t (e— e 0 +1)*. (12) 

The formula is valid only for T< 6 . 

For the mobility w we have 

^ = mV(3^T/m) = 2 J[^w} eao( - e&lT ~ 1 ' > e-°e 0 * (13) 


* In. deriving eqn. (10) we have not considered any possible effect of a screening of 
the electronic charge. It was shown in a paper by Frohlich ( 1939 ) that the effect of 
such a screening would be small for fast electrons. For very slow electrons, with 
energies W<hv lf too, it should be correct to calculate l as above, i.e. with a screening 
occurring only in the second order of approximation. This is due to the fact that for 
such slow electrons, the de Broglie wave-length 27r/& ^ 27Tjk v is of the same order of 
magnitude as the wave-lengths of the lattice waves with which the electron interacts 
(cf. eqn. ( 8 )). A screening could, however, occur only at distances from the electron 
which are great compared with 2t r/k 9 i.e. at distances which contribute only little to 
the interaction with the lattice waves. 
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4 . Comparison with experiment 
4 * 1 . Photoconduction 

When an alkali halide crystal coloured by stoichiometric excess of alkali 
metal (i.e. by F-centres) is illuminated with light of wave-length lying in the 
F-band, it shows photoconductivity. The currents observed are interpreted 
in the following way: the electrons released by the light drift in the direction 
of the field a certain distance, and are then trapped in some way. The nature 
of the trapping centres has been discussed by Pohl (1937), but need not 
concern us here. 

Let v) be the mobility of an electron, and E the applied field, so that wE 
is the velocity of drift. Let t be the time that an electron released by the light 
remains free, before it is trapped. Then each electron released by the light 
drifts a distance 

L = wEt. 

If each quantum absorbed has a chance q of releasing an electron, the 
displacement of charge observed per quantum absorbed is 

eyjL as erjwEt . 

This quantity may be observed experimentally; some results of Pohl (1937) 
for NaCl are shown in fig. 1, in arbitrary units, plotted as a function of the 
temperature. 

The sudden drop at low temperatures has been discussed by Mott (1938) 
and is certainly due to a drop in 7 \\ at higher temperatures, above about 
—100° C, it is safe to assume that 7=1. 

The time which an electron spends in the free state should be independent 
of the velocity of the electrons if its de Broglie wave-length is large compared 
with linear dimensions of the trapping centre*!* (i.e. for thermal electrons), 
for t must be proportional to the time which an electron spends within the 
range of a trapping centre. This time should be, in our case, independent of 
the electronic velocity. 

We thus find that in the region where 7 / ~ 1 the temperature dependence of 
the magnitude TjL , which is observable experimentally, is determined by w 
alone, so that 

rjL = const. {e 6 > T — 1). 

* This leads to a cross-section, inversely proportional to the velocity (cf. the 
analogous law for the capture of slow neutrons by atomic nuclei). The conclusion is 
independent of the mechanism of trapping, i.e. whether it is due to radiation loss or to 
loss of energy as heat motion, provided only that the perturbing term in the wave 
equation may be treated as small. 
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In fig. 1 we have plotted this function against the temperature, fitting the 
curve to the experimental one at — 75° C. We have used two values of 0 . 
Accordingto Born and Goppert-Mayer( 1933) for NaClc/^ = 61*1 x 10- 4 cm., 
giving 0 t = hvjk = 232°. According to the same authors e—e 0 +1 = 3-94, so 
that &i = 460°. We get a better fit for 0 = 0 b giving some evidence for our 
conclusion reached in § 2, that 0 t is larger than 0 t . 



Fig. 1 . Current per absorbed quantum in coloured rock salt. - observed (Pohl). 

.theoretical. <9 = ® l = 460°.-theoretical. © = © t — 232°. The experimental 

and theoretical curves are fitted at — 75° C. 


4-2. Semi-conductors 

Engelhard (1933) has measured the Hall constant R and specific con¬ 
ductivity cr of cuprous oxide. Since the conductivity is given by 

or = New 

and R by R = 3 nc/SNe, 

where N is the number of electrons in the conduction band, we can deduce 
the mobility w from R and cr 

w = ScrR/Znc . 

Engelhard then deduces the mean free path l from the equations w = eljmv, 
£mv 2 = j/cT. He finds that l drops from a value 25 x 10 -7 cm. at 80° K to a 
roughly constant value of 6 x 10~ 7 cm. at 200° K and higher temperatures. 

Unfortunately we have no direct measurements of 0. A value of & equal 
to 280° gives roughly the right temperature dependence of l, but gives 
absolute values about eight times too small. 
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However, in this connexion it should he noticed that in Cu 2 0 the electrons 
are carried by positive holes in a full band. The widths of the bands for oxides 
have been shown from the X-ray emission bands obtained by Skinner to be 
about 12 eV. There is some evidence (cf. Mott 1939) that in cuprous oxide the 
energy interval separating the full band from the first empty band is rather 
narrow (2 eV). If this is the case we expect the “effective mass ” of a positive 
hole in a state near the top of the d band to be rather small, smaller than that 
of a free electron (cf. Mott and Jones 1936, p. 84), 

The theoretical formula for w contains m to the power Thus if we 
assume that the effective mass of a positive hole is about one-quarter of that 
of a free electron, we obtain results in agreement with experiment. 

[Note added in proof . Dr Skinner has kindly informed us of preliminary 
results on the shape of X-ray emission bands in metallic oxides. These 
bands have a low intensity at the high energy end, showing an abnormally 
low density of states. Since the density of states is proportional of m 1 , 
these results give additional evidence for a low effective mass.] 
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An investigation of the accuracy of KCnig’s formula 
for the Rayleigh disk 
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[Plate 10] 

Introduction 

Since the introduction of the thermionic valve amplifier, the science of 
acoustics has been revolutionized and the need for accuracy in the measure¬ 
ment of acoustical quantities is becoming ever more important. The 
measurement of the intensity of sound has always presented grave difficulties, 
and wh^le, at the present time, we possess several instruments with which 
intensities may be compared with considerable accuracy, the absolute 
measurement of intensity is still subject to a great deal of uncertainty. 
One of the most attractive methods of making such measurements was 
first proposed by the late Lord Rayleigh (1882) and is generally known as 
the Rayleigh disk method. When a thin circular disk is situated in a fluid 
stream, it experiences a torque tending to twist it so that its axis shall he 
in the direction of the stream. The following quantitative relationship 
between the torque G and the stream velocity u was derived by Konig (1891): 

G = f pr z u 2 sin 26 , (1) 

where p is the density of the fluid, r the radius of the disk, and 6 the angle 
between the axis of the disk and the direction of the undisturbed stream. 
Since the torque is unaltered by a reversal of the direction of flow of the 
stream, equation (1) will still hold if the stream be alternating in character, 
provided we take u 2 to be the mean square velocity, G to be the mean torque, 
and p the mean density. In particular, if a disk be suspended by a vertical 
torsion fibre attached to a point on its circumference and if it be situated 
in a medium through which a plane sound wave is passing, then it will 
experience a torque causing it to twist until equilibrium is restored by the 
opposing torque due to the fibre. Thus, assuming equation (1) to be valid, 
the intensity of the sound wave can be calculated from the deflexion of the 
disk and the known constants of the system. 

[ 505 ] 
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Unfortunately, in the derivation of equation (1), several assumptions 
are made which are not justified when the disk is used in the manner 
described above. The most important of these are: 

(а) That the fluid medium is incompressible. 

(б) That the disk is an infinitely thin ellipsoid. 

(c) That there are no forces due to viscosity or to discontinuities of flow 
at the edges of the disk. 

In view of these assumptions, the method cannot be considered an absolute 
one, and the validity of equation (1) must be subject to experimental test. 
Several experimental investigations have been carried out with this object. 
Thus Zernow (1908) experimented with ellipsoids and flat disks, which 
were suspended inside a box attached to one prong of a tuning fork. The 
latter was driven electrically at a frequency of about 92 cyc./sec. The 
amplitude of vibration of the box was measured with a microscope, and it 
was assumed that the air inside vibrated with the same amplitude, an 
assumption which is valid so long as the dimensions of the box are small 
compared with the wave-length of sound in air, at the frequency used. 
Zernow realized that his results might be affected by the proximity of the 
disk to the walls of the box, and he attempted to overcome this difficulty 
by working with a number of boxes of different sizes. While there does appear 
to have been an effect due to size of box, it is not clear from the paper how 
this effect was eliminated from the final results. Apart from this uncertainty, 
Zernow obtained results for the ellipsoids which were in good agreement 
with equation (1) while, for the flat disks discrepancies of the order of 10 % 
were found. 

More recently, Barnes and West (1927) have carried out tests by a method 
similar to that used by Zernow. Using flat disks and working with a fre¬ 
quency range of from 1 to 30 cyc./sec. they obtained results which, within 
an. experimental error of 1 or 2 %, were in agreement with equation (1). 
They found, however, that anomalous results were obtained when the 
frequency of operation approached one of the natural frequencies of the 
suspended disk system. Since they were unable to use their vibrating-box 
apparatus at frequencies above about 30 cyc./sec., Barnes and West carried 
out a series of comparative tests in which two Rayleigh disks were acted 
upon by sound waves of the same intensity. Such tests, which were made at 
frequencies up to some 5000 cyc./sec., could not, of course, give direct 
evidence of the validity or otherwise of Konig’s formula. However, it was 
found that, in general, the application of this formula led to consistent 
values for the intensity of the sound wave, when disks of different size and 
material were used, provided the frequency did not approach one of the 
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natural frequencies of the disk itself. Clearly Konig’s formula will not be 
valid when the diameter of the disk is comparable with the wave-length 
of the sound used, but, by comparison of the results obtained with large 
and small disks, Barnes and West showed that errors on this account are 
unlikely to exceed 1 or 2 % so long as the wave-length is greater than five 
times the diameter of the disk. 

Finally, it may be mentioned that several investigations have shown that 
the Rayleigh disk method of measuring sound intensities gives results in 
substantial agreement with those of other methods, though the accuracy 
of such comparisons is, perhaps, not very high. 

Reverting now to the uncertainties inherent in Konig’s formula, it appears 
that the assumption of an incompressible fluid (which would give rise to an 
infinite wave-length) is unlikely to be important unless the wave-length 
of the sound is comparable with the dimensions of the disk. The second 
assumption, that the disk is an infinitely thin ellipsoid, is, of course, never 
justified, but the corrections involved in the use of ellipsoids and cylinders 
of small but finite thickness have been investigated theoretically by Konig 
himself and more recently by King (1935). These calculations show that, 
for disks likely to be used in the measurement of intensity of sound in air, 
the corrections will be less than 1 %. This conclusion is supported by the 
experimental work of Barnes and West. 

The third assumption is that viscous forces play no part in producing 
a torque on the disk, and on this point previous work gives little or no direct 
information. The present experiments were undertaken to obtain data from 
which the part played by viscosity could be assessed more accurately. 

Since Konig’s formula is in fairly good agreement with experimental 
results obtained with disks in air at atmospheric pressure, it is clear that, 
under these conditions, any effect due to viscosity must be small. We may 
therefore allow for it by modifying equation (1) to 

G = sin 2#[1 +f(p, r, u, y)~\, 

where y is the viscosity of the medium and f(p, r, u, y) is a function of the 
variables which, for air at atmospheric pressure, is small compared with 
unity. The only dimensionless combination of the variables which vanishes 
when y = 0 is y/pur, so we write 

O = \pr z u % sin 28 [ 1 +f(y/pur )]. (2) 

Since p is proportional to, while y is almost independent of, pressure, the 
correction will clearly become more and more important as the pressure is 
reduced. An investigation was therefore carried out in which equation (2) 
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was compared with, experimental results over a range of air pressures from 
atmospheric down to about 1 mm. of mercury. This investigation showed 
that, if the viscosity term in equation (2) exists at all, it must be almost 
negligibly gmfl.11 at atmospheric pressure. At the same time it was found that 
the experimental results were not in very good agreement with Konig’s 
form ula . Since the pressure-variation apparatus was not satisfactory for 
absolute determinations, a second series of experiments was carried out 
with air at atmospheric pressure, using apparatus which enabled an accurate 
test of the formula to be made. These experiments confirmed the conclusions 
previously drawn, and the discrepancy between Konig’s formula and experi¬ 
ment was finally shown to be due to vortex motion of air in the neighbour¬ 
hood of the disk. 

Apparatus for the pressure-variation experiments 

The general arrangement of the apparatus is shown in fig. 1. The Rayleigh 
disk D was suspended from the torsion head 
A which made a vacuum-tight ground joint 
with the brass tube K. The disk was situated 
inside a cylindrical brass box L, 3-8 cm. in 
internal diameter and 7- 6 cm. long, fitted with 
a glass window M through which the angular 
position .of the disk was observed by means 
of a lamp and scale. The box was firmly 
screwed to a brass tube HE, 1-9 cm. in 
diameter -and about 50 cm. long, and the 
upper end of this tube was tightly clamped 
in a large lead block E. A short length of 
rubber tube F connected the brass tubes H 
and K, and K was clamped in another lead 
block G. The two lead blocks were supported 
by two independent wooden frames, which 
rested on a massive stone slab attached to 
the wall of the laboratory. The tube G was 
connected to a mercury manometer and also, 
through a phosphorus-pentoxide drying 
tube, to a rotary oil-pump. A pointer B, 
attached to the torsion head A, moved over 
a circular scale of degrees which was mounted 
on G. 




5xa. 1 
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The dimensions of the box L and tube HH were chosen so that when the 
top of the tube was kept stationary by the block E , the system formed by 
these two components had a natural fundamental frequency of transverse 
vibration very nearly equal to 50 cyc./sec. In order to maintain the system 
in oscillation, current from the frequency-controlled A.C. mains was passed 
through a coil of fine wire attached to the box L , and this coil was arranged 
to lie in a strong radial magnetic field. The details of this part of the apparatus 
are shown in fig. 2, where W is the coil of wire and N a permanent magnet 



of the type used in loud-speakers. It was found necessary to anchor the 
box L to the framework of the apparatus by means of a flexible steel blade T 
in order to confine the oscillations to one plane. Since the vibrating system 
was almost in resonance with the driving force, amplitudes of oscillation 
of several millim etres could be maintained by the use of quite small currents. 
It was found inadvisable to tune the system exactly to resonance since, with 
slight distuning, much greater constancy of amplitude was obtained. Owing 
to the large inertia of the blocks C and E and to the fact that they were 
mounted independently, it was found possible to prevent the vibrating 
system from directly affecting the disk D, even when the box had its 
maximum amplitude. 

Measurement of the amplitude of the vibrating box 

The normal method of measuring the amplitude of vibration of the box 
was by observing the motion of a blade V attached to the box through 
a microscope Q (fig. 2), which had a micrometer scale in its eyepiece. The 
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blade was ill umina ted by light from the source S concentrated by the lens It 
on to a vertical illuminator P. After several preliminary trials, it was found 
that the best results were obtained when the face of the blade V nearest 
to the microscope was ground square. Its image in the microscope, when 
the box was stationary, then appeared as a well-defined vertical band. The 
readings of the edges of this band were taken and the box was set in motion. 
A much wider band was then observed, whose edges were again clearly 
defined. The differences between the initial and final readings of the edges, 
divided by the magnification of the microscope, thus gave two values for 
the amplitude of oscillation. The magnification was determined in the usual 
way by observation of the distance between marks on a graticule which, 
itself, had been calibrated by means of a Hilger comparator reading to 
0-001 mm. By taking readings at various parts of the eyepiece scale it was 
also ascertained that effects due to spherical aberration were negligible. 

Since the edges of the blade could not be made perfectly sharp, it seemed 
possible that the rays of light, which went to form the image of each edge, 
might originate from different parts of the “ edge ” at different times during 
the cycle of movement of the blade. An attempt to detect such an effect, 
if present, was made by illuminating the blade stroboscopically. This was 
done by controlling the light from the source S by means of a vibrating 
shutter which was driven by current from the A.C. mains. In this way 
a stationary image of the blade was obtained, and observations at different 
parts of the cycle could be made by varying the phase of the current driving 
the vibrating shutter. The appearance of the image of the blade at different 
parts of the cycle gave no indication of any spurious effects due to imperfect 
sharpness of the edges, but such a test is, of course, necessarily inconclusive. 

In view of the great importance of obtaining accurate values for the 
amplitude of oscillation, two other, methods of measuring this quantity 
were tried during the course of the experiments. In the first of these an 
optical lever was mounted so that one end turned on a fixed support while 
the other rested against the vibrating box. Absence of chattering was 
proved by connecting a pair of headphones and a battery in a circuit which 
included the metallic contacts between the optical lever and its supports. 
Light from an illuminated slit was reflected by the optical lever on to a scale 
645 cm. distant. 

In the second method a micrometer screw was attached to a rigid support 
in such a position that the axis of the screw was in the direction of vibration 
of the box. With the box stationary the screw was adjusted until its point 
just touched the box and a reading of the micrometer was taken. After the 
micrometer had been screwed back the box was set in motion and the 
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micrometer was then carefully adjusted until its point once more touched 
the box at the extremity of each swing. The difference between the two 
readings of the micrometer then gave the amplitude of oscillation of the box. 

Each of the above methods of measurement was compared directly with 
the microscope method for a number of different values of the amplitude 
of the box, and each gave results which agreed with the microscope method 
to within about 0*5 %. After consideration of the three methods, it was 
concluded that the microscope method, in addition to being a great deal 
more convenient, was also rather more accurate than the other two. The 
microscope method was therefore used to obtain the results which are 
recorded below. 

The preparation of the suspension fibres and the 
determination of their torsional constants 

In many cases the suspension fibres were made of phosphor-bronze wire 
and it was then necessary to anneal the wire before use, to ensure that it 
should hang straight when stretched by the very small weight of the disk. 
Since the diameters of the wires ranged from 0-025 to 0*061 mm., the 
annealing had to be carried out with considerable care. It was found most 
convenient to suspend a small weight by means of a long loop of the wire, 
whose ends were fastened to two rods which passed through a rubber bung. 
The weight was then lowered into a brass tube, the top end of which was 
closed by the rubber bung. The tube was evacuated and a current passed 
through the wire for a few seconds to raise it to a temperature just below 
red heat. After this treatment the wore hung perfectly straight even when 
it was not weighted. 

Eor some of the experiments the phosphor-bronze suspension fibres were 
not sufficiently sensitive, and in these cases they were replaced by soda glass 
fibres, drawn in a blowpipe flame. 

The torsional constant of a suspension fibre was determined by finding 
the period of oscillation of a small brass disk attached to the bottom of the 
wire. Several brass disks were used and, projecting along the axis of each, 
was a short length of wire 0*5 mm. in diameter, to which the fibre could 
conveniently be fastened. By using two or more disks with the same fibre, 
values of the torsional constant agreeing to within about 1 part in 500 
were obtained. The torsional constant was determined before and after 
using a fibre in an actual experiment, to ensure that no change had taken 
place while the brass calibrating disk was being removed and the Rayleigh 
diks attached. 
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In the experiments of Barnes and West (1927) torsional constants were 
determined by timing oscillations of the Rayleigh disk itself, in the position 
where it was actually used. This method was tried in our own experiments 
and, to avoid the rather large correction for damping, the pressure in the 
apparatus was reduced to a low value. The method was then found to give 
results in agreement with those obtained with the brass disks, but the 
accuracy was not so high when the Rayleigh disk was used. Some measure¬ 
ments were also made with the Rayleigh disk oscillating in air at atmospheric 
pressure, and it was then found that, even after the application of a correc¬ 
tion for damping, the value of the torsional constant given by this method 
was about 5 or 6 % lower than that obtained previously. The discrepancy 
is presumably due to the effect of the air carried along with the disk. Its 
bearing on the results obtained by Barnes and West will be discussed later. 

Experimental details 

The Rayleigh disks consisted of microscope cover-slips silvered on one 
side. Details of their dimensions are given in Table I. 


Table I 



Mass 

JRadius 

Thickness 

Disk 

g* 

cm. 

cm. 

A 

0-0501 

0-6345 

0*016 

B 

0-0585 

0-7950 

0-014 

C 

0-0304 

0-5090 

0*015 

D 

0*0443 

0-6485 

0*014 


To adjust a disk so that its axis lay at 45 ° to the direction of motion of 
the vibrating box, the torsion head was first turned until the axis of the 
disk was parallel to the direction of motion. The setting could be made 
with great accuracy since, in this one position, the scale reading of the spot 
of light reflected from the disk is the same whether the box is at rest or 
vibrating with large amplitude. When the setting had been made the torsion 
head was turned through 45 °. 

It was found that, as the apparatus was evacuated, the forces due to the 
external atmospheric pressure sometimes caused the zero position of the spot 
of light to change by a few millimetres. When this occurred the zero shift 
corresponding to the lowest pressure was observed and proportionate correc¬ 
tions were applied to readings at other pressures. 

As has been pointed out by Barnes and West (1927), the spot of light 
may, with advantage, be received upon a flat scale, since the error tlxen 
involved in assuming that the displacement of the spot is proportional to 
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the angular deflexion of the disk almost cancels that due to the assumption 
that the axis of the disk is always at an angle of 45 ° to the direction of 
motion of the box. This device was used in the present experiments and, 
in addition, a very small correction was applied to each reading to allow 
for the fact that the cancellation of the two errors is not exact. 

The usual procedure was to set the box vibrating and adjust the amplitude 
so that a full-scale deflexion of the disk was obtained with the air in the box 
at approximately atmospheric pressure. The amplitude was then kept 
constant and a series of readings taken of the deflexions of the disk corre¬ 
sponding to various pressures down to a value of a few millimetres of 
mercury. Since readings at low pressures are of particular interest, several 
runs were taken with larger amplitudes of vibration such that full-scale 
deflexions of the disk were obtained with pressures of the order of 15 cm. 
of mercury. At the time of each run, the barometric pressure and the room 
temperature were also recorded. 


Results 

Several runs were taken with constant pressure in the box and with 
varying amplitude. The results of these were all in accordance with Konig’s 
theoretical relation that the couple acting on the disk is proportional to 
the square of the amplitude. These results will not be considered further 
since more accurate experiments of the same kind will be described later. 

For the constant-amplitude runs, Konig’s theory indicates that the couple 
should be proportional to the pressure and, at first sight, the experimental 
results appeared to be in agreement with this relation. On closer examina¬ 
tion, however, it was found that the results of several of the runs could not 
be adequately represented by a linear relation between couple and pressure. 
Since the deviation from linearity was not much greater than the estimated 
experimental error, the best form of relation could not be determined from 
a consideration of the numerical values. As has been previously stated, 
dimensional theory leads to equation (2) but gives no information concerning 
the form of the function f(r]jpur ). Furthermore, this function cannot be 
expanded into a direct or inverse power series since either series would be 
divergent for sufficiently small values of u or rj. All that can be done 
therefore, is to choose an empirical relation which is consistent with 
equation (2) and which fits the experimental results. For this purpose we 
consider the relation 


Q = ±pr z u 2 sin 26 [l + Aiy/purf], ( 3 ) 
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where A and z are constants. Since the couple due to the correction term 
must vanish when either p or u is equal to zero, z must be positive and less 
than two. Comparison of this equation with the experimental results shows 
that satisfactory representation of the latter can be obtained if z has any 
value between about 0-2 and 0-8, and, for our present purpose it is convenient 
to choose arbitrarily the value 0-5. Since p is proportional to the pressure p 
of the gas, and O is proportional to the deflexion xfi of the spot of light 
reflected from the Rayleigh disk, we may write equation (3) in the form 

ft = ap+fifip > (4) 

where a and fi are functions which are independent of the pressure. 

For each of the experimental runs the best values of a and fi were deter¬ 
mined and the results are given in Table II. 

Table II 

Torsional 

constant Amp. of 
dyne cm./ box 
Disk radian cm. 

A 01952 00369 

A 0-1962 0-0372 

A 0-1952 0-0369 

A 0-1952 0-0808 

A 0-1962 0-0808 

A 0-1952 0-0808 

A 0-1952 0-0368 

O 0-1952 0-0520 

0 0-1952 0-1114 

B 0-1952 0-0266 

B 0-1952 0-0586 

D 0-0406 0-0167 

D 0*0406 0-0367 

In every case the agreement between equation (4) and experiment is 
v® ry sa ^sfactory, any discrepancies being usually much less than the 
estimated experimental error of 1 % of full-scale deflexion. 

Since fi is a function of the viscosity while a is not, ap should represent 
the couple which would act on the disk if the viscosity of the air were zero, 
and thus a should be calculable from Konig’s equation. The values of a 
o amed m this way are tabulated in the seventh column of Table II, 
while m the eighth column are given the ratios of the experimental values 
o a to the calculated ones. It is at once apparent that there is a discrepancy 
between theory and experiment which is much too large to be attributed 


Pressure 


range 


cm. of 




#exp 

mercury 

a exp 

fi 

a caic 

#calc 

75-0-0-2 

0-612 

0-2 

0-568 

1*080 

75-9-0-3 

0-627 

0*1 

0-575 

1*090 

75-0-0-4 

0-615 

0*05 

0-568 

1*084 

12-5-0-4 

3-04 

0 

2-72 

1*116 

12-3-0-4 

3-15 

— 0*5 

2-72 

1*167 

12-5-0-3 

3-07 

0 

2-73 

1*126 

76-5-2-1 

0-620 

0 

0-568 

1*091 

74-2-0-1 

0-637 

0-15 

0-582 

1*095 

14-3-0-1 

3-03 

0 

2-67 

1*134 

76-0-0-8 

0-628 

0*1 

0-682 

1*079 

15-4-0-2 

3-29 

— 0*2 

2-83 

1*162 

76-7-1-3 

0-635 

0 

0-588 

1*080 

13-8-0-1 

3-25 

-0*1 

2-85 

1*140 
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to the arbitrary assumptions made in deriving equation (4). Our results 
indicate that, if there is an effect due to viscosity, it cannot account for 
more than about 2 % of the total couple at atmospheric pressure, while the 
discrepancy now under consideration is of the order of 10 % of the total 
couple. Discussion of the possible effect due to viscosity is therefore post¬ 
poned until an account has been given of the further experiments made to 
investigate the apparent failure of Konig’s theory. 

The apparatus which had been used for the pressure-variation experi¬ 
ments, while quite satisfactory for relative measurements, was not well 
suited to the absolute determination of the torque acting on the disk, for 
the following reasons. Owing to the way in which the brass box L was 
mounted, its motion was not purely translational, but contained also a com¬ 
ponent of rotation in a vertical plane. As a result, the velocity of the air 
relative to the disk at any instant was not quite the same at the top of the 
disk as it was at the bottom. Furthermore, the box was rather small and 
it seemed possible that its walls were sufficiently close to influence the 
streaming of the air past the disk. An attempt was made to use a larger 
box, but the added inertia at the end of the vibrating system greatly 
increased the rotational motion of the box. It was therefore decided to 
construct a completely new piece of apparatus to work only at atmospheric 
pressure and the details of the final arrangements are given below. 


Apparatus for the absolute calibration of the Rayleigh disk 

The apparatus differed from that used in the previous experiments chiefly 
in the method used to support the box A (fig. 3) and to maintain it in oscilla¬ 
tion. The box was bolted to a rigid brass framework FOH which was 
supported on two vertical steel blades BB . The bottom ends of these blades 
were clamped to massive iron weights DD which stood on a stone pillar. 
The blades were sufficiently thin to permit considerable bending and the 
system which they supported could therefore oscillate in the plane of the 
diagram. By suitable choice of blade the frequency of oscillation could 
be varied over the range from about 2—25 eye./sec. In order to maintain 
the system in oscillation two circular coils of fine wire CC were attached to 
the brass platform. Each coil was situated in a strong radial field due to 
a permanent magnet (not shown), and the coils were connected respectively 
to the input and output of a single-valve amplifier, the sense of the con¬ 
nexions being such as to cause regeneration. The gain of the amplifier was 
controlled by means of a potentiometer and, in this way, steady oscillations 
could be maintained having any amplitude up to a maximum of several 

34“2 
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millimetres. The motion was snch that the top of the brass platform was 
always horizontal and thus the velocity of the air relative to the Rayleigh 
disk was the same for all points on the disk. Hence the chief disadvantage 
of the previous apparatus was overcome and, although the oscillations 
were not strictly linear, the small vertical component of the motion was 
always negligible in comparison with the horizontal component. 



The amplitude of vibration was measured by means of a microscope as 
previously described. To determine the frequency a cardboard disk, in 
which a convenient number of equally-spaced radial slots had been cut, 
was mounted on the spindle of a phonic wheel and placed so as to intercept 
light entering the microscope. On looking through the microscope when the 
disk was rotating the vibrating system could be viewed stroboscopically and, 
since the speed of the phonic wheel was accurately known, the frequency 
of the vibrating system could be found. A determination of the frequency 
of vibration of the system was made after each measurement of its ampli¬ 
tude, but the variation of frequency with amplitude was found to be neg- 




517 


Konig’s formula for the Rayleigh disk 

ligibly small. The head from which the Eayleigh disk was suspended was 
essentially the same as that used in the pressure-variation experiments, 
but the vertical tube which protected the suspension fibre was rigidly fixed, 
since there was no longer any need for it to be fastened to the vibrating 
box. The apparatus was completely screened from draughts and the air 
inside the screens was dried with calcium chloride. 

In order to find out whether the couple acting on the disk was influenced 
by the proximity of the walls of the vibrating box, experiments were carried 
out with several different boxes. All the boxes were rectangular in shape 
and their dimensions were as follows: 


Box 

Height 

cm. 

Length 

cm. 

Breadth 

cm. 

6 

7*6 

3-9 

3-9 

4 

7*6 

5-1 

5-1 

3 

7*6 

7-6 

7-6 

5 

7-6 

12-7 

7-6 


Disks of glass, mica, and metal were used, the mica and metal ones being 
punched from sheet material and their edges rounded with fine abrasive. 
A few experiments were also carried out with metal disks which had been 
turned as accurately as possible in the form of ellipsoids of revolution. 
When the disks themselves could not conveniently be silvered, a small 
mirror about 1 mm. square was attached to the centre of each disk. The 
details of the disks are given in Table III. 


Table III 




Mass 

Radius 

Thickness 

Disk 

Description 

g* 

cm. 

cm. 

B 

Glass, fiat 

0*0585 

0*795 

0*014 

D 

99 

0*0443 

0*649 

0*014 

F 

99 

0*0367 

0*504 

0*019 

J 

Metal, flat 

0*2200 

0*560 

0*027 

K 

Mica, flat 

0*0120 

0*501 

0*006 

L 

99 

0*0255 

0*502 

0*010 

M ■ 

99 

0*0060 

0*497 

0*003 

P 

Metal ellipsoid 

— 

0*780 

0*163 

(maximum) 

Q 

99 

Results 

0*589 

0*163 

(maximum) 


The procedure in these experiments was to take a series of readings of 
the deflexion of the Rayleigh disk for different values of the amplitude of the 
vibrating box. A large number of sets of readings was obtained in this way, 
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using different disks, boxes, and suspension fibres and working with fre¬ 
quencies ranging from 9 to 22 cyc./sec. In some cases abnormal vibration 
of the spot of light reflected from the disk indicated that the frequency 
of the box was close to one of the natural frequencies of the suspended 
system; when this occurred, the frequency of the box was altered to avoid 
any resonance effects. 

A preliminary examination of the results showed that, within the limits 
of experimental error, the deflexion rjr of the spot of light reflected from the 

Rayleigh disk was related to the mean square velocity u* of the air in the 
vibrating box by an equation of the form 


xjr = %+ku z . (5) 

For each set of readings, therefore, the best values of h and k were calculated 
by the method of least squares. In general the values of h were negligibly 
small; in a few cases, owing to slight torsional hysteresis of the suspension 
they amounted to some \ % of full-scale deflexion. The values of k with 
their probable errors are given in column six of Table IV, while in column 
seven are tabulated the ratios of these values to the corresponding ones 
calculated from Konig’s formula. 

Before proceeding further it is necessary to consider certain theoretical 
corrections to Konig’s formula. These corrections were not applied in our 
former pressure-variation experiments since, with the relatively heavy 
disks then used, they would not have affected the results by an amount 
greater than the experimental error. The first attempt at a theoretical 
correction was made by Konig himself ( 1891 ), who sought to allow for the 
finite thickness of a disk by treating it as a thin ellipsoid. In this way he 
showed that the right-hand side of equation ( 1 ) should be multiplied 
by (1-0-298 c/r), where c is the half-thickness of the disk. With the disk ja 
used in the present experiments this correction is hardly appreciable and 
will not be considered further. A much more important correction is due to 
( I 93S)> who has pointed out that Konig’s formula refers to the couple 
produced by the flow of a steady stream of fluid pastes disk which is rigidly 
fixed. When the disk is freely suspended and the motion of the fluid is 
alternating, the disk itself will perform small axial and torsional oscillations. 
King s calculations take this fact into account and also allow for the 
diffraction of the incident sound field. His final result is somewhat compli¬ 
cated but when, as in the present experiments, the disk is small compared 
with the wave-length of the sound, it reduces to the simple form 


G = fpr s w 2 sin 29 



( 6 ) 
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where m 1 is the mass of the disk and m 0 its hydrodynamic mass which is 
equal to f pr 3 , p being the density of the medium surrounding the disk. 
In the last column of Table IV are shown the ratios of the experimental 
values of k to those calculated from equation (6) and it will be seen that the 
correction due to King has increased the divergence between the theoretical 
and experimental values. 


Table IV 


Range 


Disk 

Torsional 
constant 
dyne cm./ 
radian 

Box 

of air 
particle 
Frequency velocity 
cyc./sec. cm./sec. 

&exp 

&exp 

^calc 

„ &exp 
&calc 

(corrected) 

D 

0*02895 

3 

9*067 

0- 3*0 

5* 39 ±0*0072 

1*090 

1*111 

D 

0*02754 

3 

9*066 

0- 3*0 

5*72 ±0*010 

1*084 

1*106 

D 

0*02751 

6 

14*29 

0- 3*0 

5*80 ± 0*0094 

1*080 

1*101 

D 

0*02731 

3 

14*74 

0- 3*0 

5*29 ±0*016 

1*078 

MOO 

D 

0*1958 

3 

13*66 

0- 8*3 

0*730 ±0*0009 

1*074 

1*097 

D 

0*1958 

6 

14*27 

0- 8*3 

0*739 ±0*0016 

1*083 

1*105 

D 

0*1958 

3 

20*72 

0- 8*3 

0*727 ±0*0055 

1*065 

1*088 

B 

0*02731 

3 

14*74 

0- 2*3 

9*57 ±0*021 

1*060 

1*089 

B 

0*02727 

5 

13*57 

0- 2*3 

9*77 ±0*018 

1*071 

MOO 

B 

0*1958 

3 

20*73 

0- 6*1 

1*333 ±0*0019 

1*061 

1*091 

B 

0*1958 

6 

21*95 

0- 6*1 

1*337 ±0*0028 

1*062 

1*092 

B 

0*003324 

4 

9*907 

0- 0*8 

73*2 ± 0*26 

1*072 

1*101 

F 

0*02751 

3 

9*051 

0- 4*3 

2*722 ±0*0053 

1*112 

1*125 

F 

0*02751 

6 

14*26 

0- 4*3 

2*752 ±0*0025 

MOO 

1*112 

F 

0*1958 

3 

13*63 

0-11*8 

0*3602 ±0*0012 

1*126 

1*138 

F 

0*1958 

6 

21*92 

0-11*8 

0*3582 ±0*00096 

1*127 

1*139 

F 

0*003324 

4 

9*899 

0- 1*6 

19*15 ±0*039 

1*100 

1*112 

J 

0*02743 

6 

14*34 

0- 3*6 

3*755 ±0*010 

1*103 

1*107 

L 

0*003324 

4 

9*894 

0- 1-6 

18*39 ±0*037 

1*045 

1*061 

K 

0*003324 

4 

9*890 

0- 1*6 

17*78 ± 0*034 

1*041 

1*077 

M 

0*003480 

4 

15*30 

0- 1*6 

16*76 ± 0*028 

1*031 

1*100 

P 

0*02737 

3 

13*71 

0- 2*4 

8*98 ±0*018 

1*101 

— 

Q 

0*02737 

3 

13*70 

0- 3*5 

3*96 ±0*0094 

1*144 

— 


Further investigation of the discrepancy between 
Konig’s theory and the experimental results 

Careful consideration of the quantities involved in the above measure¬ 
ments failed to reveal any likely source of error sufficiently great to account 
for the discrepancy between theory and experiment. It seemed just possible 
however that, owing to the presence of some disturbing factor (such as, 
for example, the hole in the top of the box), the air in the box was not 
vibrating with the same amplitude as the box itself. In order to test this 
point and also to check the results already obtained, it seemed worth while 
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to measure the amplitude of vibration of the air itself by the smoke-particle 
method due to Andrade (1931). Our original intention was to make simul¬ 
taneous measurements, with smoke particles and with a Eayleigh disk, 
of the motion of a resonating column of air in an open cylindrical tube, but 
before proceeding with this experiment we availed ourselves of an oppor¬ 
tunity of disc ussing the problem with Professor Andrade. He very kindly 
placed at our disposal the apparatus which he had used in his earlier work, 
but pointed out that, if we employed tubes large enough to resonate at the 
low frequencies used in our previous experiments we might have difficulty 
in eliminating convection currents. Professor Andrade also suggested that 
the discrepancy between theory and experiment which we had found might 
be due to vortex motion in the neighbourhood of the Rayleigh disk, since 
he had shown (1931) that such motion occurs when a sphere is placed in an 
air column, oscillating with sufficiently large amplitude. 

Since it seemed desirable to work at about the same frequency as those 
used in our former experiments, we eventually abandoned the idea of 
working with a resonating column of air and decided instead to modify 
our vibrating-box apparatus so that smoke could be injected into the box. 
Ordinary cigarette smoke was used and glass windows were inserted in the 
box so that the smoke could be suitably illuminated and observed. The 
metal portions of the box were lagged with asbestos to reduce temperature 
fluctuations. 

The first experiments consisted in comparing the amplitude of vibration 
of the air in the box (as indicated by the motion of the smoke particles) 
with the amplitude of the box itself. The smoke particles were observed 
through a microscope having a calibrated scale in the eyepiece, while, to 
avoid the use of a second microscope, the amplitude of the box was measured 
by the micrometer-screw method previously described. It was found that 
the amplitude of a smoke particle was independent of the size of the particle, 
thus showing that all the particles were sufficiently small to take up prac¬ 
tically the full motion of the surrounding air. Furthermore, in all cases, 
the amplitude of the air measured in this way was found to agree with that 
of the box to within about 1 part in 200 . A microphotograph showing the 
appearance of the vibrating smoke particles is reproduced in fig. 4 (Plate 10). 

Observations were next made of the general motion of the smoke-laden 
air in the vicinity of a Rayleigh disk suspended inside the vibrating box. 
It was at once apparent that, as had been suggested by Professor Andrade, 
well-defined vortices were present. Although visual examination left no 
doubt whatever of the presence of the vortices, it was found somewhat 
difficult to obtain satisfactory photographs of the smoke-drifts owing to 
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the fact that the distribution of smoke tended to change during the time 
required for an exposure. However, the photograph reproduced in fig. 5 
(Plate 10) shows the vortices quite clearly. The way in which the direction 
of rotation of the vortices is related to the motion of the box is shown 
diagrammatically in fig. 6, and it will be noticed that the presence of the 
vortices tends to increase the couple acting on the disk. This fact is in agree¬ 
ment with our observation that the couple acting on the disk is always 
greater than that to be expected from equation (6). 


V, 





Fig. 6 

Several unsuccessful attempts were made to determine the critical particle 
velocity of the air at which vortex motion set in. Beginning from rest each 
time, a series of observations was made of the appearances of the smoke 
traces after the amplitude of the vibrating box had been increased to certain 
definite values. It was found that, with decreasing amplitudes of vibration, 
the rotational speed of the vortices also decreased until the vortices them¬ 
selves could no longer be detected, but there was no one critical amplitude 
at which vortex motion could be said to commence. Similar indefinite 
results were obtained when steady streams of air or water in a tube were 
allowed to flow past a fixed disk. The possibility of obtaining information 
concerning the onset of vortex motion from purely dimensional considera¬ 
tions was also kept in view, but here again it seems probable that the 
important dimension is the minimum radius of curvature of the edge of the 
disk and this quantity, of course, is always unknown. 


General discussion 

The experiments described in the preceding section show conclusively 
that, contrary to what is assumed in the derivation of Konig’s formula, 
vortices are often formed when a Rayleigh disk is suspended in an oscillating 
fluid. It is therefore natural to attribute to the presence of these vortices, 
the discrepancy which we have consistently found between measured values 
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of the couple acting on the disk and the corresponding values calculated 
from equation (6). 

Dealing first with the experiments carried out with air at atmospheric 
pressure, we see from the results summarized in Table IV that there is no 
evidence of any effect depending upon the size of the vibrating box. In 
view of the fact that the linear dimensions of the largest box were more than 
twice those of the smallest, it seems legitimate to conclude that the walls 
of the box did not influence the couple acting on the disk, although this 
conclusion is contrary to that arrived at by Zernow (1908). Furthermore, 
since our measurements with smoke particles show that the air in the box 
was oscillating with the same amplitude as the box itself, there seems little 
doubt that our experimental conditions satisfactorily reproduced those 
which would exist if a Rayleigh disk were suspended in a sound field of 
infinite extent. 

Turning now to the theoretical side of the problem, we note that the 
correction introduced by King, which is represented in equation (6) by the 
factor m 1 /(m 1 + m 0 ), is due solely to the fact that the disk is not rigidly 
fixed. It seems probable, therefore, that this correction will remain valid? 
at any rate to a first approximation, despite the complications introduced 
by the presence of vortices. Thus the ratios given in the final column of 
Table IV may be taken to give a true picture of the magnitude of the effect 
directly attributable to vortex motion. 

As has been stated, we were unable to determine the critical particle- 
velocity above which, for a given frequency, vortex motion sets in. However, 
a certain amount of information on this point can be obtained from our 
measurements of the variation of the couple acting on the Rayleigh disk 
with the amplitude of the vibrating box. As the amplitude is gradually 
increased from zero, the maximum particle velocity also increases and we 
should expect the passing of the critical velocity to be accompanied by the 
formation of vortices with a consequent discontinuous increase of about 
10 % in the magnitude of the couple acting on the disk. In point of fact 
no such discontinuity was observed; bearing in mind the probable accuracy 
of the measurements, it seems unlikely that the discontinuity would have 
been overlooked had it occurred when the torque on the disk exceeded about 
one-quarter of the maximum torque in a given run. We therefore conclude 
that, at the frequencies used in our experiments, the critical velocity for the 
onset of vortex motion is probably less than 0*5 cm./sec. This is important 
since it shows that vortex motion will, in general, be present under the 
conditions under which a Rayleigh disk is normally used for the measure¬ 
ment of acoustic intensities. 
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Two further points are worthy of note. The failure of Barnes and West 
(1927) to observe the discrepancy between theory and experiment appears 
to be due to their use of the torsional oscillations of the Rayleigh disk itself 
to determine the torsional constant of the suspension. As we have shown 
elsewhere in this paper, this method introduces an error due to the added 
inertia of the air, and it so happens that the error is in the right direction 
and of about the right magnitude to mask the discrepancy between theory 
and experiment. 

The second point concerns the practical use of a Rayleigh disk for the 
measurement of acoustic intensities. Since, as we have shown, equation (6) 
is not in agreement with experiment, some correction to this equation is 
necessary to enable the air particle velocity to be calculated from the 
experimentally determined couple. In our experiments the range of fre¬ 
quencies used was from about 10-50 cyc./sec., and, within this range, the 
percentage change in couple due to vortex motion is remarkably constant, 
as may be seen from an examination of the last column of Table IV. For 
low frequencies, therefore, equation (6) should be corrected to read 

Q = l- 47 r 3 p u 2 sin 2 d\ ——— 1 , ( 7 ) 

and, with this correction, it is unlikely to be in error by more than 1 or 2 %. 
In the absence of further data, it is suggested that equation ( 7 ) should also 
be used for higher frequencies. 

Finally, we are in a position to discuss the results of our experiments on 
the variation of couple with air pressure. The quantity /? in Table II is 
a measure of the slight non-linearity which we observed in the relation 
between couple and pressure and it will be noticed that ft is sometimes 
positive, sometimes negative, and sometimes zero. Furthermore, the non¬ 
linearity is only just too great to be attributed to experimental error. In 
view of the fact that the presence of vortex motion has already been 
established, it seems more than likely that the departure from a linear 
relation between couple and pressure is to be ascribed to a small variation 
with pressure of the direction of lines of flow of air past the disk. We conclude, 
therefore, that there is no definite evidence for the existence of a couple due 
directly to the viscosity of the air. Our experiments naturally cannot prove 
the absence of such a couple, but they do show that it cannot exceed about 
2 % of the total couple at atmospheric pressure. 

It is a pleasure to acknowledge our indebtedness to Professor C. D. Ellis, 
F.R.S., in whose laboratory the work was carried out, for his constant 
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encouragement and advice. We are also very grateful to Professor E. N. da C. 
Andrade, E.R.S., for the many useful suggestions we received from him 
during the later stages of the work. 


SUMMARY 


The original object of these experiments was to determine whether the 
couple acting on a Rayleigh disk suspended in a sound field in air is affected 
by the viscosity of the air. Since any effect due to viscosity should be 
relatively more important at low pressures, measurements were made of 
the way in which the couple varies with pressure. No definite evidence of 
an effect due to viscosity was obtained, but the experiments brought to 
light a hitherto unsuspected discrepancy between the measured values of 
the couple actmg on the Rayleigh disk and those calculated from King’s 
corrected version of Konig’s formula. 

A second series of experiments, in which an accuracy of about 1 part in 
200 was attained, served to confirm the existence of a discrepancy between 
theory and experiment. Further tests showed that this discrepancy is to 
be attributed to the formation of vortices in the medium near the disk. 
It seems probable that these vortices will nearly always be present under 

the conditions existing in the normal use of a Rayleigh disk for acoustic 
measurements. 

The following empirical equation is proposed to represent the relation 
between the couple G acting upon the disk, the density of the medium p, 
the mean-square veiocity of the medium u\ the radius of the disk r and the 
angle 6 between the axis of the disk and the direction of flow of the medium: 


0 = l-47r 3 p u 2 sin 2df ——1 


In tins equation m, is the mass of the disk and m 0 its hydrodynamic mass, 

Ji? 1S ,, eqUa _ A ° if* ■ The nation has not been verified for frequencies 
greater than 50 eye./sec. * 
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A magnetic study of the iron-nickel-aluminium system 

By W, Stjcksmith 

H. H. Wills Physical Laboratory , University of Bristol 
{Communicated by A. M. Tyndall , F.R.S.—Received 20 March 1939 ) 

Introduction 

The iron-nickel-aluminium ternary system has been brought into promi¬ 
nence in recent years on account of its application in the permanent magnet 
industry. A study of some magnetic properties of this system has been 
made by Koster (1932-3), but his work is largely concerned with features 
other than those dealt with by the writer. An exhaustive X-ray examina¬ 
tion of these alloys has been carried out by Bradley and Taylor (1938), 
and the information obtained has been used to throw light on the permanent 
magnetism in this system (Bradley and Taylor 1937 a, b , c). Through the 
collaboration of Dr Bradley the writer has been able to make magnetic 
investigations on the same specimens as were used in the X-ray analysis, 
and the present account deals with a survey of the variation of the satura¬ 
tion intensity of these alloys with temperature. 

Owing to the complexity of the magnetic properties of alloys in this 
system, it is essential that the more fundamental properties should be 
the subject of the first investigation. The properties of ferromagnetic 
materials in low magnetizing fields depend to a considerable extent upon 
heat treatment, whilst on the other hand the saturation intensity in high 
fields shows less variation, and is in some degree a measure of the number 
of elementary magnets, presumably electron spins, contributing to the 
ferromagnetic magnetization of the particular alloy. Furthermore, the 
variation of the saturation intensity with temperature should give indica¬ 
tions of any structure changes which may occur. A new method for the 
rapid measurement of saturation intensities for a few milligrams of sub¬ 
stance over a range of temperature has been evolved (Sucksmith 1939) 
and the method there described has been used in the investigation on the 
nickel-iron-aluminium system. 

Preparation of specimens and experimental method 

The preparation and purity of the alloys has been described by Bradley 
and Taylor (1938). The specimens as used for the magnetic examination 
varied with the physical properties of the particular alloy under investi- 
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gation. The volume available for magnetic measurements was limited to a 
cylindrical form 4 mm. long by 2 mm. diameter. In the case of mechanically 
soft alloys, roughly cylindrical pieces about 4 mm. long by 1-2 mm. 
diameter, according to the saturation intensity, were employed. Many of 
the alloys, however, are too hard to be cut, and often too brittle to admit 
of being ground to shape. These usually fractured easily, and a few small 
pieces, about 1 cu.mm, or less, and totalling about 30 mg. in weight, were 
employed. Since the range of magnetic fields used was from 9000 to 
18,000 G, the effect of the demagnetizing factor is in general elimi¬ 
nated. 

The alloys had been lump annealed at 1300° C for 3 days, and the 
individual specimens were annealed by cooling in vacuo from 900° 0 to 
room temperature at about 10 ° C/hr. In practically all cases intensity 
measurements were carried out on quenched as well as annealed specimens. 
The procedure adopted, unless otherwise stated, was to hold at 900° C 
for about 1 hr. and quench to room temperature in cold water. 

All the measurements are made relative to Hilger iron (99-96% purity) 
as standard, the intensity per unit mass being taken as 217-8 at 20 ° C 
(Weiss and Forrer 1929 ). The value of er was usually obtained as follows: the 
intensity was measured for fields of 9000, 12 , 000 , 16,600 and 18,000 G, and 
the curve connecting cr and H plotted. The rate of increase of cr with H in 
high fields, for temperatures not too near the Curie temperature (i.e. 
T/d < 0-9) is usually approximately linear, and the value of cr extrapolated 
to H = 0 is taken as the magnitude of the intensity at that temperature. 
<r 0 , the intensity at absolute zero, is then obtained by extrapolation of 
the intensity in zero field to 0 ° K. Measurements below room temperature 
were in general limited to 90 and 195° K. The experimental error in the 
determination of <t 0 and d in general varies with the degree of dilution 
of the principal ferromagnetic constituent. Tor alloys of high saturation 
intensity and Curie temperature, cr 0 is probably correct to within 1-2 %, 
and 6 to within a few degrees. In the case of alloys with low Curie tem¬ 
peratures, the accuracy may be considerably less on account of both the 
uncertainty of extrapolation to 0 ° K and the indeterminate “tail” to the 
a-T curve. 

For alloys-which exhibited structure changes within the experimental 
temperature range, the temperature in the furnace enclosing the specimen 
was raised continuously by means of a motor driven rheostat at 4° C/min., 
readings being taken at one value only of the magnetizing field—9000 G. 
This involved no appreciable error except for temperatures just below the 
Curie temperature. Comparison with measurements taken at steady furnace 
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temperatures enabled the appropriate correction to be made. It is relevant 
to note that the rate, of decrease of tr in this region is usually so rapid that 
the error in estimating the Curie temperature is not more than 6 - 10 ° C. 


Experimental results 

The ternary diagram, reproduced from Bradley and Taylor’s results 
( 1938 , P- 362) is given in fig. 1, together with the key to the nomenclature 

of the phases. 



Fig. I. The iron-nickel-aluminium system. Alloys cooled at 10° C/hr. 


__superlattice boundaries; 

magnetic boundaries; 

O single-phase alloys; 

3 two-phase alloys; 

• three-phase alloys; 


cl face-centred cube; 

superlattice like Ni 3 Al; 
body centred cube; 
fit superlattice like Fe 3 Al; 
y? 2 superlattice like FeAl or NiAl; 
m magnetic alloys; 
n non-magnetic alloys. 
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The results of measurements on the alloys are given in Tables I-V. The 
value of ar 0 , the intensity per unit mass at 0 ° K, and 9 the Curie temperature 
in 0 K is given for both annealed and quenched specimens.* 

Table I 


Atomic composition cr 0 Q° K 


fields 

Fe 

m 

Al 

Annealed 

Quenched 

Annealed 

Quenched 

cl 

0 

100 

0 

56 

56 

630 

630 

a 

0 

92 

8 

36 

36 

395 

375 

CL 

0 

90 

10 

30 

27 

330 

320 

ai+«i 

0 

86 

14 

23 

20 

320 

290 

^1 + ^1 

0 

80-5 

19-5 

8 

6 

310 

260 

a\ 

0 

75 

25 

0 

0 

— 


CL 

15 

80 

5 

83 

83 

750 

750 

CL 

35 

60 

5 

126 

128 

840 

840 

CL 

64 

32 

4 

145 

149 

490 

500 

CL 

57 

38 

5 

160 

162 

670 

675 

a l 

22*5 

75 

2-5 

109 

102 

840 

815 


25 

70 

5 

110 

107 

850 

850 


10 

80 

10 

66 

60 

670 

580 


12*5 

75 

12-5 

74 

73 

755 

670 

a x + aj 

20 

70 

10 

94 

89 

810 

750 

a x 

5 

85 

10 

47 

45 

455 

395 

a i 

25 

67-5 

7*5 

109 

103 

845 

795 

a i 

40 

50 

10 

114 

114 

665 

660 

a x 

17-5 

70 

12-5 

81 

79 

710 

690 

a i 

5 

75 

20 

37-5 

36 

445 

440 

a i 

10 

70 

20 

51 

51 

465 

445 

a i 

15 

65 

20 

64 

64 

470 

450 

a x 

30 

60 

10 

110 

108 

790 

770 


The face-centred cubic a-phase field 


The results for the face-centred cubic a-phase field are given in Table I. 
In almost all cases the saturation-intensity temperature curves are of the 
usual type, following the general trend of corresponding curves for normal 
ferromagnetics. The first six are nickel-alumi niu m binary alloys. The 
saturation intensity and the Curie temperature at first fall very rapidly 
with increasing aluminium content. This agrees with Sadron ( 1933 ) and 
others, the results of whose work confirm the view that the three valency 
electrons of the aluminium fill up the vacant places in the d band of nickel. 


* In many cases 6 is designated as the Curie temperature only for the sake of 
convenience It is more properly the temperature at which the alloy changes from 
a ferromagnetic to a paramagnetic state, and is not necessarily a Curie temperature 

in the normal sense but may be a transformation which is the result of a structure 
cnange. 
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Table II 

Atomic composition cr 0 0° K 

Jr nase .- ^ 


fields 

Fe 

Ni 

A1 

Annealed Quenched Annealed Quenched 

<*+A 

60 

32-5 

7*5 

111 

126 

425 

445 


52*5 

35 

12-5 

130 

155 

595 

625 

■ «i + A 

50 

40 

10 

140 

145 

635 

655 

“i+A 

30 

55 

15 

93 

97 

390 

630 

®i + A 

20 

60 

20 

69 

69 

600 

450 

520 

«i+Aa 

25 

50 

25 

71 

71 

625 

470 

625 

«i+A 

5 

70 

25 

15 

33 

600 

190 

365 

CL + f} 

65 

30 

5 

115 

128 

400 

410 

01 +ft 

75 

20 

5 

200 

190 

(940) 

(575) 

a+fi 

90 

7-5 

2-5 

214 

— 

(1025) 

(835) 

Phase 

Table III 
Atomic composition 

(To 

0 

°K 

fields 

Fe 

Ni 

A1 

Annealed Quenched Annealed Quenched 

oc+ ft+ft 2 

62-5 

30 

7-5 

125 

— 

(945) 

(300) 

oc-h ft+/^2 

63 

29 

8 

95 

— 

(940) 

(100) 

a; + /^ + /?2 

63 

28 

9 

108 

— 

(970) 

(220) 

& + /? 

61 

29 

10 

99 

— 

(900) 

(270) 

a+^+/? a 

55 

30 

15 

125 

— 

(970) 

(230) 

+$* 

50 

30 

20 

104 

106 

(1000) 

(1010) 

oc+ft+ft 2 

85 

10 

5 

196 

206 

(940) 

(1000) 

Phase 

Table IV 

Atomic composition 

cr° 

0° 

K 

fields 

Fe 

Ni 

A1 

r ^ 

Annealed Quenched 

Annealed 

Quenched 

ft 1 +ft 2 

90 

5 

5 

203 

204 

1030 

1030 

87-5 

6*25 

6-25 

196 

196 

1020 

1020 


85 

5 

10 

196 

198 

1020 

1020 


85 

2 

13 

194 

194 

1025 

1025 


75 

6-25 

18*75 

180 

180 

1010 

1010 


75 

12-5 

12*5 

172 

180 

1020 

1020 


60 

20 

20 

150 

135 

1020 

1020 


50 

27*5 

22*5 

108 

120 

1010 

870 

101 O 


50 

25 

25 

118 

106 

1030 

920 

1030 


45 

25 

30 

84 

105 

1010 

890 

101 O 


35 

35 

30 

78 

90 

1010 

960 

1020 


33*3 

33*3 

33*3 

80 

80 

1010 

770 

1020 


720 

Vol. 171. A. 35 
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Phase 

fields 

A 

A 

A 

A 

A 

A 

A 

A 

Ai 

Ax 

Ax 

Ax 

A* 

A, 

A 

A 

A 


Atomic composition 


Pe 

m 

Al 

100 

0 

0 

94 

0 

6 

90 

0 

10 

78-2 

0 

21-8 

75*9 

0 

24*1 

75-2 

0 

24-8 

75-0 

0 

25-0 

74-7 

0 

25-3 

72*8 

0 

27*2 

70-3 

0 

29*7 

70 

2*5 

27-5 

65 

5 

30 

80 

2*5 

17-5 

75 

5 

20 

72-6 

2*5 

25 

68-75 

6-25 

25 

62-6 

12*5 

25 

60 

10 

30 

55 

15 

30 

50 

20 

30 

47-5 

20 

32-5 

37-5 

25 

37-5 

35 

30 

35 

30 

30 

40 

30 

35 

35 

20 

40 

40 

17-5 

45 

37-5 

15 

45 

40 

25 

47-5 

37*5 

17*5 

50 

32*5 

12*5 

50 

37*5 


Table V 


er 0 <9°K 


Annealed 

Quenched 

Annealod 

Quenched 

222 

222 

1040 


214 

214 

1030 

—„ T 

204 

204 

1020 


184 

190 

930 

, 

169 

174 

900 

— L 

162-8 

161-3 

880 

— 

161-5 

160-0 

870 


160-0 

155-5 

860 


142-5 

137*5 

730 

—. 

80*0 

78-0 

615 

— 

146 

164 

810 

970 

130 

142 

760 

970 

197 

197 

970 

970 

180 

180 

960 

960 

140 

140 

870 

870 

150 

148 

870 

870 

165 

165 

1000 

1000 

<1000 

126 

126 

910 

910 




430 

122 

80 

1000 

1000 




800 

80 

77 

970 

975 

96 



575 

96 

980 

980 




770 

104 

104 

900 

990 

72 



870 

58 

1000 

1000 




520 

52 

40 

940 

940 

61 



370 

56 

970 

970 




770 

40 

24 

1010 

1010 

16 



400 

4 

970 

920 

19 



450 

4 

970 

970 

10 



400 

4 

910 

370 

14 

10 

920 

570 

0 

0 

_ 

. 
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At about 12 % aluminium, the miscibility gap of the (a x +aj) two-phase 
region is reached, when the Curie temperature remains approximately 
independent of the aluminium content for the annealed alloy. Here the 
aluminium rich constituent a\ is only slightly magnetic, whereas the amount 
of nickel rich constituent decreases from 88 to 77 % nickel, thus causing 
a decrease in cr, the Curie point remaining practically unaltered. The lower 
Curie temperature of the quenched alloys points to the fact that above 
room temperature the phase boundary between the a and (a x + aj) regions 
moves towards lower percentages of nickel. This is in agreement with the 
phase diagram given by Bradley and Taylor ( 1937 a). 



Fig. 2. a, annealed; 6, quenched. Alloy 22-5-7S-2-5 (a). 


The next group of six ternary alloys fall into two types. In the case 
of those with the disordered (a) structure, cr 0 for the annealed specimens 
is equal to or less than that for the quenched materials, the Curie tem¬ 
perature following similar behaviour. There are, however, two alloys 
22-5-75-2-5 (Fe 22-5 %-Ni 75%-Al 2-5%) and 25-70-5, near the super¬ 
lattice boundary in which the cr-T curves for the quenched and annealed 
specimens are as in fig. 2 . The quenched material on heating follows 
curve ( 6 ), and on cooling from above the Curie point follows a path between 
curves (a) and ( 6 ), and is dependent upon the temperature to which it is 
heated and the time it is held at that temperature. On heating the 
annealed alloy, the intensity follows a higher curve and just below 600° C 
falls rapidly to zero, fig. 2a. On cooling, the intensity has lower values 
than for heating. The curves show that the superlattice has a higher 
intensity of magnetization than the disordered alloys, with the real Curie 
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temperature probably 100-150° C higher than that for the quenched alloy. 
The sudden drop in intensity at 570° C is due to the breakdown of the 
superlattice. Bradley and Taylor put the superlattice boundary at 4 % 
aluminium in the region of Ni 3 Fe, but their phase diagram represents 
conditions at room temperature. It may be noted that Ni 3 Fe, annealed 
under the same conditions as those mentioned above, shows no irregularity 
in the intensity-temperature curve, the Curie temperature being reversible 
at about 605° C. 

The three alloys in the miscibility gap (a x + aj) have Curie temperatures 
lower in the quenched state than the annealed. This is also the case for 
the remaining alloys of the a x and cc\ regions. In nearly all cases the 
intensity of the quenched is less than that of the annealed alloys, a srim-nav 
behaviour obtaining for the Curie temperatures. This is opposite to the 
case for the alloys with no superstructure. The superlattice is therefore 
more magnetic than the disordered material, whilst order must break 
down between the Curie temperature and the quenching temperature of 
900°. Only in the case of the two alloys mentioned above is the Curie 

temperature higher than the critical temperature above which order cannot 
exist. 


The face - and body-centred phase field 

The results for alloys in the (a + /?) regions are given in Table II. The 
first seven are (a x +/? 2 ) field, a two-phase region consisting of both face- 
and body-centred structures. Of these the first three have the charac¬ 
teristics of the a-phase field, and thus it appears that the /? 2 constituent 
is not sufficiently magnetic to produce any appreciable effect. From the 
tie lines given m Bradley and Taylor’s phase diagram this appears probable, 
lhe next three alloys are to be regarded as typical of a two-phase region 
m which both components are magnetic. An example is reproduced in 
fig. 3. The curve for annealed alloy consists of the superposition of two 
characteristic curves, one with <r 0 = 40 and 6 = 390° K, the other having 
<r 0 = 53 with a Curie temperature of 600° K. When quenched the intensity- 
temperature curve follows the type of a single-phase ahoy and is reversible, 
so that the segregation into two phases takes place between about 350° C 
and the quenching temperature. The strong & constituent in this alloy, 
which lies on the boundary between the a* and (a x +/? 2 ) regions at room 
temperature indicates that this boundary moves towards the iron-nickel 
edge of the diagram at high temperatures. The next alloy 5-70-25 probably 
belongs to the same category, but the j5 z constituent is here obviously 

Tinn-TArrnrn o * 
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The last three alloys are in the (a+j3) region. The first, according to 
Bradley and Taylor, contains only 0-5% of the /? constituent, and the 
magnetization curve is of the conventional type for a single-phase alloy. 
It ranks with the random oc structures in that the quenched substance 
is more magnetic than the annealed. The other two alloys exhibit rather 
characteristic features, being of the same type as the so-called irreversible 
nickel-iron alloys. There is in general little difference between the quenched 
and annealed specimens, such differences as do exist depending rather 



ujoon the previous temperature history of the alloy. A magnetic investiga¬ 
tion of the binary nickel-iron alloys has been carried out by Peschard 
( 1925 ), and the ternary alloys conform closely to the same type of behaviour. 
Pig. 4 gives a typical example. A specimen follows what is apparently 
a normal magnetization-temperature curve, up to a temperature c, but 
on cooling does not begin to recover its magnetization until a point d 
is reached. On further cooling the magnetization joins the original curve 
at a. If, however, the heating is arrested at b , and the specimen im¬ 
mediately cooled, the magnetization rejoins the lower curve at a point 
such as e.* This is explained by the fact that below a the alloy is almost 
wholly in the jS -phase and began to pass over into the a-phase at a tem¬ 
perature corresponding to the point a, the transformation being completed 
for the particular rate of heating at c. If the alloy is held at b for some 
time the magnetization falls, whilst at e an increase is observed. In other 
words, a slower rate of change of temperature narrows the hysteresis loop. 

* In Table II the bracketed values of 6 are the temperatures at which the 
magnetization is lost on heating and regained on cooling. 
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It is not yet known whether the loop reaches a limiting size with very 
slow temperature change. For a given rate, the temperature hysteresis 
loop is smallest at the iron rich end and widens to 600—700° 0 towards the 
a-phase boundary, so that an alloy may be paramagnetic at room tem¬ 
perature, i.e. almost wholly in the a-phase, but by cooling in liquid air 
the substance becomes strongly ferromagnetic on changing into the/?-phase. 
This feature is present in some alloys of the (a + /?+/? 2 ) region and is dis¬ 
cussed further below. 



The three-phase area a+ft+ft z 

In Table III are given results of the alloys of the (a+/J+y? 2 ) region. 
The first mentioned 62-5-30-7-5 is very similar to the x+fi, but with 
increasing proportions of the new /? 2 component, the sluggishness in the 
temperature hysteresis loop becomes more marked. An example is given 
in fig. 5. The specimen had previously been cooled at 10° C/hr. from 
900° C, and the condition at room temperature is represented by the 
point a. Cooling to — 87° C caused a considerable increase in magnetiza¬ 
tion,/, and further cooling to -190° C increased the intensity to 93 units. 
On bringing to room temperature the intensity only decreased by 3, 
point c. This is due to the transition to the /?-phase. Holding the specimen 
for some hours at liquid air temperature caused an increase to point e, 
103 units. Immersion in liquid hydrogen caused a still further increase, 
but it is not known whether prolonged immersion in liquid air would not 
have produced the same effect. On allowing the specimen to come to room 
temperature there is an increase of 6 units over the previous room tern- 
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perature value. On heating, the curve flattens out and finally falls 
off irreversibly at about 700° C. The relatively sharp decrease below 
100 ° C is evidently due to the presence of a second magnetic phase. There 
is some evidence for believing that this is due to the a-phase being 
cooled below its Curie temperature (see also Peschard 1935 ). It will 
be seen from data given below that the Curie temperatures of the neigh¬ 
bouring regions containing /? 2 are in the region 730° C. Hence it appears 
probable that the component here concerned is the a-phase which has 



a Curie temperature around 100 ° C. On cooling the alloy from above 
700° C to room temperature in a few minutes, the point b was reached. 
At — 87° C the intensity rose only to one-tenth that for the slowly cooled 
specimen. It appears that the rapid cooling inhibits the a -> /? transition. 
No appreciable ageing effect at room temperatures has been observed. 
The first five alloys tabulated all exhibit features similar to the above, 
the transition temperatures being bracketed to distinguish them from the 
normal Curie temperatures. It may be noted that the alloy 55-30-15, 
shows large thermal hysteresis whilst the next alloy in the table, 60-30-20 
shows no irreversibility and behaves more like a single-phase alloy. The 
last alloy, 85-10-5, near the iron rich corner of the three-phase triangle 
is similar, showing, in agreement with Bradley and Taylor, that this region 
contracts at higher temperatures. 

The two-phase area /?+/? 2 

The alloys of the region have two body-centred structures of 

which y ? 2 is a superlattice of the FeAl type. These alloys show a gradual 
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transition from those in the iron rich corner, which behave as single-phase 
alloys, to those in the centre of the diagram. There is little difference, 
if any, between the first four quenched and annealed alloys of Table IV, 
both as regards saturation intensity and Curie temperature. In the next 
two, 75-6-25-18*75 and 75-12-5-12-5, are visible the features which are 
fully developed in the last six, which commencing at 60-20-20 show marked 
characteristic features. It is in this region that Te 2 NiAl, the alloy with 
remarkable coercive force, lies. The curves for this particular alloy are 
given in fig. 6, which is typical of this group. The annealed substance, 



Fig. 6. o, annealed; b , quenched 800° C; c, quenched 500° C. 
Alloy 50-25-35 


curve u, follows an intensity-temperature curve very s im ilar to that of 
a single-phase alloy. The material quenched from 800° C (curve 6), however, 
which always has an intensity greater than the annealed, loses its mag¬ 
netization more rapidly, tending to a lower Curie temperature, but between 
400 and 500° C, the magnetization has a point of inflexion, and increases 
to a higher value, the amount depending upon the rate of heating. The 
curve joins that for the annealed alloy usually around 600° C, this again 
being dependent upon the heating rate. The quenched alloy may have 
an intensity greater than the annealed throughout the whole temperature 
range as is the case for 45-25-30. For the particular example of Fe 2 NiAl, 
Bradley has put forward the view that this alloy is single phase at high 
temperatures, but splits up into two phases on slow cooling, one of which 
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is practically pure iron. The tie lines in this region are parallel to the 
boundary with the (a + /?+/? 2 ) region, so that the breaking up of Fe 2 NiAl 
should cause the formation of 95-2-5-2-5, near pure iron, and 30-35-35 
near the centre of the diagram. The transition is represented quanti. 
tatively by 

■^®95'~'^2-5^2-5 “h 2-25(FegQNlggAl;jg) +£ S^ofTegQ^vijjA^g). 

For the two on the left-hand side, cr 0 is 212 (interpolated) and 61 respec¬ 
tively, giving a calculated intensity for Fe 2 NiAl of 107-5. The experimental 
values for the annealed alloy fall between 105 and 108. A composite 
intensity-temperature curve derived from the appropriate proportions of 
these two alloys gives results agreeing within experimental error with 
those for annealed Fe 2 XiAl, except for the last 50° C in the neighbourhood 
of the Curie temperature. 

Curve c shows an alloy quenched from 500° C. It is seen that the 
breaking up into two phases has just commenced. The local strains 
associated with this transition state are those associated with maximum 
coercive force. 

A remarkable feature of this region is the constancy of the Curie tem¬ 
perature for the annealed alloys. The variation throughout the range is 
only between 1010 and 1030° K. This is due to the /? component, the 
constitution of which does not vary very much owing to the narrowness 
of the /?+/?2 region where the tie lines commence. 

The body-centred cubic fi-phase field 

The results of experiments on alloys of the single-phase fi regions are 
given in Table IV, the first group of which consists of data on the iron- 
aluminium binary alloys. For small percentages of alumirdum the saturation 
falls off only slowly, i.e. 3-0 % by weight (= 6 % atoms), aluminium reduces 
cr 0 by 3 - 6 %. In the case of other binary alloys with which iron forms 
a solid solution, Fallot ( 1935 ) finds decreases of a similar order of magnitude, 
roughly independent of the nature of the diluent atom. This differs from 
the case of nickel alloys, where the decrease depends upon the number of 
available electrons in the added constituent. It seems that the holes in the 
d shell of iron are not filled by electrons of the other metal in the alloy, 
at least for small percentages of the added component. With greater 
aluminium content* both cr 0 and 6 fall off at a gradually increasing rate, 
and cr 0 for the annealed specimens falls on a smooth curve. For the 

* The writer is indebted to Dr C. Sykes for the gift of the iron aluminium alloys 
of the /?! superlattioe region, which were used in the above investigations. 
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quenched alloys, the table shows that at first there is no difference, but 
in the superlattice region the quenched alloy is more magnetic th^n the 
annealed. At about 24-7 % the intensity of the quenched alloy drops quite 
sharply and then maintains values less than the annealed by an approxi¬ 
mately constant amount. This effect persists up to 30 % Al. Thus an excess 
above 25% aluminium atoms in the disordered lattice causes a sharp 
decrease in the intensity. 



The alloys follow normal magnetization-temperature curves except in 
the superlattice region around 25% aluminium. The alloys from 24-1 to 

dlSCOntin f ies at 5550-540° C. Two such cooling curves 
(4 C/min.) are given m fig. 7a, b. Sykes and Evans ( 1935 ) have measured 
the variation of magnetic induction with temperature on rods 5-0 x 0-25 in 
m an external field of 12 G-. For comparison their cooling curves of 
galvanometer deflexion against temperature are reproduced in fig. 10 a, b. 
The results are not corrected for the demagnetizing factor of the specimen 
which vanes with the intensity of magnetization. Nevertheless the curves 
may be said roughly to indicate the variations of the permeability u with 

ouZT, T : kmS ,r e reSUltS “ conjunction with the thermal data 
obtained by Sykes and Evans, it is seen that the “knee ” of the saturation 

mtensity-temperature curves corresponds to the commencement of order. 

The shape of curve 6 can be satisfactorily explained as follows: The 

sudden increase just below 600° C corresponds to the onset of ferro- 

rermeaHht^ ^° rder ? d aUo 3\ As state of order increases, the 
f . . y decreases, and maintains a low value whilst the alloy is in 
partially ordered condition. When an appreciable proportion of the ahoy 
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has become ordered, the permeability again increases. In other words, 
the completely ordered and disordered alloys have high permeabilities 
compared with the intermediate transition state. In the case of the 25*3 % 
alloy, the Curie point is lower and consequently nearer the temperature 
of the order-disorder transformation. There is no peak in the initial part 
of the cooling curve, as here the saturation intensity is still small, so the 
permeability will be low, and remains so until order is almost completed 
when it rises to a high value. Work on the magnetic transformation in this 
region is being continued. 



Fig. 8. Alloy 60-20-30 (£,), a, annealed; b, quenched. 
„ 30-30-40 (/? a ), c, „ d, 


Two ternary alloys in the fi t phase have been investigated. It is evident 
that the superlattice has a much lower intensity and Curie temperature 
than the disordered alloys. The substitution of nickel atoms for iron m 
the disordered alloys causes a considerable increase in the saturation 
intensity. The next four alloys fall in the narrow space between the & 
and (/?+/? 2 ) regions. They resemble the neighbouring alloys in the (p+Aa) 
area in that there is practically no difference between intensities of the 
quenched and annealed materials, but differ in that the Curie temperatures 
are lower than the uniformly constant value characteristic of the (A 1 +A 2 ) 


The whole of the remaining ternary are considered to be typical of 
the B % phase. Two examples are given in fig. 8. The annealed materials 
follow a normal intensity-temperature curve. The quenched alloys, how¬ 
ever have saturation intensities at 0° K usually less but sometimes equal 
to that of the superlattice, whilst the Curie temperature is invariably lower. 
Order begins to set in round about 400-500° C. This may be a c>ve or 
below the Curie temperature for the quenched alloy. At this pomt the 
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magnetization takes an upward trend, and finally joins the curve for the 
annealed alloy. The Curie temperatures for the annealed specimens vary 
over only a narrow range of temperature, 910-1000° K, whilst for the 
quenched materials the Curie point is ~ 970° K towards the iron rich 
oundary falling to 370° K near the centre of the phase diagram where the 
magnetization is very weak. The temperatures above which the alloys 
are comp e e y disordered must lie between the Curie temperatures for 
he ordered alloys and the quenching temperature 1170° K. 

of tiTcdlo™ Slf ? A ' 3 ' Bra . dley for his tindn “ s supplying specimens 
01 the alloys of the ternary system used in the above investigation. 


SUMMARY 

A survey of the magnetic saturation intensities of the iron-nickel- 

^nnumunc sy8t em at temperatareB up ^ 0uri6 ^ 
pha^trhTexh^ a t 3 ' S haT6 b6en examM - 14 “ shown that each 

gLL £ fo^M h ° featUreS ’ and Pl,ase oh "« 6 » «” in 

differ, w ? y the ™ tl0n of the saturation intensity. The 
differences between the saturation intensities of ordered and disordered 

alloys » examined in various regions of the phase diagram The more 
tailed examination of alloys showing special features is in progress. 
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Diamagnetic anisotropy of organic molecules 

By Kathleen Lonsdale, D.So. 

Royal Institution, London, W 1 

(Communicated by Sir William Bragg, P.R.S.—Received 22 March 1939) 

Introduction 

The large positive value of the magnetic birefringence (Cotton-Mouton 
effect) of aromatic compounds led (Raman and Krishnan 1927) to the 
deduction, subsequently verified, that these compounds must possess pro¬ 
nounced molecular diamagnetic anisotropy, in addition to their already 
well-known optical anisotropy. The sign of the magnetic birefringence is 
very significant (Bhagavantam 1929). The positive sign indicates that, for 
uniaxial or approximately uniaxial molecules, the direction of maximum 
diamagnetic susceptibility is one of minimum optical polarizability, that is, 
of least refractive index. This is strikingly true of aromatic compounds, 
but must also be true of other classes of compound which show positive 
magnetic birefringence, such as ketones, fatty acids, esters of fatty acids 
and unsaturated alcohols. Very little information is as yet available con¬ 
cerning the magnetic anisotropy of these classes of organic molecule, 
measurements having been confined almost entirely to the aromatic com¬ 
pounds. 

Small negative values were found by Ramanadham (1929) for the mag¬ 
netic birefringence of saturated hydrocarbons, saturated alcohols and ethers, 
proving that even these possess a small magnetic and optical anisotropy. 
The negative sign shows that for such compounds the maximum diamagnetic 
susceptibility must correspond in direction, generally speaking, with the 
maximum optical polarizability. Both the mean diamagnetic susceptibility 
and the mean refractivity are additive molecular properties and therefore, 
as would be expected, the negative magnetic birefringence of the hydro¬ 
carbons CJH 2m+2 and C„H 2rl increases in numerical value as the chain 
length increases (Sch6rer 1931). The addition of such a saturated chain to 
a fatty acid may be expected to reduce the positive magnetic birefringence 
of the latter. This has been experimentally verified. The lower fatty acids 
show a decreasing value of the positive magnetic birefringence with in¬ 
creasing length of chain, that value being approximately zero for caprylic 
acid, the highest homologue examined. In general, the introduction of 

[ 541 ] 
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multiple or unsaturated bonds tends to decrease the negative, or increase 
the positive value of the magnetic birefringence, “dilution” of the multiple 
bonds having the opposite effect. There have been a few studies of the optical 
anisotropy of saturated aliphatic molecules, and much information on thin 
subject could be extracted from the considerable mass of data on crystal 
optics, if we knew more of the crystal structure of such compounds. 
Measurements of the magnetic anisotropy of saturated aliphatic compounds 
are, however, entirely lacking. 


Aliphatic compounds, whether saturated or unsaturated, are in any case 
only expected to show a small magnetic anisotropy relative to that of the 
aromatic compounds. Pascal (1913, p. 226 ), in the account of his classic 
researches on the additivity of magnetic susceptibilities, commented on 
the fact that although double bond conjugation had a marked influence 
on the optical properties of a compound, especially on its molecular bire¬ 
fringence and on the magnitude of its magnetic rotation (Faraday effect) 
yet such conjugation seemed to have little or no effect on the diamagnetic 
susceptibility. This, however, was because he only investigated mean 
susceptibilities. It is clear that the abnormally large values of the magnetic 
rotation found by Perkin (1907) for compounds containing conjugated 
double bonds (both m closed and open chain formation) must be related 
to the electron configurations in such compounds, any anisotropy of which 
will also result in. magnetic anisotropy. 

It has been recognized for some time that the shape of the molecule is 
an important factor in deciding the principal molecular refractivities 
(Wooster 1931). Chain-type molecules show positive birefringence, layer- 
type molecules are negatively birefringent. The birefringence is, as Pascal 
remarked, strongly influenced also by the introduction of special electronic 
groupings, and the birefringence of the crystal is not necessarily even of the 

c!n LT-lt 8 + he molecules ^posing it, since chain-ty^e molecules 
can be built up mto an isotropic or even a layer-type lattice. Theremarkabk 

optical anisotropy of the carbonates was quantitatively explained by W L 
Bragg (1924) as due to the plane configuration of the oxygen 1 mswhich 
become electrical doublets under the influence of an imposed electric field 
he resulting polarization being markedly different when the field is parallel 
or perpendicular to the plane of the group. In the case of the rdtob TZ 

iiSfeTceTfthe “ occurrin g in the carbonates, the mutual 
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It is a significant fact that the carbonate and nitrate radicals show also 
a marked magnetic anisotropy (opposite in sign to that of the optical 
anisotropy; that is, the largest diamagnetic susceptibility and the least 
optical polarizability are to be found in a direction normal to the plane of 
the radical), whereas the sulphate grouping is magnetically nearly isotropic 
(Krishnan, Guha and Banerjee 1933). 

The theoretical explanation of the magnetic anisotropy of aromatic 
molecules put forward by London (193 7) is the most satisfactory, but applies 
only to ring structures. No theory has yet been advanced which predicts 
an anisotropy for aliphatic molecules, saturated or unsaturated, nor has 
an explanation of the magnetic anisotropy of the carbonate, nitrate and 
oxalic acid groupings (Lonsdale 1938) been attempted, except in the most 
general terms. 

The investigations now to be described were undertaken in the hope of 
providing quantitative knowledge of the principal magnetic susceptibilities 
of molecules of different shapes and containing various electronic groupings. 
The measurements had necessarily to be made on single crystals, the tran¬ 
sition from crystalline to molecular susceptibilities being dependent on an 
adequate knowledge of the crystal structure. Unfortunately the number 
of simple aliphatic compounds which form good single crystals whose 
structure is fully known is extremely limited. The substances investigated 
include long-chain compounds and layer-type compounds whose molecules 
are either free from multiple bonds, or contain such bonds in a relatively 
high state of dilution; aliphatic compounds containing a high proportion 
of double bonds, conjugated or not conjugated; and a few aromatic com¬ 
pounds, including some with conjugated side chains. Where optical or 
magneto-optical data are available, these are also included, together with 
the crystallographic or X-ray data used for purposes of identification or 
for calculation of molecular from crystal constants. Where details of 
crystalline structure are not available, it is sometimes possible to indicate 
from the magnetic data how the molecules must be arranged, and it is 
hoped that one of the results of the present investigation 'will be to stimulate 
further X-ray determinations of structure. 


Long-chain compounds 

Long-chain molecules, such as those of fatty acids, paraffins, ketones and 
so on, which form flaky crystals belonging to the monoclinic or orthorhombic 
systems, are difficult to crystallize to a size sufficient for proper magnetic 
measurements. Those crystals which are obtainable are frequently distorted, 



544 K. Lonsdale 

and they tend to show anomalous effects in the magnetic field due, 
apparently, to surface charges accumulated on their large, highly insulating 
(001) faces. Although the crystals are diamagnetic they will fly to the nearest 
magnet pole-piece and stick there, if they are allowed to .approach too 
close to the metal surface. These flaky crystals also occasionally exhibit 
a peculiar phenomenon which was first shown to me by Professor Krishnan, 
using some chemically treated graphite crystals, but which I have frequently 
observed since with ordinary graphite flakes. If they are not suspended 
in exactly the correct equilibrium position, when the current activating 
the magnetic field is switched on, they give a sudden kick in a direction 
opposite to that into which they finally turn. That is to say, if the final 
equilibrium position is one in which the flake is parallel to the lines of 
force, the initial kick is one which tends to make the flake face more nearly 
perpendicular to the field. This initial kick is over before the activating 
current has mounted to more than about one-third of its final value.* In 
the case of extremely anisotropic crystals such as graphite, the measured 
value of the anisotropy is not apparently affected by this “flicking” 
phenomenon, but those aliphatic crystals which exhibited it were sometimes 
found to give inconsistent results and had to be rejected. Great care was 
taken, therefore, whenever possible to repeat the measurements under 
different conditions and with different crystals before accepting any value 
as reliable. 

Through the kindness of Dr Muller I have been able to secure a number 
of fine crystals of stearic and stearolic acids, some much smaller crystals 
of behenolie acid and a few small but good crystals of the hydrocarbon 
C 29 H 60 . He has also given me good single crystals of the cyclic diketones 
C 24 H 44 0 2 and C 28 H 52 0 2 , which form chain-type structures. 

Hydrocarbon, C 28 H 60 

The crystals available weighed less than 0-2 mg., but the area of the flake 
surface was about 2 sq. mm. They had been used in the X-ray investigation 
and were known to possess the normal orthorhombic structure as described 
by Muller (1928). They were found to be optically positive, with a along a, 

* [Note added June 8 th. The “flicking” phenomenon observed for anisotropic 
crystal flakes is due to the fact that a very light crystal, when suspended by a fine 
fibre, follows changes in the field very rapidly. Initially, it is in equilibrium in a 
small residual field. When the magnet current is switched on, the field (following 
the hysteresis curve) is first reduced to zero and then increases to its maximum 
value. The crystal, therefore, moves first into a position of zero tension of the fibre 
and then back through its initial position into its final equilibrium position in the 
maximum field.] 
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/? along b, y along c, a result in accordance with the literature (Bernal 1932). 
Since the length of the molecule lies along or near the c axis, it is clear that 
the vibrations corresponding to the slow ray (maximum refractive index) 
are along the length of the molecule. Muller (1930) has shown that the 
linear coefficients of expansion of these crystals are very different along the 
three crystal axes. That along the c axis is negligible between liquid air 
temperatures and the melting-point ( 64 ° C), whereas over the same range 
the b axis increased by 1-9 % and the a axis by 6-8 %. 

The sharp orientation of the crystals when suspended with the flake face 
vertical in a magnetic field showed quite clearly that the diamagnetic 
susceptibility normal to the flake face, that is, along the c axis, is considerably 
larger than either of the principal susceptibilities in the (001) plane. It 
should be mentioned that the equilibrium position of the flakes, parallel 
to the lines of force, is perpendicular to that which they would occupy in 
a non-uniform field under the influence of their shape alone. Quantitative 
measurements were not possible, unfortunately, on account of the anomalous 
effects previously mentioned, which made it impossible to obtain consistent 
values under different conditions. When the crystals were suspended with 
the ( 001 ) plane horizontal and the crystal axes at 45 ° to the lines of force, 
there was a feeble tendency to align the a axis along the field. Hence 
Xa<Xb^Xa numerically, the order of magnitude of diamagnetic suscepti¬ 
bilities being in the same direction as that of the refractive indices (that is, 
the optical polarizabilities), and opposite to that of the coefficients of expan¬ 
sion. This indicates a tighter binding, an increased electron density along 
the chain length, as compared with that in orthogonal directions. 

No measurement of magnetic birefringence has yet been made for hydro¬ 
carbons higher than C 14 H 30 , but it is to be expected that Cjs 9 H 60 will show 
a high negative value. 

Stearic acid, CH 3 (CH 2 )i 6 . COOH 

The molecules of this substance contain one carboxyl group which, as 
will be seen later, probably introduces a magnetic anisotropy of about 
4-6 units.* Any other anisotropy found must be due to the carbon-hydrogen 
chain, reduced perhaps by the crystal arrangement. An examination in 
the magnetic field of about a dozen crystals of surface area 16—25 sq. mm., 
and weighing between TO and T8 mg. each, showed at once that two distinct 
crystalline forms were present, one the monoclimc form described by 
Muller (1927) and the other an orthorhombic form. This was confirmed 
optically. Both forms showed strong positive birefringence. Since they 
* In this and all subsequent numerical values, the factor 10 ~* is omitted. 
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were identical in external appearance the b axis of the orthorhombic form 
was taken, as in the monoclinic crystals, to be the bisectrix of the acute 
angle of the rhomb; in both crystals this direction was parallel to the optic 
axial trace as seen in the (001) plane, and was the fast vibration direction 
in this section. For the monoclinic form, the optic picture seen in (001) 
showed the optic axes symmetrically displaced to one side of the field, 
the acute bisectrix (y) emerging in the neighbourhood of the c direction. 
Thus a lies along b, nearly along the normal to (100), and y nearly along c. 
The optic picture of the orthorhombic form was very similar except that 
the acute bisectrix was exactly normal to (001); a along b, § along a, y 
along c. 

It was found difficult to obtain absolutely consistent magnetic measure¬ 
ments. Anisotropy determinations on the monoclinic crystals varied by 
as much as 20 % from crystal to crystal, and the angle between the (001) 
plane and the axis of maximum diamagnetic susceptibility varied, over 
a range of 3 °. The broad features of the magnetic anisotropy are, however, 
common to all crystals, namely, a maximum diamagnetism y 2 nearly parallel 
to the c crystallographic axis, which is more or less the direction of the 
length of the molecule. (The direction of emergence of the c axis was kindly 
determined by Dr Muller, who took X-ray photographs of the actual 
crystals used.) The best numerical results were 

Xi-Xa = 25 - 7 , Xa~Xi — 27 - 5 , fc-fc- 1 - 8 , 

f (angle between Xi and the c axis) = + 91 °- 8 . 

The notation here adopted is the same as that of Krishnan et al. 
( I 933 > P- 239 ). Owing to the low crystal density ( 1-04 g./c.c.), the flotation 
method could not be used for the measurement of absolute susceptibility, 
since no solutions of suitable volume susceptibility were available. Using 
pure stearic acid purchased from Messrs Kahlbaum, the mean powder 
susceptibility measured by the Gouy method was found to be - 218-4 at 
20° C. The mean susceptibility calculated by extrapolation from Pascal’s 
values for lower monocarboxylic acids is -221-5. Farquharson and Sastri 
(1937), from careful measurements on w-butyric to w-heptylic acids, give 
the formula 

Xju--(n. 11-64 + 20 - 10 ) 10 " 6 

for the acid H(CH 2 ) TO .COOH. On this basic stearic acid (n = 17 ) should 
have a mean susceptibility of — 218 - 0 . Using the measured value v=s — 218-4 
we find ’ 
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Xi-~ 210*0 (normal to Xz and Xz)> 

Xz — —235*7 (along a direction making an angle of 1°*8 
with c in the obtuse angle /?), 

Xz = -208*2 (along 6). 

The maximum diamagnetic susceptibility corresponds in direction to the 
maximum optical polarizability, as in the case of the pure long-chain 
hydrocarbon. 

Although the magnetic birefringence has not been measured, Ramana- 
dham’s results indicate that it will almost certainly have a negative value, 
in accordance with the above data. 

The orthorhombic form of stearic acid is less anisotropic than the mono¬ 
clinic 

Xa-Xc - 12*2, Xb-Xo = 16-6, Xs-Xa - 4*2. 

Using the same mean susceptibility x — ~ 218*4, 

Xa — — 215*4, Xb — — 211 * 1 , Xc ~ —227*6. 

The susceptibility along c is still a numerical maximum, but if the molecule 
anisotropy is unchanged, it is clear that the molecules themselves do not 
lie along the c axis. They may be inclined to the (001) plane at the same angle 
as in the monoolinic form, but in such a way as to produce orthorhombic 
symmetry, thus increasing both a and b susceptibilities at the expense of c. 

Stearolic acid, CH S (CH 2 ) V C = C(CH 2 ) 7 . COOH. 

The crystals used were of about the same weight and size as those of 
stearic acid and as before, the results obtained on different crystals were 
variable, but the general features of the magnetic anisotropy remained 
constant. The axis of maximum diamagnetic susceptibility (x 2 ) lay very 
near to the c direction, and there was only a small anisotropy in the a'b 
plane, normal to the c axis. The accepted results were 

Xi-Xz = 17*8, Xz-Xz = 14 * 8 > Xi ~Xz = 3, °> 

ifr (angle between Xi and the c axis) = + 90°*8. 

The absolute susceptibility could not be measured owing to the low 
density (1*06 g./c.c.) and lack of sufficient material for a powder determina¬ 
tion. A reasonable calculated value assuming the additive rule would be 
X — —206*5, whence 

Xi--199*6, * 2 = -217*4, * 3 = -202*6. 


36-2 
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Since the susceptibility Xs along the b axis is markedly greater than that 
along the a' direction (xi), while the anisotropy is less than that of stearic 
acid (monoclinic form), although there is the same number of carbon atoms 
in the chain, there is some reason to believe that the length of the molecule, 
instead of lying along the c direction, may be slightly inclined away from it, 
in the ( 100 ) plane. This is supported by the X-ray evidence, for the (200) 
reflexion is considerably stronger for stearolic than for stearic acid, whereas 
the ( 020 ) reflexion, strong in the latter, has disappeared in stearolic acid 
(Muller 1927 ). 

The optical birefringence is positive, the optic axial trace, which is 
parallel to the a axis, being so displaced that one eye only is visible in the 
( 001 ) section. The acute bisectrix ( 7 ) emerges at a considerable angle to the 
( 001 ) face normal, in the direction of the c axis. Thus a lies along, or nearly 
along a' (the normal to ( 100 )), /? along b and 7 along, or nearly along c, 
the order of magnitude of the refractive indices being in the same direction 
as those of the diamagnetic susceptibilities along the same axes. 

Negative magnetic birefringence may be expected for this compound. 

BehenoUc acid, CH 3 (CH 2 ) 7 C j C(CH 2 ) U . COOH 

The single crystals available were unfortunately not good enough for 
anisotropy measurements, but by comparing the behaviour of very small 
crystals suspended in a solution of their own density, 1>05 g./c.c., but of 
widely different mean susceptibility, placed in a magnetic field, with that 
of stearolic acid crystals under the same conditions, it was possible to see 
that behenolic and stearolic acids are very similar in magnetic properties. 
In both Xi is a minimum, Xi a very decided maximum (numerical). 

The optic picture seen in the ( 001 ) section is practically indistinguishable 
from that of stearolic acid. This similarity is to be expected in view of the 
isomorphism of the two substances. 

A considerable amount of this compound, prepared in the laboratory, 
was available, and a determination of the mean (powder) susceptibility was 
therefore made, the result being x — -253-0, a value in good agreement 
with calculation from additive constants. 

Cyclodiketones, 0=C<^^ 2 | u NC=0; n- 11 and 13 
N (Oxl 2 ) n / 

These compounds form monoclinic prismatic crystals of a definite long- 
chain type (Muller 1933 ). Optically, they show positive birefringence with 
( 010 ) as the optic axial plane. Thus /? lies along 6 ; the acute bisectrix ( 7 ) 
emerges near or along the c axis. 
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The two compounds, C 24 H 44 0 2 and C 28 H 52 0 2) are isomorphous, the 
dimensions of their unit cells being 

a = 9-91, 6 = 8-13, c = 30-79, /? = 68°-6 and 
a = 9-96, 6 = 8-09, c = 35-78, /? = 68°-5 respectively. 

The crystals are not even approximately uniaxial from a magnetic point 
of view, but they are strongly anisotropic, the direction of maximum 
diamagnetic susceptibility being within a few degrees of the long axis. 

Two crystals of C 24 H 44 0 2 were available, both good specimens weighing 
about 8 mg. each, and about 1 mm. in thickness. They did not, therefore, 
exhibit any of the anomalies usually characteristic of long-chain crystals- 
Their density, however, was only 1-04 g./c.c. and a measurement of absolute 
susceptibility could not be made. The results obtained by anisotropy 
measurements were: 

Xi-Xi! = 45-2, X 3 -X 2 = 28-0, Xi-X3 = 17‘2, 

ijr=+ 92°-9, Xsj >Xz>Xi numerically. 

One crystal of C 28 H 52 0 2 was available. This weighed 0-8 mg., but was 
a very thin flake of large area, and exhibited the phenomenon of “flicking” 
very strongly. Only one measurement of anisotropy was made, and this 
must be accepted with reserve, although of a reasonable order of magnitude 

Xi~X2~ 66-6, ifr = + 96°-2. 

In trying to detach the crystal for resetting, it was broken in two pieces 
and no consistent measurements of the remaining anisotropies could be 
made on these fragments, although it was clear that, as before, Xz>Xs>Xi- 

Since the only marked increase in the unit cell dimensions is along the 
c axis direction, it does not appear likely that the length of the molecular 
double chain can deviate much from this direction in either crystal. The 
anisotropy found in the plane a'b, normal to the c axis, is probably therefore 
due to a real anisotropy in the molecule itself, normal to its length. 

Positive optical birefringence, so typical of the crystals examined, is 
characteristic of other long-chain compounds. It has been found in cellulose 
from many different sources, its value being increased by purification or 
by stretching (Schiller 1906; Herzog 19x0; Ambronn 1913; Prey 1927; 
Kanamaru 1934). It is found in stretched rubber (van Geel and Eymers 
1929) and in the fatty acid CH 3 (CH 2 ) 14 . COOH (Bernal 1932). The present 
investigation proves that for long-chain molecules containing no double 
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or triple bonds, or having such bonds only in a state of considerable dilution, 
the maximum diamagnetic susceptibility corresponds in direction to the 
maximum dimension of the molecule and to the maximum optical polariz¬ 
ability, but to the minimum coefficient of expansion. 

A difference of 15 % in the valency electron orbital radii along and normal 
to the nhn.in length would produce the anisotropy observed for stearic acid. 
Thus the magnetic anisotropy could be explained by a spreading of the 
electronic charge in a direction normal to the chain length and a compression 
al ong the maximum dimension of the molecule. 


Layer-type structures: aliphatic compounds 

Wooster ( 1931 ) has pointed out that layer-type structures usually show- 
negative optical birefringence. This is certainly true for aromatic molecules 
and for such substances as carbonates, nitrates and other compounds where 
plane conjugated groups form the units of which the structure is built up 
(Krishnan el al. 1933 ). It should be true also for aliphatic compounds forming 
layer lattices, if the maximum dimension of the molecule is necessarily 
associated with maximum optical polarizability. In compounds containing 
only single bonds, the magnetic susceptibilities in the plane of the layer 
may be expected to be numerically greater than that normal to the layer. 

Pentaerythritol, C(CH 2 OH ) 4 

This substance was purchased in a pure condition from Messrs Kahlbaum 
and recrystallized. The crystals used in the magnetic investigation weighed 
about 15 mg. They are tetragonal and the unit cell contains two molecules 
having fourfold alternating symmetry. A Fourier analysis has shown 
(Llewellyn, Cox and Goodwin 1937 ) that the structure is of a pronounced 
layer type, although of course the molecules are by no means plane. There 
is a basal cleavage, with marked separation between sheets of molecules 
parallel to the ( 001 ) planes. 

The optical birefringence is small and negative. For Xa light, <y = 1-5588, 
e = 1-5480 (Groth 1910 , p. 385), which give refractivity values R a = 31-47, 
R e = 30-97. The anisotropy of the refractivities, R a —R e = 0 - 5 , may be 
compared with that of calcite, R a —R e = 13-31 —10-37 = 2-94. 

The magnetic anisotropy is of the same order as that of calcite, the 
diamagnetic susceptibility in the ( 001 ) plane being numerically greater than 
that aloifg the principal axis 

Xc~Xa = ±- 67 - 
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The mean volume susceptibility of the powdered substance, measured 
by the Gouy method, is k = -0-891; the density is 1-396, hence the molecular 
susceptibilities are 

X — — 86 - 8 , x„ = -88-3 6 , x c = -83-6 9 . 

The maximum diamagnetic susceptibility and optical polarizability are 
both, therefore, in the direction of the greatest molecular dimension. It 
is to be expected that the magnetic anisotropy of the pentaerythritol 
“nucleus ” will not change very much if the hydrogen atoms of the hydroxyl 
groups are replaced by different radicals. This offers a method of determining 
the anisotropy of such a radical in the case of pentaerythritol derivatives 
of known crystal structure, or of suggesting the approximate structure in 
the case of radicals of known anisotropy. Examples of both these types of 
derivatives are now described. 

Pentaerythritol tetra-acetate, C(CH a O. CO.CH 3 ) 4 

The pure compound was purchased from Messrs Eastman Kodak and 
good crystals weighing about 10 mg. were obtained from an alcohol solution. 
Miss Knaggs (1929 a, b) has shown that there are two molecules of fourfold 
alternating symmetry in the tetragonal unit cell, and that the penta¬ 
erythritol nucleus must therefore be arranged with its mean plane normal 
to the c axis. This structure was later confirmed* by Goodwin and Hardy 
( 1938 ) who, with the help of optical measurements made previously by 
Miss Knaggs ( 1923 ), also succeeded in proving that the acetate groups are 
plane and that they lie parallel to the c axis. 

The optical birefringence is positive and relatively large; 0 = 1-433, 
e = 1*483 for Na light. The refractivities R e = 68-25, B u = 62-10 show an 
anisotropy of 6-15 which is certainly due to the acetate groups. The mag¬ 
netic anisotropy is large, and as would be expected from the molecular 
and crystal structure Xa>Xe> numerically. 

Xc"Xa = 22-3. 

The minimum absolute susceptibility was determined by the suspension 
method (Krishnan and Banerjee 1935 ; Lonsdale 1938 ) and was found to 

* Goodwin and Hardy ( 1938 , p. 373) affirm that their structure differs radically 
from that suggested by Miss Knaggs, but this is clearly a misstatement. Apart 
from the orientation of the acetate groups, the molecular arrangement shown in 
fig. 4 of Miss Knagg’s paper is almost identical with that given by Goodwin and 
Hardy’s Fourier projection on (001) (fig. 3 of their paper). The principal difference, 
a purely conventional one, is that Miss Knaggs’s a and b axes are interchanged relative 
to those of Goodwin and Hardy; this is obvious from a comparison of the intensities 
of such pairs of planes as (130) (310); (121) (211), in the two papers. 
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l 56 Xc — ~ 159-7. Hence Xa~~ 182-0, x = — 174-6. The crystal density was 
1-244 g./c.c. at 18°C. Since the value of (x e ~Xa) f° r the central penta- 
erythritol grouping is 4-7, it follows that the anisotropy due to the acetate 
groups alone is 17-6. The anisotropy due to a single acetate group will he 
8 - 8 , that is to say, the diamagnetic susceptibility normal to the plane of the 
acetate group will exceed that in the plane of the group by this amount. 

The acetate group is, therefore, even more anisotropic than the carbonate 
group. 

It should be noticed that whereas in pentaerythritol the maximum 
diamagnetic susceptibility corresponds to the maximum optical polariz¬ 
ability, a condition which presumably remains the same for the central part 
of the pentaerythritol tetra-acetate molecule, in the acetate groups them¬ 
selves the direction of maximum diamagnetism corresponds to that of 
minimum optical polarizability. There must in fact be an electronic arrange¬ 
ment in the acetate group which resembles that in the carbonate radical 
and in aromatic molecules, and which is probably closely related to the 
plane configuration of all these groupings. 

It is significant that Ramanadham ( 1929 ) found a positive value for the 
magnetic birefringence of acetic acid. 


Pentaerythritol tetranitrate, C(CH 2 0ISr0 2 ) 4 

Some good crystals weighing nearly 30 mg. were kindly given to me by 
Miss Knaggs, who had previously used them for crystallographio and 
optical measurements (Knaggs x 923 ). X-ray measurements had shown 
(Gerstacker, Moller and Reis 1927 ) that the tetragonal unit cell contains 
two molecules of fourfold alternating symmetry. The central pentaerythritol 
nucleus must, as before, lie parallel to the basal plane, but the orientation 
of the nitrate groups is not known. 

The optical birefringence is very small and negative: o = 1-554 e _ 1.559 
for Na light. Hence R, m = 57-13, R e = 57-06. 

The diamagnetic susceptibility is greater along the c axis than in the 
basal plane 

Xa~Xc = 8-52. 

The absolute susceptibility in the basal plane was determined by the suspen¬ 
sion method: X, = - 116-4. Hence x = ~ 124-9, * = - 119-2. The crystal 
density was 1-771 g./c.c. at 18° 0. The increased diamagnetism along the 
principal axis must be due to the four nitrate groups. Assuming these to 
be plane and uniaxial (as in NaN0 3) KN 0 3 , etc.) and that their normals 
make an angle 7 with the c axis, then 

8-52 + 4-67 = 2AK{i cosy 2 — 1), 
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whore AK ia the anisotropy of a single nitrate group. Now the value of AK 
in such compounds as NaN0 3 , KNO s is 4-9 (Krishnan et al. 1933 ). This 
value, substituted in the formula, would give y = 28°. If, however, the 
plane of the nitrate groups is only about 30° from the basal plane it is 
difficult to understand why the optical birefringence is so small. A much 
larger negative value might have been expected. 


Pentaerythritol tetraphenylether C(CH 2 0. C 8 H 6 ) 4 

I am indebted to Professor H. J. Backer for some fine crystals prepared 
in the Organic Chemistry department at Groningen by Mr G. Dijken. 
They have been described by Beintema, Terpstra and van Weerden ( 1935 ). 
The tetragonal unit cell contains two molecules having (at least) fourfold 
alternating symmetry. The pentaerythritol nucleus must therefore be 
normal to the principal axis. It is further suggested that the planes of the 
phenyl groups are parallel to the {110} planes; this, however, is contradicted 
both by the optical and the magnetic anisotropy. They find that the optical 
birefringence is small and positive; <0 = 1-593, e — 1-599 for Hg yellow 
light. Hence R a = 130-38, R e = 131-40; R e -R a = 1-02. The refractivity 
anisotropy of the phenyl group will certainly be of the order of 10 units 
and a structure in which all the phenyl groups were parallel to the c axis 
would show a large positive birefringence. 

The orystals are magnetically uniaxial, with Xc > Xa numerically. This 
fact alone is sufficient to show that the phenyl groups cannot be parallel 
to the principal axis. The anisotropy was found to be Xa~Xc = 11’80. The 
minimum susceptibility was measured by the suspension method: 

Xa = — 279 - 1 . 

Hence Xc = ~ 290-9, 

X =-283-0. 

The anisotropy of the pentaerythritol nucleus is Xa~Xc = — 4-67. Therefore 
the anisotropy due to the four phenyl groups is (11-80 + 4-67) = 16-47. 
The anisotropy of a single phenyl group is of the order of 54 -> 62 in different 
compounds, and it is clear therefore that the phenyl groups are not in the 
(001) plane. It is possible to form an estimate of the value of y 3 , the cosine of 
the angle between the normal to the plane of the phenyl group and the c axis. 
Let us flaanme that the phenyl group is uniaxial and that its anisotropy is 
AK, the susceptibilities in and normal to its plane being K and K+AK. 
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Each phenyl group -will contribute x! c to the susceptibility along the principal 
axis and x' a to the susceptibility in the principal plane, where 


X' c = K(1- 7 §) + (K+AK) 7 1 

x: a = K(i-?q^y{K+AK) l -^&, 




AK 

2 


(l-3y§) = ir. 16-47, 


y| 


0-333 + 


2-745 
Ak ’ 


y 3 = 0-617 + 0-003 (taking AK = 62 -* 54 ). 

This leads to an angle of 51°-9 + 0 °- 2 . It is worth mentioning that a 15 % 
variation in Xa~Xc would only introduce an error of 0 °- 3 . One may also 
calculate the angle 6 through which the normal to the phenyl group must 
be rotated about the oxygen-carbon axis, out of the ( 001 ) plane, in order 
to reach its final position. This angle depends on the values taken for the 
bond angles in the pentaerythritol nucleus; assuming first the theoretical 
values, and then the slightly different values found for pentaerythritol 
tetra-acetate (Goodwin and Hardy 1938 ) we obtain the values 

6 = 45°-3 -* 48°-7. 

This intermediate position of the phenyl groups would account well for the 
low optical birefringence. 


i-Erythritol, CH 2 OH. CHOH. CHOH. CH 2 OH 

Some large crystals of this substance weighing about 90 mg. were available 
from the laboratory store. Burgers ( 1926 ) found them to be tetragonal, 
with eight molecules in the unit cell and probable centro-molecular sym¬ 
metry. It seemed likely that the molecular chains should be parallel to 
the ( 001 ) basal plane, but the structure still awaits a complete analysis. 

The crystals show relatively strong negative birefringence. For yellow 
light (des Cloizeaux 1867 ) 0 = 1-5444, e = 1-5210. Hence R = 26-18 
R e = 25-76. " 

von Lang ( 1899 ) made a qualitative measurement of the magnetic aniso¬ 
tropy, stating that x a > Xc- This has been confirmed, the actual anisotropy 
ein g Xc-Xa = 6-81. The minimum susceptibility was measured and found to 
he Xo = -68-7. Hence Xa = -75-5, x = -73-2, and xJXa = 0-91. The dia- 
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magnetic susceptibility and the refractivity are both a maximum in the 
basal plane and so also is the heat conductivity (von Lang 1899 ). In fact 
the ratio of the heat conductivities along and perpendicular to the principal 
axis is 0-92, a value very close to that of the magnetic susceptibilities. This 
evidence is strongly in favour of a closer electron packing in the basal plane 
than along the principal axis. 

As pointed out by Bhagavantam ( 1929 ), the magnetic birefringence 
should be negative. 

OH OH OH H H OH 

d-Mannitol, B-modvfication, H— A—A—A—A—A—A —H 

i i i ok ok A 

Excellent crystals weighing about 50 mg. were available from the 
laboratory store, the same supply having been used by Miss Marwick for 
her X-ray investigation ( 1931 ). She found that the orthorhombic unit cell 
of sides a = 8-65, b = 16-90, c = 5-66 contains four assymmetric molecules, 
and suggested a layer structure in which the length of the hexane backbones 
lies parallel to a, the sheets of molecules being parallel to (010). 

Groth ( 1910 , p. 432) records negative optical birefringence, with ( 100 ) 
as the optic axial plane, b the acute bisectrix. That is to say, a lies along 6 , 
/? along o, y along c. 

The magnetic anisotropy is as follows: 

Xb-Xa** 13-32, %,.-x 0 = 7-75, x 6 -x c = 5-57. 

The minimum susceptibility Xb was measured and found to be — 100 - 0 . 
Henoe Xa — ~ 113-32, 

Xb=- 100-0, X = -106-3. 

X c =-105-57, 

A comparison of the mean crystal anisotropies of i-erythritol and of 
/?-mannitol shows that they are nearly in the ratio of the number of 
carbon atoms in each molecular chain. 


Anisotropy of i-erythritol = 6-81 = 4 x 1*70, 

Anisotropy of mannitol = j ~x a 

= 113-32- 102-82 = 10-50 = 6 x 1-75. 

It seems probable, therefore, that in both these cases the crystal anisotropy 
is nearly equal to the molecular anisotropy. If Miss Marwick’s structure 
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is even approximately correct it seems evident that in mannitol the maxi¬ 
mum susceptibility is along the length of the molecule, the minimum 
susceptibility along the normal to the mean molecular plane. 

All the compounds so far examined (excepting the pentaerythritol 
derivatives) contain few or no multiple bonds, and in all of them the general 
rule holds that the diamagnetic susceptibilities of the molecule, in the absence 
of multiple bonds, are dependent upon its dimensions, the greatest length of 
the molecule being associated with maximum diamagnetism. This clearly 
indicates a spreading of the electron density at right angles to a single 
bond. With increasing knowledge of the exact structure of crystals of such 
compounds, it should be possible to relate the magnetic susceptibilities 
more precisely to the electronic configuration of the molecule. Other 
directional physical constants, such as optical polarizability, coefficients 
of heat conductivity, of thermal expansion, and so on, are more dependent 
on intermolecular forces, whether of the van der Waals type, or the stronger 
hydrogen and hydroxyl bonds, but there is clearly a wide field for research 
in these directions. An admirable technique for the measurement of thermal 
expansions in single crystals has recently been developed by Eobertson and 
Ubbelohde ( 1939 ). 

In the following aliphatic compounds the molecules contain a higher 
proportion of double bonds. 

Succinic acid, COOH. CH 2 . CH 2 . COOH 

The pure compound, purchased from Messrs Kahlbaum, was recrystallized 
from water; good crystals weighing some 80 to 100 mg. were thus obtained. 
The structure has been fully determined by Verweel and MacGillavry ( 1938 ), 
who show that the molecule is centro-symmetrical and approximately 
plane. The unit cell is monoclinic; a = 5-10, b = 8-80, c = 7-61, /? = 133° 37 '. 
They conclude that the plane of the molecule is parallel to the c axis (the 
long edge of the crystal) and that it intersects the ( 001 ) plane in a direction 
making an angle of about 37° with the b axis. 

There is large optical birefringence, negative (Groth 19 x 0 , p. 262); 
a = 1-450, /? = 1-534 (along b), y = 1-610 for Na light, the obtuse bisectrix 
(y) being almost parallel to the c axis (fig. la). The maximum polarizability 
may be expected to lie in the plane of the oxygen atoms, that is, in the 
molecular plane, and the conclusion that that plane is parallel to the c axis 
is therefore confirmed. The minimum polarizability is along the acute 
bisectrix of the angle between the normals to the planes of the two molecules 
in the unit cell. 
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The crystals tend to be magnetically uniaxial: X 2 ^ > Xi > X 3 > 

Xi-Xa = 5-02, XS-X 2 = 6-01, X3-Xx = 0-98, 

ijr (angle between Xi and c, positive in obtuse /?) = — 6 °- 6 . 

The principal refractivity and suceptibility axes therefore coincide to 
within a small angle. The mean diamagnetism has been measured by Gray 
and Birse ( 1914 ), x =—54-45. Hence 

Xu = — SS-lj, X2 = — X3 ~ — ^ 2 -lj. 

The molecular directions given by Verweel and MacGillavry lead to the 
following susceptibilities for the individual molecule: 

K l (along length) = —53-11, 

K m (along width) = —48-58, 

K n (normal to plane) = — 60-67. 



a) ( b ) 


Fig. 1 


The difference between these results and those obtained previously- for 
aliphatic compounds is striking. In the plane of the molecule the magnetic 
susceptibility is, as before, greater in the direction of the greater length. 
The susceptibility normal to the plane of the molecule is not now a min imu m , 
however, but a decided maximum. The anisotropy is of the order 12-1-7-6, 
or about twice that of the carbonate group, and it seems reasonable therefore 
to attribute the increase of diamagnetism along the normal to the molecular 


plane to the two acid — 


groups in the molecule, or it may be entirely 


due to the two 0=0 double bonds. 


The principal refractivities, 20-38 along the a direction, 23-55 along 


and 26-27 along y, are much more anisotropic than is usual in aliphatic 
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compounds, the anisotropy being again of the order of that found in the 
carbonates. 

The maximum diamagnetic susceptibility corresponds in direction to the 
minimum refractivity (or optical polarizability), a condition which leads to 
the positive magnetic birefringence which, as mentioned in the introduction, 
is so characteristic of the lower fatty acids. 


Maleic acid, cis 


HC.COOH 

HC.COOH 


Messrs Kahlbaum’s pure compound was recrystallized from water and 
crystals weighing about 40 mg. were obtained, though with some difficulty. 
Tw innin g was very frequent, and although one single individual could be 
detached, the crystal was liable to be distorted by gliding on the ( 001 ) 
plane, parallel to which there was an exceptionally good cleavage. The 
unit cell is monoclinic, 


a = 7-49, b = 10-14, c = 7-12, fi = 117°-1. 

The reflexion from ( 002 ) is outstanding, a fact which together with the 
perfect ( 001 ) cleavage indicates that this is a layer structure, all the atoms 
lying in or very near to the ( 002 ) planes (Yardley 1925 ; Monvoisin, unpub¬ 
lished data). 

The optics have not been fully studied. The optic axial plane is (010), 
the obtuse bisectrix emerges almost exactly normal to the ( 001 ) plane. If 
the oxygen atoms all lay exactly in the ( 001 ) plane we would expect large 
negative birefringence, with the acute bisectrix normal to ( 001 ). The fact 
that this is not so, indicates that the groups of oxygen atoms are probably 
inclined slightly out of the main atomic plane in such a way as to reduce 
P and increase y. 

The magnetic anisotropy is striking. The crystals are almost uniaxial 

Xi-Xa= 18-98, % 3 -Xa= 19-36, Xs'Xi = ()-44. 

Xz is exactly perpendicular to the (001) plane, within the Emits of accuracy 
of experiment. Gray and Birse ( 1914 ) measured the mean susceptibility 
and found x = -49-52; hence 


Xi- -43-34, xa = -62-32, *3 = -42-90. 

The molecular anisotropy cannot be less than the crystal anisotropy, 
though it may be considerably greater. In this case, since the molecules 
almost certainly he in or are inclined at only a very small angle to the (001) 
planes (the plane of Xi and % 3 ), it seems probable that the molecule anisotropy 
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is about equal to that of the crystal, namely 19-20 units. The maximum 
susceptibility is normal to the molecular plane as in aromatic compounds. 
In fact the anisotropy per carbon atom of maleic acid is more than half 
the value of the anisotropy of aromatic carbon, and some three times as 
large as the anisotropy of aliphatic carbon atoms in compounds containing 
only single bonds. In maleic acid, as in the aromatic compounds, there is 
a conjugated chain of double and single bonds, but it is an open chain 
and does not, therefore, come within the scope of London’s theoretical 
explanation Qf such abnormal diamagnetism effects. The abnormal dia¬ 
magnetism normal to the plane of the maleic acid molecule may be compared 
with that of oxalic acid dihydrate, for which (Lonsdale 1938 ) K L = — 53-13, 
K m = — 52-73, K n = — 62-40; the oxalic acid molecule also contains an open 
conjugated chain, and the anisotropy per carbon atom is almost equal to 
that in maleic acid, namely 4-5-5-0 units. 

The anisotropy of benzoquinone (Lonsdale and Krishnan 1936 ), for which 
K h — — 24-3,1?^ = —28-7 ,K N = —67-1, is apparently intermediate between 
that which might be expected if it were of pure aromatic structure, and that 
which would correspond to the open conjugated chain structure. 


H,0 

0H \</ 

HjO 

Oxalic aoid 
AK - 9-5 


0 0 H 


nX>h 


nAc/ h 

■Ay- 011 

iAAh 


4 

4 

i 

Maleio aoid 
AK> 19*2 

Benzoquinone 

AK = 40*5 

Benzene 
AK >64 


Fig. 2 


Maleic acid may be expected to show a large positive magnetic bire¬ 
fringence. 

It is interesting to notice that Perkin ( 1907 ) found an abnormally large 
magnetic rotation (Faraday effect) for compounds containing conjugated 
double bonds, the effect being even greater for open than for closed chains, 
and that no theoretical explanation of this abnormality has yet been 
advanced. 


Succinic anhydride, 


H 2 C.CO\ Q 
h 2 c.cck 


Messrs Kahlbaum’s pure compound was recrystallized from acetone, 
optically single crystals weighing up to 40 mg. being obtained. They are 
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orthorhombic: a = 6-93, b = 11 - 66 , c = 5-39, p= 1-505 g./c.c.; four mole¬ 
cules in the unit cell (Yardley 1924 ). The structure is not known. 

The crystals are optically positive, a along a, /? along c, y along b. 

The magnetic anisotropy is as follows: 

Xb~Xa= Q,4:5 > Xc~Xa = 3T9, Xs Xo ~ 3-27. 

The mean susceptibility (Gray and Birse 19 x 4 ) X — ~ 47-63. Hence 
Xa = ~ 50-74, Xb = ~ *4-29, Xo = “ 47-55. 

These results are inconclusive, and cannot be interpreted until more is 
known of the crystal structure. 


Maleic anhydride, 

HC.CCK 


Messrs Kahlbaum’s pure compound was used, crystals weighing about 
15 mg. being selected for the magnetic work. They are isomorphous with 
succinic anhydride (Groth 19 x 0 , p. 288; Monvoisin, unpublished X-ray 
data) but their structure is not yet known. The optics are similar to those 
of succinic anhydride. The magnetic anisotropy differs considerably 


Xb~Xa~ 9 '20, Xc-Xa = 9-54, Xc-X&'-0-5. 


Gray and Birse ( 1914 ) found x = — 35-81, hence 


Xa = -42-06, ;& = -32-86, Xo =-32-52. 

Since a is very nearly a unique magnetic axis it seems probable that the 
molecules must be equally inclined, at a fairly small angle, to that plane. 
The molecule anisotropy is not likely to be larger than that of maleic acid, 
and this would impose a maximum value of 35° on the angle of inclination 
of the molecular planes to the ( 100 ). The molecule anisotropy of maleic 
anhydride cannot be less than 9 - 5 . 

Measurements of molecule anisotropy of aliphatic compounds containing 
isolated or conjugated double bonds are necessarily dependent upon a know¬ 
ledge of their crystal structure. Unfortunately very few structures of this 
type have yet been fully investigated. The examples given above do> 
however, show that not only the carbonate and nitrate groups, but the acetate, 
the acid and the groups of conjugated double bonds such as occur in oxalic and 
maleic acids exhibit an abnormally large diamagnetic susceptibility normal 
to the plane of the atoms, whereas the optical pola/rizability in that direction is 
small. This abnormal diamagnetism is similar to that shown by aromatic 
compounds and may be ascribed to a spreading of the electron density 
in one plane only, that is, in the plane containing the atoms which make 
up the group. 
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Aromatic compounds 

The following compounds contain aromatic groups combined with 
aliphatic chains, with or without double bonds. Some of them have been 
described previously but are included for the sake of comparison. In all 
cases where there is sufficient knowledge of the crystal structure, it is 
confirmed that the presence of double bonds in the aliphatic chain increases 
the abnormal diamagnetic effect. 

trans-Oinnamic acid, C 6 H 5 . CH : OH. COOH 

Large crystals, weighing some 50 mg., were obtained by recrystallization 
from alcohol, using cinnamic acid purchased from Messrs British Drug 
Houses, Ltd. They are monoclinic prismatic (Riiber and Goldschmidt 1910 ): 

a:b:c = 0-8627: 1:0-3138, /?=96°-8, p = 1-247. 

No further details of the structure are available. 



(«) ( 6 ) 
I’xo. 3 


The optical birefringence is positive; the optic axial plane is normal to 
( 010 ) and intersects ( 010 ) in the acute bisectrix, y, which makes an angle 
of 58° with the c axis in the obtuse monoclinic angle (fig. 3 a). The magnetic 
anisotropy is large 

Xi-Xa = 26-8, X 3 -X 2 = -36-2, = 63-0. 

ijr (angle between Xi and c, positive in obtuse /?) = — 74°-4. 

The minimum susceptibility was measured by the suspension method: 
Xx = -58-4; hence Xa — “ 85-2, % 3 = —121-4, x — — 88-3. This mean value 
is higher than might have been expected on the basis of the usual additive 
constants. 

The minimum refractivity and the maximum susceptibility lie along b 
and it is probable, therefore, that the molecular planes lie nearer to ( 010 ) 
than to any plane containing the b axis. The positive birefringence and the 
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large magnetic anisotropy in the ( 010 ) plane indicate, however, that the 
molecules forming the structure are considerably inclined to each other. 
The maximum crystal anisotropy, 63-0, is already larger than that of 
benzene, and it seems likely from this evidence that the additional anisotropy 
due to the conjugated side chain and its conjugation with the benzene ring 
must be considerable. 

The magnetic birefringence has not been measured, but those of phenyl- 
ethylene, C 6 H 5 .CH: CH 2 , and phenylbutadiene, C e H 5 CH : CH.CH : CH 2 
are respectively 1-6 and 2-7 times as large as that of benzene (Landolt- 
Bomstein 1931 ). 

Benzophenone, (C 6 H 5 ) 2 .CO 

Very large crystals, measuring nearly 1 cm. in thickness and several cm. 
in length and breadth, can be obtained without difficulty from an alcohol 
solution. Those used for the magnetic work weighed about 25 mg. Banerjee 
and Hague ( 1938 ) have given the following data: four molecules in the 
rhombic bisphenoidal unit cell, a = 10-17, b = 12-06, c = 7-98. A possible 
molecular structure is suggested, but its agreement with the X-ray data 
has not been tested. 

There is strong negative optical birefringence; a lies along c, J3 along b, 
y along a (Groth 19 x 9 , p. 102 ). This corresponds well with the magnetic 
data, for c is almost a unique magnetic axis 

Xb-Xc = 71-35, Xa-Xo = 71-94, Xa~Xb = 0-65. 

The crystal density was found to be 1-224 g./c.c. at 17° C and the minimum 
susceptibility 

X a = - 86-3. Hence & = - 86-9, & = -158-2, £ = - 110 - 5 . 

Kxishnan el al. ( 1933 ) give the values = - 88 - 0 , Xb = - 88 - 6 , = -149-3. 

1 ne latter value of Xc is certainly too low. 

^The particular interest of this substance lies in the anisotropy of the 
/C—O group, but that cannot be determined until the crystal and 
molecular structures are fully known. The magnetic birefringence is 4-5 
times as large as that of benzene (Cinchalkar 1935 ). 


Dibenzyl, C 6 H 5 . CH 2 . CH 2 . C 6 H 5 

ftyatob of tliB and the four following compounds were kindly given to 

M X-ray inweedgatioj L all of 

them. The crystals used in the magnetic work weighed about 6 mg. 
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Optically, they show strong negative birefringence, ( 010 ) being the optic 
axial plane. The acute bisectrix (a) makes a small angle with the c axis 
in the acute angle J3 (Groth 1919 , p. 192). The obtuse bisectrix ( 7 ) almost 
bisects the angle between the (001) and (20T) planes and is, in fact, nearly 
coincident with the length of the molecules. Robertson ( 1935 ) gives the 
following data: a = 12-77, 6 = 6-12, c = 7-70, /?=116°-0; two centro- 
symmetrical molecules in the unit cell, the phenyl groups in any one 
molecule being parallel to each other, but not co-planar. He also gives the 
direction cosines of the principal molecular directions L (length), M 
(breadth), N (normal to plane of phenyl groups), with respect to the 
crystal axes a, b, c' (c' being normal to ( 001 )). 

Krishnan et al. ( 1933 ) have given values of the magnetic susceptibilities, 
which are in moderately good agreement with the values as now determined: 

= 80-6, x 3 -x 2 = 50-9, Xi~X3 = 29-4, 

^ (angle between Xi and c, positive in obtuse /?) = + 82°-7. 

Minimum susceptibility Xi — —89-8, hence 

fc-- 170-4, = —119-2, % = -126-5. 

The principal susceptibilities of the molecule, calculated from these values 
and from Robertson’s direction cosines are 

K l = ~ 90-8, K m = - 90-8, K N — -202-3. 

Molecule anisotropy = 111-6 = 2x65-8. There is a surprising lack of 
anisotropy in the LM plane, while the anisotropy of the two phenyl groups 
connected by an aliphatic chain involving only single bands is, as would 
be expected, almost exactly twice that of benzene itself. 

The magnetic birefringence is 3-7 times that of benzene ( 0-88 times that 
of diphenyl) (Cinchalkar 1935 ). 

Stilbene, C 6 H 5 CH : CH. C 6 H 6 ; Tolane, C 6 H 5 . C • C. C 6 H 6 ; 
trans-Azobenzene, C 6 H 5 .N: N.C 6 H 5 . 

These three, substances form an isomorphous series whose crystal structure 
has been fully described by Robertson and Woodward ( 1937 , 1938 ). The 
unit cell is very similar to that of dibenzyl except that the c axis is doubled. 
This doubling is caused by the presence of two pairs of centro-symmetrieal 
molecules in the unit cell, which are roughly symmetrical about the a axis. 
The result is that both the optical and the magnetic anisotropy are com¬ 
pletely changed by comparison with those of dibenzyl. 


37-2 
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The crystals show positive birefringence, with the optic axial plane 
perpendicular to (010), the acute bisectrix (y) being parallel to the a axis 
(to within 4° in the acute angle /?). This radical change in the crystal optics 
is the result of compounding the polarizabilities of the differently orientated 
molecules in the unit cell, account also being taken of their mutual influence 
on each other. 

The magnetic susceptibilities of all these compounds have been reported 
elsewhere (Lonsdale 1938) and are in good agreement with those more 
recently given by Banerjee (1938). A redetermination of the absolute 
susceptibility of iraws-azobenzene has led, however, to a value somewhat 
higher than that previously given. 


Xi 

Xu 



i 

Stilbene —99*9 

-146-8 

-98-8 

— 66°*0 

-116-2 

Tolane —98-5 

-149-4 

-99-9 

— 62°*5 

-116-9 

trans -Azobenzene —93*2 

-142-5 

-88-1 

— 65°-6 

-107-9 

Using the direction cosines given by Robertson and Woodward, we obtain 
the following values for the principal susceptibilities of each molecule: 


K l 

K m 


k n 

Stilbene 

-85-8 

-50-1 


-209-6 

Tolane 

-81-5 

-67-8 


-198-5 

trans -Azobenzene 

-76-4 

-54-0 


-193-4 


All these molecules show a marked decrease in K M , the susceptibility 
across the width of the molecule, relative to that of dibenzyl. An anisotropy 
in the plane of the molecule might have been expected, because of the 
influence of the difference in molecular dimensions, but the effect found 
is much too large to be explained by analogy with the aliphatic compounds. 
The molecular anisotropy is more than twice that of benzene, the influence 
of the multiple bonds between the phenyl groups being particularly well 
marked in the case of stilbene. 

The magnetic birefringence of stilbene is only 2-3 times that of benzene 
(Landolt-Bomstein 1931). 

cis-Azobenzene, (®8 ®b) 

N.(C 6 H s ) 

The material used in this investigation was first isolated by Hartley 
(1938), and supplied by him to Dr Robertson for X-ray examination. From 
a specimen recrystallized by Dr Robertson one crystal was selected which 
weighed nearly 2 mg. and was particularly well formed. All the magnetic 
results were obtained using this crystal. The crystals were, however, too 
cloudy for observations of optical anisotropy. There are four molecules, 
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each having a dyad axis of symmetry, in the orthorhombic unit cell: 
a = 7-57, b — 12-71, c = 10-30, p = 1-213 g./c.c. (Robertson 1939 ). 

The crystals are much more anisotropic than those of fo-ems-azobenzene 

= 47-3, X c -Xa = 82-8, X c -X 6 = 35-1. 

Xc (measured) = - 74-2. Hence x a = —157*0, 

Xb ~ -109-7, x = -H3-6. 

The mean susceptibility is apparently greater than that of the trans¬ 
compound. 

Since, for stereo-chemical reasons, the two phenyl groups in one molecule 
must be inclined to each other, the principal susceptibilities of the whole 
molecule are of less significance than those of a half-molecule. Robertson 
has defined the orientation of the half-molecule in the unit cell, by means 
of the usual lettering L, M, N, and from his angles the principal suscepti¬ 
bilities may be calculated and compared with the corresponding values for 
a half-molecule of trans -azobenzene. 

i-cis-Azobenzene 

HO—CH 

half-molecule: HC^ %C—2V1 -► L 

HC==dH ^ 

(iV<^ bond not in plane of phenyl group) 

K l = - 49-7, K m = - 32-0, K n = - 88-7. 

i-iraiw-Azobenzene 

HO—CH 

half-molecule: hc/ -* L fa 

HC=CH 

(iV^ bond in plane of phenyl group) 

K l = — 39-2, K m = —27-0, K n = — 96-7. 

The twisting of the —plane out of the plane of the phenyl group has 
resulted in a lowering of the “aromatic” diamagnetism, but the anisotropy 
in the plane of the group itself (K M -K L ) has increased. 

CONCLUSION 

It is clear that the principal diamagnetic susceptibilities of organic 
molecules are subject to two separate effects, only one of which is operating 
for aliphatic compounds containing none but single bonds. In such cases 
the largest dimension of the molecule is associated with the largest dia- 



566 


K. Lonsdale 


magnetism and the largest refractive index. This must be due to a departure 
from spherical symmetry of the electron distribution of the separate atoms. 
The anisotropy of a single carbon atom, together with its singly attached 
hydrogen and oxygen atoms, is of the order of 1-5-1 *75 units. 

The presence of double bonds (and possibly of triple bonds), especially 
in a state of resonance, introduces a diamagnetic anisotropy of opposite 
sign. This is particularly obvious in aromatic compounds, but is found also 
in carbonates, nitrates, acid and acetate groups and compounds containing 
ethylenic bonds. These groups or compounds tend to be plane, and they 
show a large diamagnetism and small refractive index normal to the 
molecular plane. It appears probable, therefore, that the existence of such 
bonds implies a force constraining certain electrons to occupy plane orbits 
whose effective area is larger than the normal atomic radius. In the case 
of aromatic compounds these plane orbits are of molecular dimensions 
(Lonsdale 1937 ); in aliphatic compounds they may be confined to a more 
limited area. The anisotropy of the aromatic carbon atom in benzene and 
in phenyl groups generally is of the order of 9-10 units. This could be 
accounted for by a single electron occupying a plane orbit of effective radius 
1-5 A. In the carbonate group and in the acids studied in this paper, the 
anisotropy is about 4-5-5 units per carbon atom with double bond attach¬ 
ment, and the corresponding plane orbit radius would bo 1-05 A. 

I wish to thank Sir William Bragg, O.M., P.R.S., and the Managers of the 
Royal Institution for research facilities provided in the Davy Faraday 
Laboratory. I am grateful also to those of my colleagues and others men¬ 
tioned in the text of this paper who have assisted me by the loan of crystals 
or by allowing me to refer to work as yet unpublished. 

SUMMAEY 

The principal diamagnetic susceptibilities of single molecules of aliphatic 
and aromatic compounds have been measured and related, where possible, 
to their dimensions, electronic configuration, optical polarizabilities, mag¬ 
netic birefringence and other physical properties. It is found that for long- 
chain compounds containing few or no multiple bonds, the maximum 
diamagnetic susceptibility and maximum refractivity correspond to the 
length of the molecule. In molecules of layer structure also containing few 
or no multiple bonds, the maximum diamagnetic susceptibility and maxi¬ 
mum refractivity both lie in the mean plane of the layer, along the direction 
of greatest length. Both these types of compound show negative magnetic 
birefringence. 
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In aliphatic molecules containing acetate or acid groups, or chains of 
conjugated double and single bonds, such groups tend to be plane and show 
an abnormally large diamagnetic susceptibility normal to the plane of the 
group. This produces a magnetic anisotropy opposite in sign to that found 
for aliphatic layer structures containing only single bonds, but similar to 
that characteristic of aromatic molecules. Aromatic molecules with aliphatic 
conjugated side chains possess magnetic anisotropy greater than that which 
would be expected for the aromatic part of the molecule alone. For all these 
substances, both aliphatic and aromatic, the abnormally large diamagnetic 
susceptibility corresponds in direction with the minimum optical polariz¬ 
ability. They therefore show a positive, often large, value of the magnetic 
birefringence. 

There is at present no theoretical treatment which accounts for diamag¬ 
netic anisotropy in any but conjugated ring structures. 


References 

Ambronn, H. 1913 Z. wiss. Milcr. 30, 291. 

Banerjoe, S. 1938 Z. Kristallogr. 100, 316-55. 

Banerjoe, K. and Hague, A, 1938 Indian J. Phys. 12 , 87-94. 

Beintema, J., Torpstra, P. and van Weerden, W. J. 1935 Bee. Trav. Chim. Pays-Bas, 
54, 627-30. 

Bernal, J. I). 1932 Z . Kristallogr. 83, 153-5. 

Bhagavantarn, 8 >. 1929 Indian *7. Phys. 4, 1-14. 

Bragg, W. L. 1924 Proc. Roy . Boo. A, 105, 370-86. 

Burgers, W. O. 1926 Phil Mag. 1 , 289-303. 

Oinchalkar, S. W. 1935 Proc . Ind. Acad. Set. A, 2 , 525-31. 

des Cloizeaux 1867 Nouv. Rich. 12 in M6m. Sav. itrang. Acad. Par . 18, 522. 

Farquharson, J. and Sastri, M. V. C. 1937 Trans. Faraday Soc. 33, 1472-4. 

Frey, A. 1927 Kolloidchem. Beih. 23, 40-50. 

van Goal, W. 0. and Eymers, J. G. 1929 Z. phys. Chem . B, 3, 240-6. 

Gerstacker, A., Moller, H. and Reis, A. 1927 Z. Kristallogr. 66 , 355-92. 

Goodwin, T. H. and Hardy, R. 1938 Proc. Boy. Soc. A, 164, 369-83. 

Gray, F. W. and Birse, W. M. 1914 J. Chem. Soc. 105, 2707-16. 

Groth, P. 1910 Chem. Kryst. 3. 

— 1919 Chem. Kryst. 5. 

Hartley, G. S. 1938 J. Chem. Soc. p. 633. 

Herzog, A. 1910 Untersuchung der natiirlichen und hilnstlichen Seiden . Dresden. 
Kanamaru, K. 1934 Helv. chim. Acta , 17, 1047-72. 

Knaggs, I. E. 1923 Trans. Chem . Soc. 123, 71-9. 

— 1929 a Proc. Roy. Soc. A, 122 , 69-76. 

— 19296 Z. Kristallogr . 70, 185-6. 

Krishnan, K. S. and Banerjoe, S. 1935 Curr. Sci. 3, 548. 

Krishnan, K. S., Guha, B. C. and Banerjee, S. 1933 Phil Trans . A, 231, 235-62. 
von Lang, V. 1899 S.B. Akad. Wien , 18 (n), 562. 

Landolt-Bornstein (Roth/Scheel) 1931 Phys.-Chem. Tabellen , 5th Ed., Eg. 1 x 6 , 913. 
Llewellyn, F. J., Cox, E. G. and Goodwin, T. H. 1937 J. Chem. Soc. pp. 883-94. 




568 


K. Lonsdale 


London, F. 1937 J. Phys. Podium , 8 , 397-409. 

Lonsdale, K. 1937 Proc. Roy. Soc. A, 159, 149-61. 

— 1938 J. Chem. Soc . pp. 364-8. 

Lonsdale, K. and Krishnan, K. S. 1936 Proc. Roy. Soc. A, 156, 597-613. 
Marwick, T. C. 1931 Proc. Roy. Soc. A, 131, 621-33. 

Monvoisin, M. unpublished X-ray data. 

Muller, A. 1927 Proc. Roy. Soc. A, 114, 542-61, 

— 1928 Proc. Roy. Soc. A, 120 , 437-59. 

— 1930 Proc. Roy. Soc. A, 127, 417-30. 

— 1933 Helv. chim. Acta , 16, 155-61. 

Pascal, P. 1913 Ann. Chim. 29, 218-43. 

Perkin, W. H. 1907 J. Chem. Soc. 91, 806-16. 

Banian, C. V. and Krishnan, K. S. 1927 Proc. Roy. Soc. A, 113, 511-19. 
Bamanadham, M. 1929 Indian J . Phys. 4, 15-38. 

Biiber, C. N. and Goldschmidt, V. M. 1910 Rer. dtsch . chem. Oes. 43 , 453-62. 
Bobertson, J. M. 1935 Proc. Roy. Soc. A, 150, 348-62. 

— 1939 J. Chem. Soc. pp. 232-6. 

Bobertson, J. M. and Ubbelohde, A. B. 1939 Proc. Roy. Soc. A, 170, 241-51. 
Bobertson, J. M. and Woodward, I. 1937 Proc. Roy. Soc. A, 162, 568-83. 

- 1939 Proc. Roy. Soc. A, 164, 436-46. 

Sch 6 rer, M. 1931 C.R. Acad. Sci., Paris , 192, 1223-4. 

Schiller, J. 1906 S.B. Akad. Wiss. Wien , 115, 1636. 

Verweel, H. J. and MacGillavry, C. H. 1938 Nature, Loud ., 142, 161-2. 
Wooster, W. A. 1931 Z. Kristallogr . 80, 495-503. 

Yardley, K. 1924 Proc . Roy. Soc. A, 105, 451-67. 

— 1925 J. Chem. Soc. 127, 2207-19. 



X-ray investigation of the structure transition 
of methane at the A point 

By Adolf Sohallamaoh 

(Communicated by Sir William Bragg, P.R.S.—Received 30 March 1939) 

[Plates 11, 12] 

1 . Introduction 

A great deal of work has been done on the crystal structure of long-chain 
hydrocarbons and their behaviour near transition points. These transitions 
are as a rule quite normal, in so far as the transition is marked by the 
liberation or binding of a definite heat of transformation and change in 
structure. 

The simplest of the hydrocarbons, methane, shows a change from the 
ordinary behaviour. At 20 - 4 ° K a so-called transition of the second kind 
(Olusius and Perlick 1933 ) takes place, of which an abnormal rise of the 
specific heat is typical. This begins at low temperatures where the specific 
heat rises at first slowly to reaoh a very sharp maximum at 20-4° and then 
falls abruptly to somewhat normal values. No latent heat appears. The 
effect bears a strong resemblance to the A point of helium and other sub¬ 
stances. 

The crystal structure of methane has been directly determined by two 
authors (McLennan and Plummer 1929 ; Mooy 1931 ) of whom only Mooy 
paid special attention to any possible change of structure at the transition 
point. He observed no change in the critical range. The structure is cubic 
face-centred according to both authors, but we would like to point out 
that Mooy’s table contains two lines which do not belong to reflexions from 
that lattice and which he labelled “parasitic lines”. 

In view of the scarcity of data I felt justified in repeating the experi¬ 
ments. These were oarried out in a small hydrogen liquefier as described 
by Ruhemann ( 1937 ) especially adapted for X-ray work. The liquefier 
works with an outside film. The primary and the reflected beam having 
each to pass only two low-absorption windows, a satisfactory photograph 
can be taken in 15 min. with the gas-focus tube generally used in this 
laboratory. This time of exposure is short compared with that recorded 
by previous observers. This advantage is due to the sharp focus and the 
correspondingly high intrinsic X-ray intensity of the gas tube which 

[ 569 ] 
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cannot be obtained with the normal 
commercial tubes usually employed in 
this kind of work. 

As a consequence of this reduced time 
a large number of observations can be 
made within a short time limit, and 
this proved to be important in the course 
of the present work. At the beginning 
of the investigation the new phenomenon 
to be described did not always show and 
might have remained unobserved if only 
a small number of photographs had 
been taken. 


2. The liqtieeieb 

A cross-section through the complete 
liquefying apparatus is given in fig. 1 
which is drawn to scale apart from 
thickness of wall. The actual liquefier is 
enclosed in the vacuum space 1 and 
consists of the heat exchanger 2, the 
expansion nozzle 3 and the liquid hydro¬ 
gen container 4. The annular vessel 5 
forms the bulb of a gas thermometer. 

Liquefiers built on conventional lines 
are usually immersed in liquid air. It is 
rather cumbersome to clear a passage 
for X-rays through a Dewar vessel. For 
this reason the following arrangement 
is made. Vacuum enclosure 1 is sur¬ 
rounded by the liquid-air container 6, 
liquid air or nitrogen is filled in through 
tube 8. The bottom of 1 is closed by the 
corrugated cellophane diaphragm 7. A 
small tail of the liquid hydrogen con¬ 
tainer 4protrudes through the cellophane 
diaphragm and carries the specimen 
holder which will be referred to later on. 
A hemispherical screen 9 in contact with 




Fig. 1 . Apparatus 
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1 shields the specimen holder from heat radiation from parts at room 
temperature. A slot is cut in it through which the X-rays pass. 

The cellophane diaphragm 7 is a vital part of the apparatus. It bridges 
the temperature difference between liquid or solid hydrogen and liquid 
nitrogen and for this reason has to be a poor heat conductor; hence the 
use of cellophane. The necessary vacuum-tight joints between metal and 
cellophane on either side are made with india-rubber washers 10. The 
corrugation is necessary as plain disks break through contraction due to 
drying and cooling. 

The nozzle 3 is worked with a key which is not in constant contact with 
it, and so losses through heat conduction are eliminated. This is done by 
enclosing the nozzle in a thin-walled german silver tube 11 which reaches 
right outside the apparatus. The nozzle screw has a slotted head in which 
a screwdriver-shaped key 12 engages. The key is normally about \ in. 
above the nozzle and is kept in this position by the rubber tube 13 which 
at the same time makes a tight joint with tube 11. To adjust the nozzle, 
the key is pressed down until it engages with the slot and the nozzle turned 
to tho required opening. Then the key is released and goes back to its old 
position. The elasticity of the rubber tube is ample to allow these move¬ 
ments. An additional advantage of this scheme is that glands and packing 
systems are avoided. 

The second heat exchanger 14 and coil 15 which is wound and soldered 
around the liquid nitrogen container 6 form the pre-cooling stage of the 
hydrogen. The introduction of the heat exchanger 14 materially reduces 
the quantity of liquid nitrogen used for liquefaction. 

All parts so far described are housed in the evacuated brass tube 16 
and are suspended from its lid by the various leads. There is a joint in 
tube 16 so that the lower part can be removed if a change of the specimen 
holder is necessary. A passage for the X-rays is cleared by cutting a slot 
in this lower part corresponding to the one in the radiation screen 9. The 
slot is covered with cellophane made tight with a cellulose varnish and 
anchored with two coils of string. 

There are two vacuum systems, in 1 and in 16. The latter is always 
kept at the best possible vacuum. It is, however, necessary to admit 
a small amount of gas (helium or hydrogen at a few mm. Hg) at the 
beginning of an experiment in order to lower the temperature of the 
Linde heat exchanger to well below the inversion point. This so-called 
“exchange gas” is led in through a branch line which connects 1 with 
the exchange gas reservoir. 

The vacuum leads, after passing through the lid of 16, are connected 
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•with the vacuum system through copper-glass joints. The glass apparatus 
consists in each case of discharge tube, mercury trap and wide-bore tap. 
Both branches join in a T-piece which leads to the mercury pump. A third 
branch serves the auxiliary apparatus, i.e. exchange gas reservoir and gas 
thermometer. In this way one pump is sufficient for the whole liquefier. 

. Hydrogen is taken from a cylinder at 120 atm. and is available for 
liquefaction down to 60 atm. The hydrogen passes a charcoal oleaner 
immersed in liquid nitrogen and a dust trap, and then enters the liquefier. 
The expanded hydrogen goes through a flowmeter and then escapes into 
the atmosphere, or it is pumped off by a rotary pump in order to lower the 
temperature. 

The substance under investigation is deposited on the short copper 
wire 17. This is attached to a small cup which fits the tail of the liquid 
hydrogen container 4. Gases, such as methane, have to be condensed from 
the gas phase. Bor this reason the specimen holder is enclosed in a cylin¬ 
drical screen of Perspex 18 which is transparent and so allows inspection 
of the deposit. It is turned down to about & mm. where the X-rays pass. 

,, 6 a ^ sorptlon 18 ver y sma11 - A thin german silver tube 19 leads 
through the bottom of 18 and communicates with the gas store outside, 
ibe purpose of the screen is to prevent the gas from spreading. It need 
not be vacuum tight as the gas condenses in any oase without deteriorating 


3. X-RAY TECHNIQUE 

A gas-focus tube with a copper target ie used for all experiments. The tube 

XZbk “It 4 t mped of ““ and <“ 

sr y ^rr pper •“ from the ™ 

, ,, * e film carrier is a wide brass tube concentrically fixed 
around the liquefier and has a diameter of 147 mm. The times of exposure 

Word). Ml photographs were taken in 15 min. The power consumed bv 
the X-ray tube is estimated as 400 W. ^ 


4. Procedure at methane investigation 

The methane used in the present experiments is taken from a hmh 
pressure cylinder supplied by the Cymmer Collieries in South Wales The 
gas passes through caustic potash, concentrated sulphmic acid iand n™ 
P osphorus pentoxide mto an evacuated glass container immersed in liquid 
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nitrogen, where it liquefies. After the collection of a few cm. 3 the pressure 
is quickly lowered by an oil pump when the methane solidifies giving off 
the absorbed gas shortly before freezing. This procedure is repeated several 
times until no further emission of absorbed gas is noticeable. Methane 
purified in this way has been tested previously by Dr Childs who used 
a sensitive density test. 

The connexion between the methane container and tube 19 which leads 
to the specimen holder is then opened and the methane sublimates over 
under its own vapour pressure. The deposit grows on the copper needle 
reaching a diameter of 1*5 mm. in about 7 min. 

Hysteresis plays an important part even at higher temperatures. In 
order to avoid any effects originating from this source care is taken to 
deposit each specimen at that temperature at which it is examined. Some 
effects of hysteresis will be pointed out in the discussion of the results. 


5. Results 

For classification purposes the temperature range is best divided into 
three parts, the first one well below the transition temperature, i.e. from 
13-9 to 17°, the second one from 17 to 22° which we will call the transition 
range, and lastly the third one covering temperatures higher than 22°. 

The reflexions obtained in the first and third range are all compatible 
with a oubio face-centred lattice and thus agree with the findings of 
Mooy. Things are more complicated in the transition range. Here it is 
found in 80% of our experiments that in addition to the lines of the 
face-centred cube a set of new lines appears which have no relation with 
that structure and which are frequently quite strong. The conditions for 
the appearance of these new lines are not yet ascertained. It happened 
that in two consecutive experiments first the ordinary and then the com¬ 
plicated results were found. 

Reproductions of six representative films (nos. 1-6, fig. 2 and fig. 3), will 
illustrate the point. Table I gives the particulars of films 1, 2 and 3. Of 
these, films 1 and 2 are taken immediately after each other at 20-35° under 
the same ciroumstances to the best of our knowledge. Film 3 is taken 
with the same speoimen as film 2 after raising the temperature to 50°. 
Film 4 is obtained with methane at 35°. 

All lines on film 1 can be deduced from a cubic face-centred lattice. It 
will be seen, however, that film 2 contains five lines unaccounted for. 
Now it is of interest to note that spacings calculated from Mooy’s “parasitic 
lines” are 4-28 and 3-58 which closely correspond to two of our additional 
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Table I 


No. of 
line 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 


Angle of 
reflexion 

Spacing 

Copper and 
accidental* 
reflexions 

Methane 

reflexions 

Film 1. 

Methane deposited and taken at 20-35° K 

11-885 

— 

— 

ft lino of (111) CH ( 

13-210 

3-362 

— 

(111) OH* 

15-305 

2*912 

— 

(200) CH* 

21-73 

2-076 

(Ill) Cu 

22-145 

2-04 

— 

(220) OH* 

25-31 

1-798 

(200) Cu 

26*08 

1-748 

— 

(311) CH* 

27-44 

1-668 

— 

(222) CH 4 

36-475 

1*293 

— 

(420) CH 4 

37-19 

1-271 

(220) Cu 

-- 


Film 2. Methane deposited and taken at 20-36° K 

10- 326 

11- 03 

11- 765 

12- 31 

13- 11 
13-99 
16-165 

18- 29 

19- 465 

20- 99 

21- 73 

22- 715 

23- 855 1-900 

25-31 1-798 

25-745 1-769 

27-085 1-688 

35-96 1-309 

37-19 1-271 


4-29 

— 

Now 

4-02 

— 

New 

—- 

— 

ft lino of (111) CH, 

3-605 

— 

Now 

3-390 

—■ 

(111 ) gh 4 

3*184 

■— 

New 

2-938 

— 

(200) CH 4 

•— 

Acc. 


— 

ft line of (111) Cu 


—, 

Acc. 


2-075 

(Ill) Cu 

(220) CH 4 

—— 

Acc. 



(200) Cu 


10-28 

10- 91 

11- 64 

12- 965 
15-09 

18- 29 

19- 465 
21-025 
21-58 
21-73 
25-31 

25- 69 

26- 855 

34- 555 

35- 575 
37-19 


(220) Cu 

Film 3. Methane of film 2 taken at 50° K 
4-31 _ 

4-04 _ 


Now 

(311) CH 4 
(222) CH 4 
(420) CH 4 


3-425 

2-952 


2-09 

2-075 

1-798 

1-773 

1-702 

1-356 

1-322 

1-271 


Now 
Now 

ft lino of (111) OH* 


to reflexions atthemdilt^onshield.^^ ^ blank photo S ra P hs as well and aro duo 


Acc. 

ft line of (111) Cu 
Aeo. 

(111) CH 4 
(200) CH* 

(Ill) Cu 
(200) Cu 

(220) OH* 

(220) Cu 

(311) CH 4 
(222) CH 4 
(331) C.H 4 
(420) CH 4 
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lines, namely nos. 1 and 4 on film 2. These, however, are not the most 
conspicuous lines. The spacing 3*184 (no. 6) is far the strongest but on the 
other hand it vanishes completely on warming up, whereas some of the 
others even then persist. This is demonstrated by film 3 which still shows 
two of the new lines surviving from the earlier modification. In contradic¬ 
tion to this film 4, taken at 35°, shows no trace of any lines which do not 
belong to the regular structure. 

No stress is laid on absolute values of the lattice constant as this work 
does not aim at precision determination of that quantity but is primarily 
concerned with collection of experimental material. We have, nevertheless, 
established the fact that the lattice constant is in the transition range 
without exception larger when the new lines appear than when they do 
not appear. The actual values as taken from films 2 and 1 are 5-865 and 
5*780 respectively. 

Table II 


Temperature 

Lattice constant 

°K 


A 

13-9 

5*84 


14-25 

5*82 


14*3 

5*82 


15-0 

5*76 


17*0 

5-76 


18*5 

N 

5*845 

20*35 

N 

5*855 

20*35 

5-78 


22*0 

N 

5*85 

27*5 

5-845 


35*0 

5-89 



Table II gives the value of the lattice constant at various temperatures. 
Experiments in which the new lines appear are marked “N”. Another 
fact emerges from Table II. It will be seen that the lattice constant rises 
again at temporatures below about 17°. As our temperature range is 
limited at present we could not ascertain whether this rise leads to a 
maximum. Eut we might mention another phenomenon which we occa¬ 
sionally found at the lowest temperature at our disposal, i.e. 13*9°. Methane 
deposited at this temperature sometimes does not form, a well-defined 
lattice but gives a reflexion characteristic of a ring. Film 5 (fig. 3) indicates 
this result. Mm 6 is taken with the same specimen as film 5 after raising 
the temperature to 41°. At this temperature the substance seems to have 
“crystallized”, all lines apart from nos. 3 and 4 belonging to a cubic 
lattice. The latter lines look like remainders of the original ring. Par¬ 
ticulars of these two experiments are given in Table III. 
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Table III 

Copper and 

No. of Angle of accidental Methane 

line reflexion' Spacing inflexions reflexions 

Film 5, Methane deposited and taken at 13'9° K 


1 

About 13*80 

3*22 

— 

“ring” 

2 

21*73 

2*075 

(Ill) Cu 

— 

3 

25*31 

1*798 

(200) Cu 

— 

4 

37*19 

1*271 

(220) Cu 

— 


Film 6. 

Methane of film 6 taken at 41° 

K 

1 

11*825 

— 

— 

ft line of (111)CH 4 

2 

13*205 

3*364 

— 

(111) OH* 

3 

13*68 

3*251 

— 

New 

4 

14*565 

3*057 

— 

Now 

5 

15*30 

2*913 

— 

(200) CH* 

6 

21*73 

2*075 

(Ill) Cu 

(220) CH* 

7 

25*31 

1*798 

(200) Cu 

— 

8 

25*755 

1*769 

— 

(311) CH 4 

9 

27*04 

1*692 

— 

(222) CH 4 

10 

37*19 

1*271 

(220) Cu 




6 . Discussion 


The results of the present investigation may be summarized as follows. 

Below and above the A point there is 

a region in which the methane 


crystallizes in a face-centred cubic lattice. This is in agreement with the 
results of previous observers. 

In the neighbourhood of the A point the X-ray pictures show additional 
spacings besides those belonging to the face-centred cube. Mooy ( 1931 ) 
has already mentioned two of these, calling them “parasitic linesHe is 
inclined to treat them as purely accidental. From the present more 
extensive material it is concluded that they are essentially associated with 
the transition phenomenon at the A point. 

The intensities of the additional lines vary sometimes considerably with 
the experimental conditions and so they may easily be overlooked if only 
a few observations are made. Another possible reason for their absence 
is due to hysteresis. It is found that if the methane is condensed at a 
certain temperature and then raised to a higher temperature, the resulting 
X-ray photograph may differ from one obtained with the substance 
deposited at this higher temperature. 

It must be borne in mind that it is difficult to ensure uniformity of 
temperature over the whole specimen since it may. take a long time before 
equilibrium is established. Consequently it is impossible to say whether 
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or not any individual X-ray picture is characteristic for the particular 
temperature reading at which it is made. This uncertainty holds essentially 
only for the comparatively narrow transformation region. The faot remains 
that, whatever the thermal conditions are, the additional spacings persist 
during a period of time long enough for them to be photographed repeatedly. 
It is further important to note that these new spacings always retain the 
same numerical value. This leads to the conclusion that they must belong 
to certain definite structures which exist only in the vicinity of the A point. 
As for the rise of the lattice constant at lower temperatures, we hope to 
clarify this point by an extension of our temperature range. 

A word may be said in conclusion about the commonly aocepted explana¬ 
tion of the A phenomenon in methane. It is assumed that the anomalous 
rise in the specific heat is due to a rapid increase of rotation of the molecules 
in the crystal lattioe. The lattice itself is assumed to retain its face-centred 
cubic structure. There is no direct evidence of this rotation. There may be 
some truth in this hypothesis, but the present work shows that the actual 
transition is a much more complicated phenomenon. Any theory which 
claims to predict the shape of the A curve would necessarily have to take 
into aooount the existence of those intermediate structures. The transition 
from one structure into another is bound to be associated with a change 
of free energy, and these ohanges must show in the specific heat. The 
argument put forward probably applies not only here, since the A phe¬ 
nomenon in methane is not an isolated case, but also for other substances 
where A points are observed. No X-ray evidenoe of the same nature as 
that given in the present work has been obtained for any other substance, 
but judging from analogy it would not be surprising if similar intermediate 
structures were found in other A transformations. 
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The subjective judgment of the elastic and plastic properties of soft 
bodies. I. The differential thresholds for viscosities and compression 
moduli. By G. W. S. Blair and F. M. V. Copprn. (Communicated by 
F. C\ Bartlett , FR.8>—Received 23 March 1939.) 

It in suggested that the firmness and “elasticity 55 (in the colloquial sense of the 
word) of materials which are neither true fluids nor perfectly elastic solids may be 
conveniently described by an equation of the type 

log S = log ^+log cr~k log t, 

where S = stress, cr = strain, t =s time, and ^ and h are parameters representing 
firmness and “elasticity” respectively. 

As a preliminary to investigating the capacity of skilled craftsmen and unskilled 
individuals to judge firmness and “elasticity” by means of the senses, “differential 
thresholds 51 were measured for the viscosity of a true fluid and the compression 
modulus of an approximately elastic solid. 

Technological experience, and scientific and non-scientific education do not affect 
the sensitivity of the subject, nor is there much improvement with practice. In the 
case of viscosity, a number of subjects having widely differing training hardly differed 
in “thresholds 55 . With modulus, there were specific differences between subjects, but 
those were not simply related to training. The effects of age, sex, etc., are discussed. 

Subjects can judge differences in compression modulus three times as small as those 
which can be distinguished for viscosity. Differences of the order of 6 % in the case 
of modulus and 18 % in the case of viscosity can be detected with some measure of 
certainty. The use of a single point “threshold” is, however, not recommended; 
although it is found that a simple equation involving two parameters fits the data 
obtained. This equation must be regarded as provisional and empirical. 
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Since the superior capacity of experts appears to depend on no greater sensory 
acuity for the properties investigated than that of other subjects, nor is there much 
improvement in this acuity with practice, it seems likely that some typo of functional 
standard is developed which improves the capacity for recognition of rheological 
conditions. To this must be added the advantages of technological knowledge, making 
possible adequate utilization of the information obtained. It may be that in the ease 
of the more complex rheological properties not yet investigated, these factors arc of 
even greater importance than in the case of viscosity and compression modulus. 


The properties of flow of liquid He H. By J. F. Allen and A. D. Mrs knee. 
{Communicated by J. D. Cockcroft, F.R.S.—Received 27 March 1939.) 


By measuring the flow through capillaries and through fine powder, the hydro¬ 
dynamic properties of liquid He ix have been investigated. Capillary ehannolw 
varying from 1 mm. to 1 x 10~ 5 cm. in diameter were used. The flow through capil¬ 
laries was found to bear no relationship to ordinary laminar or turbulent How, 
although the latter conditions were approached for large capillaries at temperatures 
close to the A-point. The effect upon the flow of longth of channel was investigated 
wrth capillaries varying in length from 40 cm. to 1 mm. Classical hydrodynamic flow 
was observed only in the shortest capillary which corresponded essentially to an 
orifice. The flow through powder (tightly packed jeweller’s rouge) gave results which 
could be interpreted according to classical hydrodynamics over the whole experi¬ 
mental temperature range in He xx, from the A-point down to M5° K. 

The main features of the flow of He n are summarized below. 

The dependence of the velocity of flow on pressure became loss (a) as the radius of 
the capillary was reduced, or (b) as the capillary was lengthened, or (c) as the tom- 
perature was lowered. 


In the largest capillaries at a temperature close to the A-point, an approximation to 
laminar conditions of flow was observed. 

In all capillaries at low pressures, the velocity increased with decreasing temperature, 
but the reverse held at higher pressures in large capillaries. 

At all temperatures there was a minimum in the relation between the radius of the 
channel and the velocity at constant pressure. For channels smaller than 5 x 1()~ 4 o m . 
m width, the velocity increased rapidly with decreasing channel size 

JZSZr: f d / n6S/Cm - 2 in th6 narr0W6st chann ^, the velocity was 

completely independent of pressure at all temperatures. The curve between the 

pr^sure-mdependent velooity and the temperature bears a strong resemblance both 

I “ a S mtude and sha P e t0 ^at for mobile surface films of He xx above the hydrostatic 
surface of the liquid. 

Hx channels less than 10-* cm. in width, at temperatures close to the A-point, and 
l-r SUieS ’ flOW b6Came IaminM With 6VideGCe 0f an exoeedi ^y small 

te * hroughtightl y packed fine powder, the observed viscosity appeared equal 

chZSf temperature variation to that observed in the narrowest smooth 
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Thost? roBults have boon interpreted in terms of two types of flow occurring together 
in the liquid; one, a surface flow along the walls of the capillary, has an extremely 
small viscosity that varies from 1 x 10~ 8 e.g.s. units at 2*177° K, near the A-point, to 
less than 1 x 10~ 10 e.g.s. units at 1*15° K, and appears to approach a value of zero at 
the absolute zero. The other, predominant in large capillaries, has a viscosity of the 
order of I O'" 4 e.g.s. units which increases with decreasing temperature, and has a 
value just below the A-point probably not much different from that of He i. 

Several experiments have been made with the object of detecting possible thermal 
effects associated with the flow of He n. Although one experiment yielded results 
which suggest that a temperature difference is set up between the ends of a narrow 
channel in which liquid is flowing, the results cannot be considered conclusive. 


A theory of electric polarization, electro-optical Kerr effect and electric 
saturation in liquids and solutions. By A. Piekara. ( Communicated by 
ft. //. Fowler, F.R.8.—Received 28 March 1939.) 

Thin paper makes calculations of the electrical polarizability and of the Kerr effect 
in certain typos of liquids and solutions formed of or containing polar molecules. 
The calculations are made on the basis that, besides the external electrical field F 
acting on each dipolo, two constraining electrical fields act: 

(1 ) A field of potential energy - cos 6 due to the general directional field of all 
the surrounding moloculos, the direction d t = Q of the direction of equilibrium taking 
all possible directions in space when wo take averages over the whole liquid. 

( 2 ) A field of potential energy W* cos 0 2 due to a single neighbour which tends to 
take up an antiparallol orientation. It is suggested that this model should be 
applicable to nitrobenzene or its solution. 

On this basis approximate formulae are obtained for the reducing factor R for the 
electric, polarization P per molecule defined by 

Pffiffi = P'S’ 'R, 

and compared most successfully with observations of R for nitrobenzene in hexane 
at 25“ and various concentrations. Similar calculations are then made for a similar 
coefficient in the Kerr effect, and compared satisfactorily with experiment. The 
calculations arc then extended to higher powers of /iF/kt, and enable certain features 
of the nature of the saturation effects for strong fields to be understood. 


The compressibilities and expansion coefficients of gases at low pressures, 
and their relation to molecular volume. By J. B. M. Coppock. ( Communi¬ 
cated by J. Kenyon, F.R.S.—Received 29 March 1939.) 

The compressibilities and expansion coefficients of several gases at low pressures 
have been calculated from the Beattie-Bridgeman equation of state. It is shown for 
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non-polar gases that a linear relation exists between these physical constants and the 
corresponding molec ular volumes. The latter have been calculated from molecular 
radii based on the Sidgwick-Pauling additivity rule. The behaviour of certain hydro¬ 
carbons is discussed in the light of their spatial structure. It is suggested from the 
relation developed that the nearest distance of approach of non-polar molecules at 
low pressures is dependent on their size and is not a uniform amount as represented 
by an envelope of about 0*5 A thick. 


X-ray investigation of the structure transition of methane at the X point. 

By A. Schallamach. ( Communicated by Sir William Bragg , P.R.S .— 
Received 30 March 1939.) 

An X-ray investigation of methane made in the neighbourhood of the A point 
shows that the structure when observed well- below and above the transition point 
is a face-centred cube. This agrees with the results obtained by previous observers. 
The X-ray exa mi nation shows that near the A point there are spaeings additional 
to those belonging to the face-centred cube, and these must be ascribed to certain 
intermediate structures existing only in the transformation region. It is pointed 
out that the presence of such structures must necessarily influence the specific 
heat in the transition range. 


Luminescence of mercury vapour along an a-ray pencil, and transfer of 
nitrogen excitation to mercury. By A. Luyckx. (Communicated by Lord 
Rayleigh, F.R.S.—Received 3 April 1939.) 

It is shown that mercury vapour luminescence phenomena similar to the optically 
excited fluorescence phenomena, can be excited by a-rays excitation in presence of 
nitrogen. The green lu m inescence renders visible an a-ray pencil by light emission, 
this new method is quite different from the well-known expansion method of 
C. T. R. Wilson. However, in this case no individual track was seen. The Arma^r. 
spectrum of this luminescence consists of a visible mercury triplet (S461, 4358, 4046) 
a continuum having a maximum near 4850 A and the resonance line 2537 A. 

Persistent phenomena were observed. The spectra and persistent phenomena are 
similar to the fluorescent phenomena. 

No l umin escence can be seen in absence of nitrogen. In a primary process the 
a-rays excite nitrogen molecules which transfer their energy to mercury by ^il^nna 
of the second kind. The green luminescence is extinguished by small quantities of air, 
while hydrogen has no quenching effect. This survival of the glow to addition of 
large quantities of hydrogen brought us to assume that this luminescence is a sort 
of wing effect” due to the transfer to diatomic mercury molecules of the energy 
of the nitrogen molecules excited by a-rays. '' 
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Variations of ionization in the F 2 region of the ionosphere. I. Meteorological 
associations. By J. Bannon, A. J. Higgs, D. F. Martyn and G. H. Mtjhce. 
(Communicated by T. H. Laby , F.R.S.—Received 4 April 1939.) 

A study has been made of the day-to-day variations in the noon values of the 
maximum electron density in the F 2 region of the ionosphere, at two observing stations 
near Sydney and Canberra. The small number of days on which these values are 
affected by association with magnetic storms are excluded from the analysis. Large 
day-to-day fluctuations, amounting sometimes to 50 %, remain at each station. It is 
foimd that these fluctuations are associated with meteorological changes observed 
at the ground. Over 19 months of daily observations it is found that on days when 
the region between lat. 29° S. and lat. 36° S., and long. 140° E. and long. 156° E. 
is free from “frontal” conditions, the values of F 2 ionization are higher on the 
average by 6 % near Sydney and 11 % near Canberra than on other days. A similar 
dif ference is found in the averages for each month except in August 1937 and July 
and August 1938 when a small negative difference occurs at each station. The 
difference is greatest in the equinoctial months when it amounts to about 20% 
for Stromlo. It is found that while the values of ionization density measured at 
Sydney and Canberra are usually equal, there is a strong tendency for the Canberra 
values to be lower than the Sydney values on “frontal” days. This result is considered 
surprising, since the observing stations are only 250 km. apart. 

The theoretical diffi culties in the way of an explanation of the association here 
found between F 2 ionization and meteorological conditions are discussed. 

It is pointed out that the results suggest that current views concerning the seasonal 
variation of F 2 ionization in various regions of the earth may require revision. The 
current view regards the F 2 region ionization as normally influenced solely by the 
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intensity of solar radiation, thus depending in magnitude solely on latitude. The 
results here presented suggest that local climatological factors may exert a profound 
influence on the magnitude, and on the seasonal and diurnal variations of F 2 
ionization. 


The excitation of y-radiation in processes of proton capture. By S. C. 
Curran and J. E. Strothers. ( Communicated by W. L. Bragg , F.R.S .— 
Received 5 April 1939.) 

The excitation functions for the y-radiations emitted by the elements deuterium, 
lithium, sodium, magnesium, phosphorus and chlorine under proton bombardment 
have been determined for energies of the incident protons from 0 to 10 6 eV. 

Resonance peaks, hitherto unobserved, have been found in the excitation curves 
for incident protons of the energies given below. 

23 Na : 425, 525, 590, 690, 755, 875 x 10 3 eV. 

25 Mg : 180, 410, 480, 575, 825 x 10 3 eV. 

26 Mg : 580, 680, 1000 x 10 3 eV. 

31 P : 460, 580, 700, 950 x 10 3 eV. 

37 C1 : 650, 800, 1000 x 10 3 eV. 

In the case of 7 Li no evidence of any resonance peak other than that at 440 kV 
could be obtained. No capture y-radiation could be detected during the bombard¬ 
ment of ®Li and deuterium with protons of energies up to 10® eV. 

The yield of y-radiation was measured in the case of 25 Mg and 2 ®Mg, the values 
obtained being 3*0 x 10~ 10 quanta per proton at 825 kV (Mg 25 ) and 2-1 X 10 -10 for 
Mg 2 ® at 680 kY. 

The energy of the capture y-radiation was measured in each case from observations 
of the end-points of the absorption curves which were obtained by placing aluminium 
sheets between the pair of Geiger -Muller counters used for the detection of the 
y-rays. 


The energy levels of a rotating vibrator. By I. Sandeman. (Communicated 
by H . S. AUen , F.R.S,—Received 6 April 1939.) 

The theoretical work of the late J. !L. Dunham based on the rotating vibrator 
model for the diatomic molecule is extended and simplified. While the simplifications 
introduced are necessarily not very far-reaching, they mean an appreciable gain in 
the rapidity with which the molecular constants can be calculated by Dunham’s 
method from spectral data. 
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Classical theory of mesons. By H. J. Bhabha. (Communicated by P. A. M. 
Dirac, F.JR.S.—Received 11 April 1939.) 

The vector equations for the meson field and their associated energy tensor are 
taken as exact, and the meson field quantities are taken as commuting classical 
variables. A self-consistent classical scheme is developed for treating the meson 
field and point neutrons (or protons) moving along classical world lines. The scheme 
takes account of the reaction of the emitted meson field on the motion of the neutron. 
The mass of the neutron (or proton) which occurs in nuclear phenomena is shown 
not to be the real mass but less than it by about ten million volts. For high energy 
phenomena the real mass counts. Formulae are given for the scattering of mesons 
by neutrons which are valid to energies comparable with the mass of the neutron, 
and supersede the previous formulae. It is shown that classically the reaction of the 
emitted radiation is not important till energies of ten times the neutron mass, and 
hence that the quantized meson theory which neglects this is valid up to about these 
energies. It is concluded that the exact quantized theory is correct with the above 
limitation, but that the methods of perturbation theory break down in this case and 
cannot be applied to it. 


An interpretation of the relativity transformations of the electromagnetic 
field for small velocities. By E. G. Cull wick. (Communicated by Sir 
Frank Smith , F.R.S.—Received 14 April 1939.) 

It is shown that the relativity transformations of the electromagnetic field can 
be obtained by a “moving field” theory in which the chief postulates are as follows: 

(а) The apparent state of electrification of an isolated moving magnet or current 
circuit is to be independent of its uniform linear motion. 

( б ) If a body is moving with unif orm velocity v relative to the source of a magnetic 
field B, it is subjected to an electric field of value $ = vxB. 

Conversely, if the source of a magnetic field B is moving with velocity v relative 
to a body, then the body is subjected to an electric field given by $ = B x v. 

(c) If a body is moving with uniform velocity v relative to the source of an electro¬ 
static field <o 3 , it is subjected to a magnetic field given by B~($ s x v)jc % . 

Conversely, if the source of an electrostatic field S B is moving with velocity v 
relative to a body, then the body is subjected to a magnetic field given by 
B = (v x <o s )/c 2 . The experiment of H. A. and M. Wilson ( 1913 , Proc. Boy . Soc, A, 
79, 99) on a rotating magnetic insulator is then examined. It is shown that the 
moving-field theory, extended to include the case of rotation, gives a simple derivation 
of the result verified by the experiment, and that the usual “magneto-polarization’ 
modification of the Maxwell-Lorentz theory, which is claimed to be consistent with 
the experiment, fails in logical consistency. 

It is therefore suggested that the logical electromagnetic concomitant of the 
restricted relativity theory is not the Maxwell-Lorentz theory, in which the apparent 
state of electrification of an isolated magnet depends upon its velocity relative to 
the observer, but the moving-field theory in which the state of electrification of an 
isolated magnet is postulated to be independent of its uniform motion. To this theory 
may be added the usual relativity modifications of electrostatic and magnetostatic 
fields where high velocities are concerned. 
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Fine structure of the Raman lines of carbon tetrachloride. By A. C. 

Mexzies. (Communicated by R. Whiddington, F.R.S.—Received 18 April 
1939.\ 

The intensities in the fine structure of the Raman line corresponding to the total 
symmetric vibration in CC1 4 have been examined quantitatively, and are consistent 
with a chlorine isotope explanation, since the analysis leads to an abundance ratio 
of about 3*15, in good agreement with Aston’s value from mass spectra. 

The total-symmetric vibration line (992 cm." 1 ) in benzene, and the components 
of the 459 cm." 1 line in CC1 4 , are considerably wider than the exciting line. 


The mobility of alkali ions in gases. I. The attachment of water molecules 
to alkali ions in gases. By R. J. Munson and A. M. Tyndall, F.R.S. 
(Received 18 April 1939.) 

The formation of clusters by the attachment of water molecules to alkali ions has 
been studied by measurements of the mobilities of these ions in the inert gases when 
small concentrations of water vapour are also present. In helium and neon the 
mobility of the clusters passes through a minimum as the mass of the alkali ion is 
increased. Thus the sodium clustered ion has the least and the caesium clustered 
ion the greatest mobility in the series, which suggests a decrease in the equilibrium 
number of attached molecules with increasing radius of the alkali atomic ion. In 
argon, krypton and xenon an upper limit of six molecules can be assigned to the 
number of water molecules in the cluster and the true number is probably less than 
six. 

The process of clustering has been followed by passing the ions through an ageing 
field and then measuring their mobility. Only two groups of ions were found, one 
consisting of clustered ions and the other of unclustered, their relative numbers 
depending on the time spent in the ageing field and the concentration of water vapour 
in the gas. By varying the conditions the fraction of clustered ions could be varied 
from unity at very low ageing fields to zero at high fields. These results follow if 
a three body collision between an ion, a gas molecule and a water molecule is 
necessary for the attachment of the first water molecule but that having attached 
the first molecule the cluster quickly builds up to a given size. Experimental work 
at different gas pressures supports this view. 

With increasing field the energy of agitation of an ion must increase in association 
with its velocity of drift in the direction of the field. Since this is equivalent to 
a local higher temperature one would then expect a reduction in the number of water 
molecules that an ion can retain in attachment. It is found, in agreement with this 
view, that with increase of field the mobility of the clustered ion at a given gas 
pressure increases and gradually approaches that of the unclustered ion. 

The paper contains a table of mobility values for all the alkali ions in all the inert 
gases, together with those for most of the water clusters of maximum size. 
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The mobility of alkali ions in gases. II. The attachment of inert gas atoms 
to alkali ions. By K. Hoselitz and R. J. Munson. ( Communicated by 
A. M. Tyndall, F.R.8.—Received 18 April 1939.) 

Evidence of the attachment of inert gas atoms to a lithium ion has been obtained 
in all the inert gases. The condition necessary for attachment is that the energy of 
thermal agitation of the ion and of gas atoms through which it moves must not 
exceed a given value which depends upon the dissociation energy of the molecule 
so formed. At low values of field/pressure (E/p), when the ion is in thermal equili¬ 
brium with the surrounding gas, an appreciable fraction of the Li ions in He are of 
the form Li + , n( He) at 20° K; the fraction is much smaller at 90° K and zero at room 
temperature. The value of n is not more than two and more probably nearer unity. 
In neon practically all the ions show attachment at 90° K and none at 195° K. 
The corresponding temperature limits in argon are 195 and 290° K. In Xe and Kr 
every ion collects at least one and probably two gas atoms at room temperature. 
In some cases there is evidence that n increases as the temperature is reduced. 
On the other hand, potassium ions collect no gas atoms in argon at 195° K, doubtless 
because the dissociation energy must be less than for lithium ions owing to the 
larger size of the potassium ion. 

If the value of E/p is raised, these molecular ions tend to disappear owing to the 
increased thermal energy of the ion which is associated with its drift in the field. 
From estimates made of the fraction of ions which are molecular at a given tem¬ 
perature, upper and lower limits have been set to the values of the dissociation 
energy of a lithium ion and gas atom. It is found that the value increases with the 
mass of the gas atom, i.e. with its polarizability; it ranges from about 0*07 eV in 
helium to 0*33 in krypton and is > 0*42 in xenon. 


The mobility of alkali ions in gases. III. The mobility of alkali ions in 
water vapour. By R. J. Munson - . (Communicated by A. M. Tyndall, 
F.R.S.—Received 18 April 1939.) 

Determinations of the mobility of alkali ions in water vapour show that at low 
values of field/pressure (E/p) the mobility decreases slightly with increase in mass 
of the alkali atom. This sequence changes entirely when E/p is considerably increased. 
The latter result is qualitatively explained by the gradual break up of the cluster 
of molecules attached to the ion as its kinetic energy increases; the variation of the 
mobility with increasing E/p will depend upon the energy of dissociation of a water 
molecule from an alkali ion and upon the fractional change in the mass of an ion 
caused by the loss of a water molecule from the cluster, both of which depend upon 
the nature of the alkali ion under consideration. The results at low E/p are briefly 
discussed in comparison with the behaviour of alkali ions in liquids and of water 
‘clustered ions in gases. 
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Theory of electrical breakdown in ionic crystals. Part 2. By H. Frohlich. 
(Communicated by N. F. Mott, F.B.S.—Received 24 April 1939.) 

Following the ideas on electrical breakdown developed in a previous paper, 
a formula for the breakdown field strength is derived which holds for any kind of 
polar crystal. This formula makes possible the quantitative calculation of the break¬ 
down field from the optical properties of the dielectric, the dielectric constant and 
from the molecular volume. The breakdown field F has been calculated for the 
alkali halides for quartz and for mica. Satisfactory agreement with experimental 
values, when they exist, is obtained. It follows from the theory that F should be 
practically independent of temperature in the case of silicates, in agreement with 
experiment. For the alkali halides, however, F should increase with increasing 
temperature. For films thinner than about 10 ~ 5 cm., F should increase with 
decreasing thickness. 


Tides in oceans bounded by meridians. IV. Series solutions in terms of 
angular width of ocean: semidiurnal tides in narrow oceans. By A. T. 
Doodsok, F.B.S. {Received 24 April 1939.) 

The first three parts of this series of memoirs (Proudman 1936 ; Doodson 1936 , 
1 938 ) have been concerned with the tides in an ocean bounded by a complete 
meridian, and the main issue was that of the variation of the diurnal and semidiurnal 
tides with the variation of the ocean. The methods used in the first three parts are 
derived from a general method due to Proudman, which will in due course be applied 
to other oceans. 

Other methods of attacking the problems have been exploited. One line of 
investigation is to consider a very narrow ocean and to attempt to develop the 
solution stage by stage in terms of series of powers of the angular width of the 
ocean. The method has one outstanding feature in that it does not require the solution 
of a number of simultaneous equations, but it suffers from the disadvantage that it 
is only applicable to narrow oceans. The solution is illustrated for the semidiurnal 
tide (K 2 ) in an ocean 30° wide. 

Special consideration is given to the elucidation of the motion in very narrow 
oceans and to the results indicated by analytical methods for certain special depths. 


Tides in oceans bounded by meridians. V. Solutions by use of finite 
differences: semidiurnal tides. By A. T. Doodson, F.R.S. (Received 
24 April 1939.) 

The methods used in this memoir are essentially very different in character from 
those developed in the first four parts (Proudman 1936 ; Doodson X 9 3 6 , 1938 , 1939 ) 
and in one sense they are experimental as the methods of finite differences on such 
a large scale have never been exploited in connexion with tides in oceans. The great 
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difficulties involved in the use of the normal mathematical functions, due to slow 
convergence of series, even for simplified oceans, appears to set a limit to their use, 
whereas finite differences can find application, or should be usable, for any types 
of variations of ocean depths and contours, so that undoubtedly there is a large 
field of use. In this memoir the methods have been successfully applied to the evalua¬ 
tion of the semidiurnal tide (K 2 ) in oceans of constant depth up to 90° wide, five 
cases being evaluated and illustrated. Though it is not expected that the solutions 
are of great accuracy, yet the variations in the character of the solutions are probably 
quite genuine, and offer a trustworthy guide to the relation between the dynamical 
response of the tidal motion and the width of the ocean. 


The formation of HeH+ molecules. By F. L. Akjstot and M. B. M’Ewen. 
(Communicated by H. 8 . Allen, F.R.S.—Received 24 April 1939.) 

An investigation of the formation of the singly-charged helium molecule (HeH + ) 
has been made by means of a mass spectrograph. It is found that the molecule is 
formed by a collision between a singly-charged hydrogen molecule and a normal 
helium atom in which the hydrogen molecule is dissociated. The process is 

HJ + He HeH + -f H. 

For this process to be energetically possible the colliding particles must have 
kinetic energy in excess of the difference between the energy of dissociation of 
(2*6 eV) and that of HeH+, which Coulson and Duncanson find from a wave- 
mechanical treatment to be about 1*5 eV. The kinetic energy of the ion must 
therefore be greater than 1*1 eV. The‘ionization potential of the HeH molecule is 
found to be 12 V. No evidence of the existence of a HeHJ molecule was found. 


Evidence of resistance to tumour growth in the offspring of immunized 
rats. By S. Russ and G. M. Scott. ( Communicated by R. A, Fisher , 
F.R.S.—Received 24 April 1939.) 

If the results of these groups of experiments are considered together, the average 
volume of the Jensen’s rat sarcoma tumours in 385 rats, the offspring of immunized 
parents, is just under half of the controls 17-21 days after inoculation when most 
carefully controlled, and just over half the volume when only the male parent has 
been immunized. 

The number of disappearing tumours was much greater in the offspring of the 
i mmuniz ed rats, 42*0 % disappearing compared with 10*0 % in the controls. 
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Distribution of charge and potential in an electrolyte bounded by two 
plane infinite parallel plates. By L. Rosenhead. (Communicated by 
W. C. M. Lewis, F.R.S.—Received 26 April 1939.) 

In 1925 Zoeher noticed that certain colloid substances separated out in horizontal 
layers at the bottom of the vessels which contained them. He noticed also that the 
distance between consecutive layers diminished as the number of layers above the 
point of observation increased. A theoretical explanation of this phenomenon was 
put forward in 1938 based on certain assumptions and a dependent approximate 
mathematical evaluation of the force between the layers. The mathematical evalua¬ 
tion of the force is open to criticism. 

The present investigation is based upon assumptions which are simpler than those 
put forward by Zoeher, and on an exact evaluation of the electrostatic charge and 
force associated with the presence of an electrolyte between two plane infinite parallel 
plates. The force is evaluated on the basis of the Gouy theory, the plates being 
separated by approximately 3 x 10 -5 cm. 

The effects of three alternative assumptions are investigated and it is found that 
only one of them leads to results which are in agreement with observed experimental 
facts. The electrokinetic potential difference is found to vary with the concentration 
of the electrolyte, the range of values consistent with experimental results being 
5-22 mV. In the Zoeher investigation the electrokinetic potential difference emerged 
as a consequence of the assumptions and was found to be 88 mV. 
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Dielectric loss due to polar molecules in solid paraffin wax. By D. R. 

Pelmore. (Communicated by E. V. Appleton, F.R.S.—Received 27 April 
1939.) 

This paper describes an extension of the work of Jackson and Sillars who investi¬ 
gated the causes of dielectric loss in systems consisting of paraffin wax and an 
aliphatic ester (W. Jackson, 1935 , Proc. Roy . Soc . A, 150, 197; R. W. Sillars, 1938 , 
Proc. Roy. Soc . A, 169, 66 ), It confirms their conclusions that the loss in these 
systems is due to the rotation of the polar molecules and can be interpreted in terms 
of the Debye theory. 

The effect of different paraffin waxes has been studied and a suggestion is made • 
that the dielectric relaxation time of these systems depends mainly upon the lengths 
of the carbon chains of the molecules of the shorter component, a conclusion borne out 
very strongly by the comparison of the behaviour of ethyl stearate and spermaceti in 
hexadecane as compared with their behaviour in a natural wax whose mean chain 
length was approximately 26. 

Experiments were made with esters containing two ester groups in each molecule, 
and in agreement with expectations it was found that the dielectric loss was positive 
or negligible according to the relative sense of the two polar groups: when these were 
arranged so that the dipole components transverse "to the chain had opposite sense, 
no dielectric loss was observed. On the other hand, when the dipole components had 
the same sense the dielectric loss had a maximum value (at any given temperature) 
for a particular frequency, and the relaxation time corresponded closely with that 
anticipated from the chain length. 

This appears to confirm the conclusion that the loss is due to the rigid rotation of 
the carbon filming about their long axes, and also to indicate that chain compounds 
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containing polar groups should be most effective as components of low-loss dielectrics 
prepared for practical use, when the molecules contain an even number of polar 
groups so arranged that one-half of the dipole components transverse to the chain 
have opposite sense to the remaining half. 


The lower limiting crystallite size and internal strains in some cold- 
worked metals. By W. A. Wood. ( Communicated by G. W. G. Kaye, 
F.R.S.—Received 27 April 1939.) 

An X-ray examination has been made of the changes in crystalline structure during 
the progressive cold-working of pure copper, silver, nickel, aluminium, molybdenum 
and iron. It is shown that the grains are dispersed into a fundamental unit (crystallite) 
characterized by a lower limiting size ranging from 10“ 4 cm. for aluminium to 
0*7 x 10~ 5 cm. for copper. This size is deduced from the broadening of appropriate 
diffraction lines. It is further shown, in the general case of copper, that on continued 
cold-working the diffraction lines broaden to a maximum and then diminish in width 
to a definite value, the two processes alternating on further working. At the same 
time, the lattice dimensions of the crystallites change, having an expanded value 
when the line is most diffuse and a contracted value when the line-breadth decreases. 
These changes are measured and indicate that the condition of the cold-worked metal 
is marked by two extremes, (i) a comparatively stable state with a contracted lattice 
and minimum line-broadening giving the lower limiting crystallite size, and (ii) a 
less stable state characterized by an expanded lattice and an abnormally diffuse line- 
breadth which represents the extent and nature of the distortion transmitted to 
and retained by the metallic lattice during continued deformation. 


Diffraction of X-rays by crystals at elevated temperatures. By G. D. 

Preston, M.A. {Communicated by C. H. Desch, F.R.S.—Received 28 Avril 
1939.) * 


The paper contains an account of the investigation of certain diffuse spots which 
occur in Laue photographs of single crystals of aluminium, rocksalt and periclase. 
The diffuse spots are not part of the normal Laue pattern, and although their 
presence has been reported by other workers it now appears that their intensity is 
grea - y increased when photographs are taken with the crystal at about 500° C. An 
analysis of the photographs of aluminium shows that the spots can be accounted for 
by the presence in the crystal of periodic disturbances which are assumed to be the 

re3i^ b K “1°^ ^ IattlCe ' AS a r6SUlt ° f theSe vibrations crystal can be 
regarded as being broken up into groups of atoms which produce diffraction 

It is suggested that m aluminium these groups consist of an atom and its twelve 

neighbours, and that one group differs from another by having a slightly larger or 

^er mt^atomic distance, or by being inclined at a small angle to the ireclon of 
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The absorption spectrum of nitrosyl chloride. By C. F. Goodeve and 
S. Katz. ( Communicated by S. Sugden , F.R.S.—Received 28 April 1939.) 

The extinction coefficient curve of nitrosyl chloride has been measured in the 
visible and ultra-violet and eleven bands have been observed. Four of these in the 
ultra-violet and blue have been attributed to transitions to upper potential energy 
curves of the repulsion type. The remaining bands in the green and yellow are of the 
type found for transitions to vibration levels in a stable or partly stable excited state. 
This excited state appears to arise from a hitherto unknown level of the NO molecule. 
These latter bands showed no fine structure and were nearly symmetrical. A tenta¬ 
tive assignment which is in accordance with all the observations, including studies of 
the effect of temperature, has been put forward. 


Resonance phenomena in the scattering of a-particles by some light 
nuclei. By S. Devons. ( Communicated by W. L. Bragg, F.R.S.—Received 
1 May 1939.) 

The scattering of a-particles at 90° has been investigated for the elements carbon, 
nitrogen, oxygen, fluorine, neon and argon. The scattering substance was in the form 
of a gas, and the scattered particles were detected by means of an annular chamber 
and linear amplifier. 

Resonances in the scattering have been found for a-particle energies as follows: 
carbon, 5*7 MeV; nitrogen, 4*6 MeV, 5*2 MeV; oxygen, 5*8 MeV; fluorine, 3*5 MeV, 
4*7 MeV. 

The results are discussed with relation to the interpretation of scattering on the 
4 4 many-body” theory of the nucleus and also in connexion with other experimental 
data on scattering and disintegration. The results are not of a very high accuracy, 
owing to low intensity and resolution of the a-particle sources used. 


A new method for studying the adsorption of gases at very low pressures 
and the properties of adsorbed films of oxygen on tungsten. By J. L. 
Morrison and J. K. Roberts. (Communicated by E. K. Rideal, F.R.S .— 
Received 2 May 1939.) 

The basis of the method is the fact that the accommodation coefficient of neon 
with a tungsten surface is extremely sensitive to the presence of adsorbed films. 
Oxygen contained in a large bulb at a known partial pressure flows first through a 
long fine capillary tube and then through wider tubes, in which the main resistance to 
flow arises from the presence of the neon, to charcoal tubes immersed in liquid air, 
where it is removed. The wire on which the adsorption takes place is situated in one 
of these wider tubes, and the pressure in its neighbourhood can be calculated accur¬ 
ately from the kinetic theory of gases. The conditions obtaining at the surface of the 
charcoal have been investigated. Pressures of oxygen from about 2 x 10~ 9 to about 
7*5 x 10 -6 mm . of mercury can be obtained. 
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At room temperature there is a film of oxygen which is stable at the lowest pressures. 
Above this film is another, the population of which depends on the pressure. The 
isotherm for this upper film has been determined, and it has been shown that the mean 
life on the surface of a particle in it is not less than about two seconds. The lower film 
is itself composite; part of it evaporates at about 1100°K and the rest not until above 
1700° K. The less stable part of this lower film is attributed to molecules adsorbed in 
the gaps in the immobile more stable part. 


The kinetics of the formation of oxygen films on tungsten. By J. L. 
Morrison and J. K. Roberts. ( Communicated by E. K. Bideal , F.B.S .— 
Received 2 May 1939.) 

The method described in the preceding paper has been applied to the study of the 
kinetics of the formation of oxygen films. If d is the fraction of the sites on the surface 
which are occupied by adsorbed oxygen at time t, it has been shown that at constant 
pressure the variation of dOjdt with 6 is what would be expected for the system to 
which oxygen has been shown to belong in the preceding paper, i.e. a stable film with 
a less stable and presumably mobile film above it. The fact that the particles in this 
upper layer can migrate and thus have an increased opportunity of finding a suitable 
vacant place where they can be adsorbed into the stable film affects markedly this 
relation between ddjdt and 6. 

The relation between the accommodation coefficient a and Q is also discussed. 


The genetical analysis of a sex-limited character in Drosophila nielano- 
gasterz nd its hearing on the evolution of secondary sexual characteristics. 
By C. Gordon and F. Gordon-. ( Communicated by L. Hogben , F.B.S .— 
Received 4 May 1939.) 

By selection and inbreeding of Drosophila melanogaster , a sex-limited palp coloration 
difference confined to the female can be established. Palps of females belonging to 
such stocks are dark brown in contradistinction to the pale palps of the male. Both 
sexes transmit the genetic basis of the character. In normal stocks of which the palp 
coloration of the female is relatively pale, there is a detectable difference between the 
colour of the female palp and that of the male. We may therefore regard palp colora¬ 
tion as an incipient secondary sexual characteristic throughout the species. The scope 
of this c omm u n ication is the genetical analysis of the character and a discussion of its 
bearing on the evolution of secondary sexual characteristics. 

For the analysis of its genetic basis a phenotypic index based on arbitrary numerical 
symbols for different grades of intensity has been used in this investigation. By a 
modification of the technique of “marked” chromosomes the contribution of indi¬ 
vidual chromosomes can be investigated. Brown palp stocks have been crossed with 



Abstracts of Papers 


S 57 

S/Cy, D/+ and with Oregon wild type. The result of such matings shows that genes 
which contribute to the brown palp effect are not appreciably represented in the 
X-chromosomes of any of the stocks examined. They are to be found on both the 
second and the third chromosomes, and to be equally concentrated on the second 
chromosome of brown palp or other chromosomes. The absence of the F-chromosome 
in XO males did not result in the appearance of brown palp. The presence of a 
F-chromosome in XXT females did not result in the suppression of the character. 
Hence the F-chromosome does not contribute to the suppression of the character in 
the male. Exhibition depends on the same type of balance that determines female 
sexuality and depends on the equivalent of the hormone balance. Triploid stocks with 
autosomes predominantly from the brown palp stock were established. Triploid 
intersexes obtained (2X/3A) were maximally pale, i.e. male in type. (It is suggested 
that palp coloration might be used as an index of femaleness for the localization of 
sex factors.) 

The relative importance of natural selection and of sexual selection in establishing 
secondary sexual characteristics is discussed in relation to the genetic basis of brown 
palp and to other genetic types of sex-limited characters. 


On non-commuting numbers and some applications. By S. R. Mxlister, 
F.R.S. (j Received 4 May 1939.) 

A class of numbers, additional to the arithmetic class, is required to express 
changes effected in the order of the terms in an array. Its members are readily 
recognizable as numbers when a suitable notation and operation rules are devised for 
them. From these non-commuting numbers special “orthogonal” sets of related 
numbers can be selected which have interesting applications to four-dimensional 
geometry. A study of these sets brings out new results in the theories of quaternions 
and of rotation in four dimensions, and throws further light on the nature of the 
“locked” rotations and “spinors” employed in wave theory, and on Eddington’s 
^-numbers. 


The q ua ntitative study of populations in the Lepidoptera. I. By W. H. 
Dowdbswbll, R. A. Fisher, F.R.S., and E. B. Ford. (Received 5 May 


1939.) 

The numerical density of isolated populations is best estimated by marking, re¬ 
leasing and recapturing a number of specimens. A colony of the butterfly Polyom- 
matus icarrn Rott. on the island of Tean (Isles of Scilly) was studied by this method, 
an attempt being made to analyse the nature of any alterations m its numbers over a 

P TceMtS e paint, recommended to us by Mr G. A. Brett, proved entirely satis¬ 
factory for marking the specimens. This seals the scales on to the wing membrane, 
and dries in a few seconds. It is then permanent and waterproof and causes no 
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damage to the insect. By the use of different colours and positions for the marks, 

the date of first capture, and of each subsequent recapture could be deter mine d for 
any specimen. 

The island could be rather sharply divided into areas which this species inhabits 
and from which it is absent. It was possible to show that no significant amount of 
migration took place to or from the colony as a whole. Consequently, additions to and 
losses from the existing population were attributable to emergence and to death 
respective y. Analysis of the data obtained showed that from 26 August to 8 Sep- 
mber 1938, about 450-500 imagines died in all, including about 100 which emerged 

ma+ef tbe P°P u l a *i° n decreased progressively from approxi- 

mately 350 individuals to almost nothing. 

P r nt SfcUdy has therefore established that the numerical density of even a 
rapidly charging population of Lepidoptera can be estimated and the main causes of 
tne ciiange distinguished. 


° f the inert gases - By R E - Atkins, 

FJt <? B tf / nd , T ‘ L ' lBBS - Communicated by M. L. E. Oliphant, 
HM.b.—Received 8 May 1939.) 

Measurements of thermal separation have been made in all the binary mixtures of 

“T * ^ Shakespear hot-w^Xd of 

f n “ , y : B J appIymg Chapman’s.theory the repulsive force index S„ of the 

h£ r b r, ob “ for eaoh pair The s^w a XS 

neon to M ^ beha ™ur, the values of S„ extending from 11-4 for helium- 

1 , - ypton-xenon. In all cases there is a decrease in the value of *7 pa a 

atoXmo“ to b ““ f ° r ft a ^ ht6r i, 0ne * " miXtUr6 - Th6 — » 

tamed by using radioactive methods of measurement show^to + hellum - radon . oh- 

»«UcuI, Uta «. prope, pla», i. ^ 


The photosynthesis of carbohydrates from hydrated carbon dioxide. By 

E. C. C. Baly, F.R.S. {Received 12 May 1939 .) ^ 

When a surface of pure nickel oxide containing thorium oxide in , , 

ratio of IThOo - 24NiO ^ ® orimn 0xicie 131 molecular 
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were fully confirmed 'with the unsupported oxides, but this method was found to be 
less satisfactory. 

Full details are given of the preparation of the supported and unsupported oxides 
and it is necessary that these be rigidly adhered to, since the presence of imp urities 
renders the surface photosynthetically inactive. 

The presence of thorium oxide in the molecular ratio of IThOg: 24NiO is essential, 
since a surface of pure nickel oxide was proved to be inactive. 


Recovery heat in muscle. By A. V. Hill, Sec.R.S. (. Received 11 May 1939.) 

The recovery heat production of frog’s muscle has been reinvestigated at 0° C 
under a variety of conditions. 

The ratio of total energy to initial energy is consistently about 2, (a) in single 
contractions, followed to complete recovery, (b) in a long series of contractions dur ing 
a steady state, where the accumulated recovery heat is measured in the interval 
between two stimuli. It is the same when maximal work is done as when the con¬ 
ditions are isometric. 

During a steady state the rate of recovery heat production is nearly uniform (de¬ 
creasing only slightly in the interval between two stimuli) and may be several times as 
great as the resting metabolic rate. The objection that the post-stimulation heat may 
be due merely to an increase in the resting metabolism is considered. 

The allowance for heat lost in such experiments is discussed. 


The reactions of the urinary bladder of the cat under conditions of con¬ 
stant pressure. By J. Mellanby, F.R.S., and C. L. G. Pratt. {Received 
12 May 1939) 

Provided that the anaesthesia is not too deep, the isotonic bladder of the cat shows 
continuous rhythmic contractions, the amplitude and frequency of which depend 
upon the hydrostatic pressure imposed upon the bladder. At any given pressure, the 
bladder volume remains constant. The greater the pressure, the larger the volume 
adopted by the bladder, but there is no simple relation between pressure and volume. 
Division of the nervi erigentes seriously interferes with the rhythm, whereas division 
of the hypogastric nerves either has no effect or else increases the amplitude and 
decreases the frequency of the contractions. Electrical stimulation of either set of 
nerves causes a d iminu tion of volume, and that due to hypogastric stimulation is 
followed by a dilatation which is more marked at high than at low pressures. Adrena¬ 
line in small, moderate and large doses produces contraction, relaxation followed by 
contraction, and pure relaxation respectively. Acetyl choline causes contraction, 
followed, especially if the dose is large or the pressure is high, by relaxation. Atropine 
and ergotoxine produce a condition of immobility in the bladder. Experiments 
depending on the selective blocking of nerve impulses by these drugs are therefore of 
doubtful value. 
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Absorption of penetrating cosmic ray particles in gold. By J. 6. Wilson, 
(i Communicated by P. M. S. Blackett, Received 15 May 1939 .) 


Absorption measurements of the penetrating component of the cosmic radiation 
have been made by cloud chamber observations of the curvature change of tracks in a 
field of 10,000 G, using a gold absorber 2 cm. thick. 


At low energies (£,<7x 10 s eV) the measurements indicate an absorption due 
entirely to ionization; from two tracks of very low energy (E e < 2 x 10 s eV) the in¬ 
crease of this absorption leads to an estimate of the mass of the mesotrons of 
A=(170 ± 20) m 0 . There is no indication of cross-sections for interaction of mesotrons 
with nuclear particles of comparable magnitude to that for absorption by ionization. 

At higher energies (E t > 7 x 10 s eV) a few particles were observed which appeared to 
undergo greater absorption, and. these are shown to be in agreement with our 
previous measurements. Experiments due to Ehrenfest make it unlikely that these 
particles belong to the predominant group of mesotrons, and it is probable that they 
are protons Since the particle emerging from the gold plate is, in some cases, 
definitely not a proton, this hypothesis suggests a strong absorption of protons with 
the production of mesotrons in 2 cm. gold. A similar process has been suggested by 
Johnson for the production of mesotrons in the upper atmosphere 7 
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Calculated wave functions and energy values for X-ray terms of potassium. 

By W. A. Thatcher. (Communicated by D. R. Hartree, F.R.S.—Received 
28 April 1939.) 

Self-consistent field calculations, without exchange, have been made for two 
states of the potassium atom ionized in an inner group, namely, for the configurations 

K+ 2 [(Is) 1 (2s) 2 (2p) 6 (3s) 2 (3p) 6 ] 
and K+ 2 [(ls) 2 (2s) 2 (2p) 5 (3s) 2 (3 p) 6 ]. 

The results are given in this paper. The perturbation of the wave functions of the 
outer electron groups on removal of an electron from an inner grant is found to be 
considerable, so that, for example, the (3s) and (3 p) wave functions of a K atom 
ionized in thesis) group are more like those of a normal Ca atom than like those of a 
normal K atom. The results may be applied to take this perturbation into account 
in the theory of the Auger effect or of X-ray dispersion. 

The application made in the present paper is to the calculation of X-ray ionization 
energies. The total energies of these configurations and of the normal state of K.+ 
have been calculated by Slater’s method, and the calculated values of v/R for the 
K, L n and L m edges and Kv doublet obtained and compared with the observed 
values. The agreement is very good for the K edge and good for the K. lines but less 
so for the L edges. 

A new method of evaluating one of the quantities, y*(«3, n'l'jr), required into the 
evaluation of the energy integrals is given. 
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The friction of clean metals and the influence of adsorbed gases. The 
temperature coefficient of friction. By F. P. Bowden and T. P. Hughes. 
(Communicated by C . H. Desch , F.R.S.—Received % May 1939.) 

A method is described for measuring the kinetic friction between metal surfaces 
which have been freed from the oxide and surface films that are normally present. 
The r em oval of the films has a profound effect, and the kinetic friction between the 
outgassed metals may be twenty times greater than that observed for the same metals 
cleaned in air. 

The addition of a trace of oxygen to the clean metal causes an immediate reduction 
in the friction. Adsorbed hydrogen and nitrogen have little or no effect. Although 
the friction is reduced by a single film, it is clear that polymolecular layers are 
necessary before a substance can act as an effective boundary lubricant for moving 
surfaces. 

The temperature coefficient of friction between clean metals was determined over 
a wide temperature range. Most of the metals investigated show a small but regular 
decrease in the kinetic friction as the temperature rises. If the temperature causes 
excessive softening of the metal the friction may rise to a high value. 


The mechanism of sliding on ice and snow. By F. P. Bowden and T. P. 
Hughes. (Communicated by C. H . Desch , F.R.S.—Received 2 May 1939.) 

Experimental studies of the friction on ice surfaces have shown that the low 
frictions observed at temperatures near the melting point were due to lubrication by 
a thin water film at the points of contact between the sliding surfaces. The coefficient 
of kinetic friction was found to be independent of the load, apparent area of contact, 
and speed of sliding over a certain range. When the temperature of the ice was 
decreased, the friction rose markedly, as the water film became more difficult to 
form. Using ski of various materials, it was observed that the friction depended 
very largely on the thermal conductivity of the ski. This result suggested that 
frictional heating played a large part in melting a water film during sliding; it had 
been previously considered that pressure melting was alone responsible for the 
formation of this water film. 

Experiments with miniature and real ski on snow surfaces showed that the same 
general laws were obeyed as on ice surfaces. The higher frictions obtained on snow 
were attributed to the extra work done in displacing and compressing the snow 
crystals. 


Spontaneous rhythmic impedance changes in the trout’s egg. By M. J. 
Hubbard and Lord Rothschild. (Communicated by J. Gray, F.R.S .— 
Received 12 May 1939.) 

Unfertilized and fertilized eggs of the rainbow trout show spontaneous periodic 
changes of impedance. Measurements were made with an a.c. bridge and electron 
oscillograph as detector. 
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At an input frequency of 3000 cycles the maximum change in impedance per egg 
cycle corresponds to an approx. 0*4 % impedance change in the equivalent parallel 
resistance and capacitance network in the standard arm of the bridge. The maximum 
capacitance and resistance changes in the latter are approx. 4*0 and 0*4% respec¬ 
tively. The effect occurs only after about 7 hr. immersion in water. The frequency 
is about 1*5 min. Killing the egg abolishes the effect. An increase in temperature 
increases the frequency and vice versa. 

It is suggested that the impedance cycle consists of two components: (1) the main 
periodic change whose frequency is about 1*5 min., and (2) an in-phase periodic 
change of much smaller amplitude with a frequency of one-quarter that of the 
former. 


The cause of multiple discharges in a Geiger-Muller counter. By 0. H. 

Collie and F. Morgan. ( Communicated by F. A. Lindemann, F.R.B .— 
Received 12 May 1939.) 

The formation of double kicks in a Geiger-Muller counter has been investigated 
experimentally. It is shown that they can be produced by the presence of small 
amounts of xylene vapour in the counter, and that the double kick is due to the 
release of an electron from the kathode when the xylene ions are discharged 10 -3 sec. 
after the first discharge. 


Investigations of the mechanism of the transmission of plant viruses by 
insect vectors. By H. H. Storey. {Communicated by F. T. Brooks , 
F.R.S.—Received 16 May 1939.) 

When puncturing through a membrane into a fluid, Cicadulina mhila ejects saliva 
only when it stylets are in motion, and not when they are at rest and fluid is being 
drawn into them. This saliva sets to a gel and is moulded internally by the stylets to 
form a sheath. No other material of insect origin has been observed to flow from the 
stylets. 

The salivary glands of infective insects, when inoculated into the abdomens of 
non-infective ones, caused a few of these to become infective. Comparative experi¬ 
ments with other organs from the insect support the interpretation that the salivary 
glands may contain virus, either in small quantities or occasionally. 

Attempts to demonstrate virus in a fluid upon which many infective insects had 
fed were almost always negative. Only when infective and non-infective insects fed 
simultaneously on a film of fluid held between two membranes did a few of the non- 
infective insects become infective, and these never caused infection more than once 
in a series of tests. 

Results were similar with a maize leaf on which infective insects had fed. Simul¬ 
taneous feeding on a small area of leaf alone caused a few non-infective insects to 
become infective, and these again were of low infective ability. 

It is suggested that an infective <7. mhila ejects virus in very small quantities, so 
that only rarely can another individual take up enough ejected virus to make it 

8-2 
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infective and then only weakly so. The manner in which the virus is carried into the 
plant is still obscure; it is difficult to reconcile the view that the gelling saliva is the 
vehicle with the evidence of an earlier paper. 


The crystal structure of di -n -propylmonocyanogold. By R. F. Phillips 
and H. M. Powell. (Communicated by C . 8. Gibson , F.R.S.—Received 
19 May 1939.) 

Di-w-propylmonocyanogold crystallizes in the orthorhombic system, a 0 = 17*06, 
5 0 = 22*36, e 0 = 10*0 A, space group Pm. There are 16 molecules of the formula 
AuPr 2 C]Sr per cell. A Patterson analysis and Fourier syntheses on (001), (100) and 
(010), two of these non-centrosymmetric, have been made and show that the true 
molecule consists of four of these units. The molecule is based on a square with gold 
atoms at the comers, linked by CIST groups along each side, and two propyl groups 
are attached to each gold atom. The length of the side is found to be 5*18 A in 
accordance with the structure | I 

—Au—C = N-* Au— 

t I 

The four covaleneies of the auric gold atom are at right angles to each other and 
copianar, and the bond length is close to 1*3 A. Although the syntheses are based on 
eye estimated intensities and the structure contains heavy atoms, the general 
positions of the largely overlapping propyl and cyano groups are clearly shown, 
especially in the centrosymmetric projection on (001). Spacial considerations are 
used to assign more definite sites to the lighter atoms in accordance with the pro¬ 
jections, and the 144 atoms of the unit cell have been located. The bonds from the 
gold atoms to propyl groups all lie in the plane of the square, but the rest of the propyl 
groups are arranged out of this plane in a complicated way. Intermodular distances 
are not less than 3*5 A. The low symmetry of the structure is attributed to the 
difficulty of packing an awkward shaped molecule without leaving gaps. 


Note on the constitution of cyano derivatives of gold. By C. S. Gibson 
F.R.S. {Received 19 May 1939.) 

The results of the investigation described in the previous paper make it possible 
to suggest structural formulae for the decomposition products of di-n-propylmono- 
cyanogold which are more satisfactory than those originally put forward by the 

It seems probable that the insoluble di-w-propyldicyanodigold produced by loss of 
half the n-propyl radicals from di-n-propyhnonocyanogold has a chain structure 
represented thus: 


p r <* 


Pr* 


.. .Au—C 


=N ->Au—C=lSr ->-Au—C =lSr -»Au—C=N. 
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By complete loss of the n -propyl radicals aurous cyanide is produced which in all 
probability has also a chain structure represented thus: 

. •. Au—C=N" —>■ Au—C EE NT —Au—C ee 1ST •.. 
analogous to that of silver cyanide: 


The action of ultra-violet radiation on barium and strontium azides. By 

W. E. Garner, F.R.S. and J. Maggs. {Received 22 May 1939.) 

Crystals of the alkaline earth azides are decomposed by ultra-violet light at room 
temperature. The threshold wave-length for this reaction is ~ 3000 A in agreement 
with the threshold for the absorption by the N 3 ion in the solid state. There is an 
induction period before the evolution of nitrogen becomes measurable, after which 
the pressure increases at a linear rate. 

Pretreatment of the crystals with ultra-violet produces changes in the length of 
the induction period and slopes of the log p-log t time curves for the thermal reaction. 
For short times of illumination of the crystals, p = and r = hz/t*, where r is the 
time of illumination and t { the length of the induction period. This is interpreted as 
indicating that ultra-violet light produces centres from which nuclei grow, these 
centres requiring 3-4 barium atoms before a nucleus is formed. The centres are 
possibly F centres produced by the decomposition of ]ST 3 ions by the light. On pro¬ 
longed illumination, nuclei are formed at room temperatures. Evidence of a solariza- 
tion effect was obtained for high intensities of light. 

The number of nuclei formed in the thermal treatment is enormously increased by 
previous exposure to ultra-violet light, and it is shown that ultra-violet light produces 
two types of centres from which the nuclei grow, one being confined to the action of 
wave-lengths less than 2360 A. 

The thermal decomposition of BaN Q is unaffected by fields of 1250 V/em. 


The thermal decomposition of crystals of barium azide. By A. Wischin. 
{Communicated by W. E. Garner, F.R.S.—Received 22 May 1939.) 

Measurements have been made of the rate of nuclear growth in the decomposition 
of crystals of barium azide and it has been found that the nuclei increase in radius at 
a linear rate. The activation energy for nuclear growth is 23*5 kcal., and the fre¬ 
quency of activation — 10 14 molecular layers per second. 

The numbers of nuclei increase as the third power of the time, which indicates that 
nuclei formation is a bimolecular process. The activation energy associated with 
this process is 74 kcal. 

The pressure of the nitrogen evolved increases as the 10 6 —10 8 power of the time, 
which is in good agreement with that calculated from the rate of nuclear growth and 
the rate of increase in the numbers of the nuclei. 
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On the decomposition of metallic azides. By N. F. Mott, F.R.S. {Received 
22 May 1939.) 

A theoretical discussion of the decomposition of metallic azides, based on the 
Wagner-Schottky theory of ionic conductivity and the electron theory of solids. The 
•ma,in points discussed are: the formation of metallic nuclei and the nature of the 
induction period; the way in which the presence of nuclei catalyses the reaction; 
the action of ultra-violet light. The similarity between the decomposition of azides 
and the photochemical reduction of silver halides is pointed out. 


The mechanical efficiency of frog’s muscle. By A. V. Hill, Sec.R.S. 
{Received 24 May 1939.) 

A theoretical discussion is given of the mechanical efficiency (work/total energy) of 
frog’s muscle. This is based on the heat of shortening, the heat of maintaining a 
contraction, and the constant b defining the effect of tension on the rate of energy 
liberation. Equations are given relating the efficiency to the speed of shortening, in 
a contraction at constant speed. The constants are known for frog’s muscle at 0° C 
and absolute values of the efficiency are calculated. 

Experiments are described using a “protected” thermopile and a constant-speed 
eigometer, from which it appears that the relation between efficiency and speed is of 
the predicted form, and that the maximum efficiency and the optimum speed are very 
close to the predicted values. 

The observed maximum efficiency (40 %) of the initial process corresponds to an 
efficiency of 20 % for the whole muscular cycle including recovery. This is not much 
less than the m aximu m efficiency in man. The efficiency of human muscular move¬ 
ments is considered. 

A curious equality (or approximate equality) is discussed; the rate of heat produc¬ 
tion in maintaining a contraction at constant length is about equal to the extra heat 
of shortening at velocity 6. This may have some significance not yet apparent. 


The electrical conductivity of thin films of mercury. By E. T. S. Apple- 

yabd and J. R. Bbistow. {Communicated by A. M. Tyndall , F.R.S, _ 

Received 25 May 1939.) 

The electrical resistance of mercury films deposited in very high vacua on surfaces 
cooled to various temperatures between 20*4 and 90° K has been investigated. The 
thickness of the films has been estimated by direct weighing to 3 %. The results 
indicate that the delayed appearance of conductivity as deposition proceeds is due 
to agglomeration of the mercury into solid droplets, and that the cause of the 
sudden onset of conductivity is the touching of these droplets. The temperature 
coefficients of resistance of these films are all positive and reversible after «.rvn waling 
at the highest point in the temperature range. From a study of these coefficients it 
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is concluded that films above 500 A in thickness deposited at 64° K or lower can be 
regarded as coherent slices of metal, differing only from the bulk metal in being 
strained and in possessing a high residual resistance which can be modified by an¬ 
nealing treatment. 


Superconductivity of thin films. I. Mercury. By E. T. S. App le yard, 
J. R. Bristow, H. London and A. D. Misener. ( Communicated by A. M. 
Tyndall , F.R.S.—Received 25 May 1939.) 

Mercury films prepared in high vacua have been examined in the superconducting 
state. The transition temperature from the normal to the superconducting state in 
films previously annealed at 90° K or more is very close to that of the bulk metal. 
On the other hand, films deposited at 4-2° K and not afterwards annealed show a 
displacement of the transition temperature downwards by about 0-2° K. In neither 
case is there evidence of any variation of transition temperature with the thickness 
of the films. 

The critical longitudinal magnetic fields required to restore normal conductivity 
in the films at various temperatures have been determined. 

If H f is the critical magnetic field for a film at a definite temperature and H M that 
for the bulk metal at the same temperature, it is found that at all temperatures 
H f IH M is larger than unity, and increases rapidly as the film diminishes in thickness. 
For a film of a definite thickness H f fH M increases steeply as the transition tempera¬ 
ture is approached. It is inferred from this result that the depth of field penetration 
likewise increases steeply as the transition temperature is approached. 


The spectrum of rubidium hydride, RbH. I. Analysis. By A. G. Gaydon 
and R. W. B. Pearse. (Communicated by A . Fowler , F.R.S.—Received 
26 May 1939.) 

A band spectrum attributed to rubidium hydride, RbH, has been observed in a 
discharge tube source containing metallic rubidium and hydrogen. The spectrum has 
been photographed on a 20 ft. concave grating spectrograph, and a rotational and 
vibrational analysis has been made. 

The spectrum is of the “many-line” type characteristic of the alkali-metal 
hydrides, and is produced by a 1 £ -»■ 1 E electronic transition. 

The band system is strongly degraded to longer wave-lengths, corresponding to a 
large change of vibrational frequency; We is 936*77 cmr 1 for the ground electronic 
state and 244*6 cm. -1 for the excited state. 

The constants associated with the vibration and rotation of the molecule have 
been calculated for the ground and excited electronic states. The excited state 
shows anomalies similar to those observed for the other alkali-metal hydrides. 
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The spectrum of rubidium hydride, RhH. II. Potential curves, wave 
functions and intensity distribution. By A. G. Gaydon and R. W. B. 
Pearse. (Communicated by A. Fowler, F.R.S.—Received 26 May 1939.) 

The intensity distribution among the various vibrational transitions of the 
electronic emission spectrum of rubidium hydride is described; in addition to the 
normal Franck - Condon parabola, which in this case is very open, there are very well- 
marked secondary and tertiary parabolae. 

To account for these subsidiary parabolae it is necessary to apply the methods of 
wave mechanics. As rubidium hydride is a particularly favourable example, an 
attempt has been made to compare the observed intensity distribution with that 
expected theoretically. 

The potential functions have been calculated from the molecular constants derived 
from the analysis of the spectrum, and the potential curves are drawn and discussed 
briefly. 

The wave functions for the various vibrational levels of a harmonic oscillator have 
been calculated for the two electronic states, and these have been distorted, by a 
simple method, to correspond approximately to the potential curves. 

Using these wave functions, the intensity distribution has been calculated. It is in 
good general agreement with the observations, but shows some discrepancies in 
detail. The various assumptions and approximations made in making the calculations 
are examined. It is concluded that such discrepancies as exist are probably to be 
attributed to the approximate method of distorting the wave f un ctio ns of the 
harmonic oscillator to correspond to the potential curves. 


Morphogenesis and metabolism: studies with the cartesian diver ultra¬ 
micro-manometer. V. Aerobic glycolysis measurements on the regions 
of the amphibian gastrula. By J. Needham, V. Rogers and S. C. Shen. 
(Communicated by Sir Frederick Hopkins, F.R.S.—Received 30 May 1939.) 

The cartesian diver manometer has been applied to the measurement of aerobic 
glycolysis, following the two-cup method of Warburg. After a description of the 
calibration and testing of the method, which is applicable to total gas changes of the 
order of one-tenth of one cubic m illi m etre, it is shown that the aerobic glycolytic rate 
of all the regions of the amphibian gastrula is extremely low, approaching zero, and 
hence that the Pasteur reaction is equally efficient in the organisation centre and the 
ventral ectoderm. The absence of any difference in respiratory rate between these 
two regions, previously observed in gastrulae of toad and axolotl, is here con¬ 
firmed by a different method for the frog. Similarly, the difference in respiratory 
quotient between the two regions previously observed in axolotl gastrulae, is here 
confirmed by a different method for the frog. It seems legitimate, therefore, to 
regard the general picture of metabolic changes in gastrulae found in the present 
series of papers as probably valid for most Amphibia. 
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On relativistic wave equations for particles of arbitrary spin in an electro¬ 
magnetic field. By M. Fierz and W. Pauli. (« Communicated by P. A . if. 
Dirac, F.R.S.—Received 31 if ay 1939.) 

The force-free theory of particles with arbitrary spin values already published by 
on,e of the authors is generalized to the relativistic wave equations of such particles in 
an electromagnetic field, with a preliminary restriction to the c-number theory. The 
spin values 3/2 and 2 are treated in detail, and for the general case it is me rely 
proved that consistent wave equations exist. The consistency of the system of field 
equations is attained by deriving them from a Lagrange function containing suitable 
additional terms which depend on new auxiliary quantities. All the differential 
equations of the field are derived by variation of the action integral, and the vanishing 
of the auxiliary quantities in the absence of an external field is made to follow as a 
consequence of them. 

In the special case of zero rest-mass there exist identities between the equations, 
which are now invariant under a group of transformations which is the generalization 
of the group of gauge transformations in Maxwell’s theory. In the particular case of 
spin 2, rest-mass zero, the equations agree in the force-free case with E ins tein’s 
equations for gravitational waves in general relativity in first approximation; the 
corresponding group of transformations arises from the infinitesimal co-ordinate 
transformations. 


The reflexion of very long wireless waves from the ionosphere. By M. V. 

Wilkes. (Communicated by E. V. Appleton, F.R.S.—Received 1 June 1939.) 

This paper is concerned with the theoretical interpretation of the experimental 
data already published by Best, Ratcliffe and Wilkes and by Budden, Ratcliffe and 
Wilkes on the reflected wave received via the ionosphere at short distances (about 
90 km.) from the British Post Office transmitter at Rugby (wave-length 18,800 m.; 
16 kcyc./sec.). It is shown that the diurnal changes in reflexion height are in agree¬ 
ment with what would be expected if reflexion took place from the bottom of a 
region of the type described by Chapman, in which the ionization is in quasi¬ 
equilibrium with the changes in zenith angle of the sun. The polarization and 
amplitude of the wave reflected from a layer of ionized gas in a magnetic field when 
a plane polarized wave of wave-length comparable with the dimensions of the layer 
* is incident on it are discussed, and in particular the type of wave reflected from a 
Chapman region is deduced. It is shown that the observed constancy of the amplitude 
of the downcoming wave until near the end of the sunset period leads to the con¬ 
clusion that in the reflecting region the frequency of electronic collisions is not 
greater than about 2 x 10 6 per sec., and the possibility of collisional absorption taking 
place below the reflecting level is discussed. The question of whether or not the 
“Lorentz term” is to be included in the magneto-ionic equations is considered, and 
it is shown that the long-wave evidence, though not conclusive, appears to be against 
including it. 
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Studies on the insect virus relationships of Hy. 3 virus, potato virus Y and 
cucumber virus 1 when transmitted by Myzus persicae (Sulz.)* Myzus 
circumflexus (Buckt.) and Macrosiphum get (Koch). By F. M. Roberts 
and M. A. Watson. (<Communicated by Sir John Russell , F.R.S. — Receive^ 
1 June 1939.) 

Three st rains of Hyoscyamus virus 3, two of cucumber virus 1, and potato virus Y, 
were tested for their transmissibility by the aphides, Myzus persicae, M. circwnflexus 
and Macrosiphum gei . The efficiency of the vectors in transmitting all the viruses 
increased with increasing time of fasting before feeding on the infected plants. 
Their effi ciency decreased as the time of feeding on the infected plants increased. 
The most probable explanation of these effects is that the viruses are inactivated by 
some substance produced by the aphides when feeding. 

The most successful vector on the whole was Myzus persicae , and the least success¬ 
ful was Macrosiphum gei , but the relative efficiency of the vectors varied with the 
different viruses, indicating that their degree of success depended upon several 
interacting factors. The most important of these factors appeared to be: 

(a) The concentration of virus in the host plant. 

(b) The localization of virus in the host plant. 

(c) The capacity of the vector for inactivating the virus. 

The viruses which have thus been shown to be similar in their insect-virus rela¬ 
tionships are also similar in their physical properties, and there are many other 
aphid-transmitted viruses which resemble them in this respect. It is suggested that 
such viruses may form a natural group, with the same type of vector-virus relation¬ 
ship. This relationship appears to be a complex one, and it is unlikely that the 
viruses are mechanically transmitted. 


The number of configurations of an assembly with long-distance order. 

By T. S. Chang. (Communicated by R. H. Fowler , F.R.S.—Received 
1 June 1939.) 

Starting from the equilibrium properties of an ideal alloy with a superlattice of 
the type AB and with arbitrary compositions which are obtained by application of 
Bethe’s method, we have found the partition function of the alloy by a process which 
is simply the reverse of deducing the equilibrium properties from the partition 
function. It is shown that if this partition function is expanded in powers of ( hT ) -1 , 
it agrees with the corresponding rigorous expression up to the power (JcT)- 1 . 

From this partition function, we find an approximate expression for the number of 
ways of arranging %N(d+6') particles upon a lattice of the type AB consisting of N 
sites in total, with particles on one sublattice and %Nd' particles on the other, 
producing X pairs of nearest neighbours formed by the particles. This is given by an 
expression involving d— 1 — 6—6' and q = AXjzN, z being the number of nearest 
neighbours of a site. The exact value of this number is evaluated for the special case 
in which the N sites are on a straight line, and is found to agree with the approximate 
formula exactly. 
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The scattering of alpha particles in helium. By S. Devons. (Communi¬ 
cated by W. L, Bragg, F.R.S.—Received 1 June 1939.) 

The scattering of alpha particles in helium has been investigated for scattering 
angles of 27° and 38-5°, and for energies up to 8-5 MeV. It is found that the results 
are consistent with the existence of a broad level of Be° with spin two quantum units, 
and with an energy of about 3-3 MeV in excess of the ground state, which is assumed 
to possess a mass equal to that of two alpha particles. The results for alpha particle 
energies greater than 7-0 MeV are not very accurate owing to the low intensity of the 
sources of thorium active deposit available. 


A contribution to the theory of diffusion in non-ideal liquids and mem¬ 
branes. By J. F. Da nielle (Communicated by Sir Frederick Hopkins, 
F.R.S.—Received 5 June 1939.) 

This paper has been written to cope with certain physical problems encountered 
in the study of the permeability of living cell membranes to penetrating molecules 
No theory of diffusion through liquids and solids has previously been presented 
which takes account of the structure of the diffusion medium. In this paper the pomt 
of view is adopted that all such media can be represented to a first approximation by 
an appropriate system of potential energy barriers, to cross any one of which a 
molecule must have more than a minimum kinetic energy-the activation energy of 

diffusion. „ r 

In § 1 certain cases are discussed where, within limits, the activation energy of 

diffusion may be ignored (actually, assumed identical for all molecules). 

In § 2 it is assumed that the rate of diffusion over a smgle potential energy bamer 
is determined by a simple exponential equation of the form 
rate = r<f> (hT/inm)* exp ( -moUZkT) G, 

where r is a constant, <j> is the probability that a molecule having at least the kinetic 
energy ^ will actually diffuse, is the activation energy of diffusion over the 
potential energy barrier, m is the mass of the diffusing molecule, k is the gas eons 
per molecule, T is the absolute temperature, G is the concentration of the diffusing 
molecules. Various interfaces are taken as representing smgle potential energy 
barriers, and it is shown that to a first approximation this exponential law _ 
for the temperature variation of the rate of diffusion across such interfaces, provided 
no changes of structure, such as solidification, are involved. 

In § 3 the same equation is applied to the diffusion of ions an mo> ec es ' 

It is shown that, to a first approximation, the equation accounts for the variations in 
rate of diffusion found with different ions and molecules. . 

In § 4 this approximate equation is applied to the problem o ion ® 

+ >Tflttv membrane 10"* cm. thick (the cell membrane). An expression is obtained 
for the permeability of this membrane, and it is shown that for a molecule sudi as 
5;dl the main resistance to diffusion lies at the oil-water mterface 
resistance in the interior of the fatty layer may, by comparison, ’ 

In § 5 is discussed some of the assumptions made in t e previo 
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Wave form, energy and reflexion by the ionospheres of atmospherics. 
By T. H. Laby, FJR.S., J. J. McNeill, F. G. Nichols and iUSF. B. 
Nicksoh. {Received 6 June 1939.) 

The wave form of the electromagnetic pulse radiated from a lightning flash, known 
as an atmospheric, has been studied. 

The atmospherics are received on a vertical aerial which is connected through an 
aperiodic amplifier to a cathode ray tube. The spot on the screen of the tube is 
photographed on a film fixed to the external surface of a cylindrical drum which 
rotates at a uniform peripheral speed. 

Many hundreds of wave forms have been recorded from atmospheric sources 70 to 
1500 km. distant, and incidental to the observations we have made, evidence has 
been obtained of the reflexion of atmospherics at an ionized layer. Such records show 
the intervals of time elapsing between the arrival of the first pulse along the ground, 
and the various reflected pulses. 

,•.simple theory and methods of reduction given in the paper, it is possible 
to determine the height of the reflecting ionized layer, and the distance of the flash. 
When this is done, the height of the layer is found to be between 53 and 82 km., 
values in reasonable agreement with the lower limits of the E layer. 

The observations are consistent with the sky wave and the ground wave, having 
the same velocity to 0-7 %. 

Oscpograms of typical atmospheric wave forms are shown, together with a 
possible interpretation of many of them. The assumption is made that the electrical 
discharge which radiates an atmospheric is a damped oscillation with a period 
determined by the instantaneous resistance, inductance and capacity. 

The relation between the distance of an atmospheric source and its field strength is 
found to be linear and figures are given for the peak power and the total energy 
radiated as found from representative examples. 


On fluctuations in electromagnetic radiation. By M. Born, F.R.S. and 
K. Fuchs. (Received 6 June 1939.) 

A mistake (pointed out by Dr Fierz) in the former paper, Proceedings A, 170, 252, 
is corrected. 



